
HAL Id: tel-05383369
https://theses.hal.science/tel-05383369v1

Submitted on 26 Nov 2025

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Quantum machine learning with bosonic modes
Julien Dudas

To cite this version:
Julien Dudas. Quantum machine learning with bosonic modes. Quantum Physics [quant-ph]. Uni-
versité Paris-Saclay, 2025. English. �NNT : 2025UPASP083�. �tel-05383369�

https://theses.hal.science/tel-05383369v1
https://hal.archives-ouvertes.fr


THE
SE

DE
DO

CTO
RAT

NN
T:2

025
UPA

SP0
83

Quantum machine learning with
bosonic modes

Apprentissage automatique quantique avec des modes
bosoniques

Thèse de doctorat de l’université Paris-Saclay

École doctorale n◦564 Physique en Île-de-France (PIF)
Spécialité de doctorat: Physique

Graduate School : Physique. Référent : faculté de sciences d’Orsay
Thèse préparée dans l’unité de recherche Laboratoire Albert Fert, (CNRS, Thales,

Université Paris-Saclay), sous la direction de Julie GROLLIER, Directrice de recherche,
Laboratoire Albert Fert, et le co-encadrement de Danijela MARKOVIC, Chargée de

recherche, Laboratoire Albert Fert.

Thèse soutenue à Paris-Saclay, le 30 octobre 2025, par

Julien DUDAS

Composition du jury
Membres du jury avec voix délibérative
Xavier WAINTAL
Professeur, CEA Grenoble Président
Mauro PATERNOSTRO
Professeur, Universita di Palermo Rapporteur & Examinateur
Valentina PARIGI
Professeure, Sorbonne Université Rapportrice & Examinatrice
Géraldine HAACK
Maître enseignant recherche, Université de Genève Examinatrice



2



Titre: APPRENTISSAGE AUTOMATIQUE QUANTIQUE AVEC DES MODESBOSONIQUES
Mots clés: Apprentissage, Quantique, Bosonique
Résumé: Les systèmes quantiques ont lepotentiel d’améliorer les techniques informa-tiques classiques de pointe, grâce à des pro-priétés telles que la superposition et l’intrication.Leur combinaison avec des cadres d’intelligenceartificielle pourrait améliorer de nombreux do-maines du traitement des données quantiques,tels que la reconnaissance automatique desétats quantiques et le contrôle des dispositifsquantiques. Malgré des résultats prometteursobtenus avec les réseaux de neurones quan-tiques, des défis majeurs subsistent : (i) la miseen oeuvre d’architectures comportant un grandnombre de neurones et de paramètres entraîn-ables sur le matériel quantique actuel, et (ii)l’entraînement fiable de ces modèles, où desproblèmes tels que les ’barren plateau’ dans lesfonction de coût peuvent supprimer les gradi-ents et entraver l’apprentissage. En effet, larésolution de tâches complexes nécessite ungrand nombre de neurones densément connec-tés par de nombreux paramètres entraînables,ce qui est difficile à réaliser sur dumatériel quan-tique.Dans cette thèse, nous envisageons la mise enoeuvre de réseaux de neurones quantiques avecdes modes bosoniques couplés. Nous obtenonsun grand nombre de neurones en considérantles probabilités d’état de Fock comme carac-téristiques de sortie, et des paramètres entraîn-ables en couplant paramétriquement lesmodes,grâce à différents processus de mélange à troisondes tels que la conversion cohérente de pho-tons et le squeezing entre deux modes.Afin d’entraîner le système quantique, nousexplorons deux approches : (i) le calcul parréservoir, qui contourne l’entraînement desparamètres physiques, et (ii) l’entraînementdirect des couplages paramétriques par de-scente de gradient. La dynamique intrinsèquedes modes bosoniques étant linéaire, la non-linéarité ne provient que des mesures d’étatsde Fock. Nous constatons que cette non-linéarité induite par la mesure est remarquable-ment expressive : en utilisant seulement deuxoscillateurs quantiques, nous pouvons extraireun ensemble suffisant de caractéristiques non

linéaires pour apprendre des tâches qui néces-sitent généralement environ 20 neurones dansun réseau classique, notamment la classificationde signaux sinus/carré et la prédiction de sériestemporelles Mackey-Glass.Cependant, le calcul quantique par réservoirse heurte à deux limites principales : commetous les poids entraînables résident unique-ment dans le post-traitement classique des ré-sultats de mesure, obtenir de bonnes perfor-mances nécessite de mesurer un grand nom-bre de caractéristiques, et son expressivité estlimitée par son architecture monocouche. Pourremédier à cela, nous entraînons directementles paramètres de mélange à trois ondes; pourune simulation efficace, nous limitons la dy-namique interne aux modes gaussiens et util-isons la rétro-propagation pour l’optimisation.Nous montrons que cette approche apprend ef-ficacement : bien que le nombre de paramètresentraînables évolue linéairement avec le nom-bre de modes, le nombre de caractéristiquesmesurées requis baisse par rapport au calculpar réservoir, l’expressivité augmente et, avec lemême nombre de modes, nous résolvons destâches plus difficiles que la base de référence duréservoir.
Cette thèse a démontré que les réseaux de neu-
rones quantiques bosoniques constituent une
voie prometteuse vers un apprentissage effi-
cace sur le plan matériel et a fourni des out-
ils théoriques permettant de comprendre com-
ment ils apprennent, et améliorer leurs perfor-
mances. À l’avenir, l’addition dans l’Hamiltonien
de non-linéarités d’ordre supérieur telles que
les processus Kerr permettrait de pousser le
système au-delà du régime gaussien, libérant
ainsi des ressources non gaussiennes et un es-
pace de caractéristiques effectif plus vaste. Dans
une perspective plus large, il sera important
d’étudier leur susceptibilité aux barren plateaus
et d’identifier les conditions dans lesquelles le di-
mensionnement du gradient reste favorable.



Title: QUANTUM MACHINE LEARNING WITH BOSONIC MODES
Keywords: Learning, quantum, bosonic
Abstract: Quantum systems have the po-tential to improve state of the art classical com-puting techniques, thanks to properties such assuperposition and entanglement. Combiningthem with machine learning frameworks couldenhance many domains of quantum data pro-cessing such as automatic recognition of quan-tum states and the control of quantum devices.Despite early promising results with quantumneural networks (QNNs), key challenges remain:(i) implementing architectures with a large num-ber of neurons and trainable parameters on cur-rent quantum hardware, and (ii) reliably trainingsuch models, where issues like barren plateausin the loss landscape can suppress gradients andhinder learning. Indeed solving complex tasksrequires a large number of neurons densely con-nected by many trainable parameters, which ishard to achieve on quantum hardware.In this thesis, we consider the implementation ofquantum neural networks with coupled bosonicmodes. We obtain a large number of neuronsby considering the Fock state probabilities asoutput features, and trainable parameters bycoupling the modes parametrically, through si-multaneous three-wave mixing processes suchas coherent photon conversion and two-modesqueezing.In order to train the quantum system, we ex-plore two approaches: (i) quantum reservoircomputing, which sidesteps training of the phys-ical parameters, and (ii) direct training of theparametric couplings via gradient descent. Be-cause the intrinsic dynamics of coupled bosonicmodes are linear, nonlinearity arises solelythrough Fock basis measurements. We findthat this measurement-induced nonlinearity isremarkably expressive: using only two quantumoscillators, we can extract a sufficient set of non-linear features to learn tasks that typically re-

quire on the order of 20 neurons in a classi-cal network, including sine/square classificationand Mackey-Glass time series prediction.However, quantum reservoir computing facestwo main limitations: because all trainableweights reside solely in the classical post-processing of measurement outcomes, achiev-ing good performance typically requires mea-suring a large number of features, and its ex-pressivity is constrained by its essentially single-layer architecture. To address this, we train thethree-wave mixing parameters directly; for sim-ulation efficiency we restrict the internal dynam-ics to Gaussian modes and use backpropaga-tion for end-to-end optimization. We show thatthis approach learns effectively: although thenumber of trainable parameters scales only lin-early with the number of modes, the numberof measured features needed is reduced com-pared to reservoir computing, the expressivity isincreased, and with the same number of modeswe solve harder tasks than the reservoir base-line.
This thesis has shown that bosonic quan-
tum neural networks are a promising route to
hardware-efficient learning and has provided
theoretical tools to understand how they learn
and how to improve their performance. Looking
ahead, enriching the Hamiltonian with higher-
order nonlinearities such as Kerr, cross-Kerr or
engineeredmulti-photon processes, would push
the systembeyond the Gaussian regime, unlock-
ing non-Gaussian resources and a larger effec-
tive feature space. As a further perspective, it
will be important to probe their susceptibility to
barren plateaus and identify conditions under
which gradient scaling remains favorable.
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Chapter 1

Introduction

The brain is incredibly efficient at processing information and performing different
tasks. Aside from logical thought, it handlesmany different kinds of sensory inputs, and
can solve tasks without being explicitly programmed to do so. Desiring to replicate and
even surpass the brain’s computing power, scientists have developed learning models
inspired from biological neurological systems: this was the birth of machine learning.

A biological neuron is a non-linear oscillator, receiving electrical spike signals from
other neurons through synapses. Each received spike contributes to charging its mem-
brane, and to its own voltage. When this voltage exceeds a threshold, the neuron
discharges by emitting a spike signal itself. Synapses can excite or inhibit the signal
they transmit, and learning is associated with a reinforcement or weakening of their
strengths. Furthermore, imaging brains with electro-encephalograms and magnetic
fields has revealed that phenomena such as synchronization of oscillations of different
neurons in the brain are associated to pattern recognition [1, 2, 3, 4].

In order to both understand biological information processing and find improve-
ments to current machine learning methods, dynamic models of neural networks are
being investigated [5]. Furthermore, early developments in machine learning were
rooted in physics-inspired models such as Hopfield networks [6] and Boltzmann ma-
chines [7].

However, the success of deep learning [8] on various image recognition or language
processing tasks has led to widespread adoption of software-based machine learning
models such as artificial neural networks (ANN’s) [9] which implement neurons as non-
linear functions, and synapses as static, scalar values. Many algorithmic advances con-
tributed to this shift, such as the adoption of deep neuron layers to increase the ex-
pressivity (i.e the ability to fit an arbitrary function) of learning models, and the back-
propagation algorithm [10], which allows efficient analytical computations of gradients
in software. These computed gradients enable model training through gradient de-
scent rules.
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Despite their ever-growing influence on technology, software neural network mod-
els exhibit some limitations. Contrary to brainswhich both storememory in the synapses
and process information, the von Neumann architecture of conventional computers
separates their memory and computing units. The resulting back-and-forth travel of
data between these units when training ANN creates significant energy and latency
overheads: this phenomenon is known as the von Neumann bottleneck [11]. This bot-
tleneck combined with the use of ANN to process ever larger datasets has resulted
in increasingly energy-intensive training of modern learning models [12], so much that
Amazon and Google are now investing in nuclear power plants to this end alone [13]. In
stark contrast, the humanbrain operateswith remarkable energy efficiency, consuming
merely around 20W. These considerations have motivated the exploration of energy-
efficient neuromorphic systems implementing ANN on dedicated physical hardware:
this field is called neuromorphic computing. Different platforms have been studied for
this use, such as memristor crossbar arrays in electronics [14], spatial light modulators
in photonics [15], and spintronic devices [16] to name just a few.

(a)

θ(0)

θ(1)
θ(2)

C(θ)

θ

(b)
Figure 1.1: (a) Sketch of a Multi-Layer Perceptron (MLP) with three hidden layers. The2-dimensional inputs x (green circles) are fed forward into the hidden layers (blue cir-cles) with linear synaptic connections (arrows), up to the two-dimensional prediction
ȳ (red circles). Each hidden layer contains 5 neurons, which apply a non-linear activa-tion function f . The weights of synaptic connections make up the model parameters.(b) Illustration of the gradient descent algorithm, when optimizing a cost function C(θ)with respect to a one-dimensional parameter θ. Starting from θ(0), the parameter isiteratively updated (red crosses) with the rule θ(n+1) = θ(n) − γ∇θC(θ

(n)), where γ is alearning rate. The algorithm converges to the minimum of this function, as the closerit gets, the smaller the gradient∇θC becomes.
We illustrate how artificial neural networks are trained with forward passes to com-

pute predictions and gradient-based optimization, on the example of aMulti-Layer Per-
ceptron (MLP) depicted in Fig. 1.1a. Neurons applying a non-linear activation function



f are grouped by layers, which are fully connected to each other through linear synap-
tic connections. In a forward pass, the first layer encodes a vector input x, then passes
throughmultiple hidden layers, and the last layer yields the network prediction ȳ, which
is used to compute a cost function C. The cost function continuously quantifies the dif-
ference between the target and the prediction: the goal of a learning algorithm is to
minimize it, with respect to the model parameters.

In artificial neural networks, the linearweights of synaptic connections are themodel
parameters. The cost function C(θ,x) depends on a set of network parameters θ and
inputs x. Gradient descent optimization is based on the fact that extrema of a function
have zero gradient. It has proven its efficiency in training large deep learning models
such as GPT-4 [17] or ResNet [18]. Tominimize a cost functionC(θ,X)with respect to a
datasetX = {x}, an instance of gradient descent algorithms called stochastic gradient
descent (SGD) iteratively updates the initial set of parameters θ(0) according to

θ(n+1) = θ(n) − γ∇θC(θ
(n),x), (1.1)

with γ a learning rate defined between 0 and 1, and the inputx is chosen randomly from
the dataset. This update rule is shown in Fig. 1.1b with a cost function depending on
a one-dimensional parameter (for visual clarity), and no input. Gradients ∇θC(θ

(n),x)

are computed with the back-propagation algorithm. It is the most common algorithm
in machine learning, and will be explained in Section 2.1.3.

On the other hand, it seems like quantum devices have the potential to shape the
future in many fields of computing. The notion of using finely controlled quantum sys-
tems for computation [19, 20] was conceived during the second quantum revolution
in the 1980s, when experiments demonstrated measurements and manipulation of
individual quantum systems [21]. Although the first applications considered for quan-
tum computers focused on simulating physical systems, landmark results by Peter W.
Shor and Lov K. Grover demonstrated that quantum computers could also outperform
classical computers in certain algorithmic tasks, respectively solving integer factoriza-
tion [22] and unstructured search [23]. This diversity of potential applications com-
bined with the gradual mastery of experimental quantum physics in the past decades
has driven intense interest in building useful quantum computers, in academic and
industrial sectors alike.

Consequently, researchers have wondered if combining quantum devices and ma-
chine learning could produce interesting results. This thesis falls within the context of
quantummachine learning (QML), a research field that has been quickly developing for
the past 10 years.



1.1 Quantummachine learning

The prospect of quantum machine learning lies in the exponential growth of the state
space (Hilbert space) of quantum systems with the number of its constituents, as illus-
trated in Fig. 1.2 for the case of a qubit ensemble. In contrast to classical neuromorphic
computing where a single device corresponds to a neuron and the coupling between
two devices to a synapse, in the quantum realm, basis states can be considered as
neurons, and the hopping probabilities between states as synapses. This change of
paradigm provides a feature space (a feature space is a conceptual environment where
each dimension represents a specific feature of the data being analyzed or used in ma-
chine learningmodels) that is exponential in the size of the physical system. Due to this
property, it is hoped that learning on quantum systems may produce learning models
with higher expressivity.

basis states encode neuronsqubits

…

Figure 1.2: Sketch of the exponential growth of the Hilbert space. The Hilbert space isrepresented by the big light blue circle, and small multi-colored circles correspond tojoint qubit states. Arrows linking them symbolize hopping probability amplitudes. Thenumber of basis states scales as 2N , where N is the number of qubits.
Moreover, multiple empirical and theoretical studies have shown that quantum

learning models tend to have better generalization capacity (i.e the ability to perform
well on unseen data) than classicalmodels [24, 25, 26]. Improving the generalization ca-
pacity is important in applications where large datasets corresponding to real-life data
are difficult to obtain.

Finally, an interesting perspective for quantum neuromorphic computing is learn-
ing on quantum data. Indeed, providing quantum data to a classical neural network
requires a measurement in order to obtain a classical representation of the quantum
state. With quantum neural networks, this would be simplified as directly process-
ing the quantum data with a quantum neuromorphic device could be less resource-



intensive [27, 28, 29, 30]. This is particularly useful in the context of rapidly evolving
quantum technologies, where a large amount of quantum data needs to be processed
efficiently [31].

Quantum machine learning
(QML)

- Exponentially increasing Hilbert 
space yields a large feature space 
for computation

Parameterized quantum circuits
(PQC)

- Versatile algorithms for different tasks
- High expressivity and generalizability
- Barren Plateau phenomena inhibit 

learning
- Complicated experimental 

implementation

Quantum reservoir computing
(QRC)

- Easy optimization and negligible 
training time

- Easy experimental implementation
- Many observables must be measured 

for good performance
- Low expressivity due to single linear 

layer

Figure 1.3: Diagram comparing advantages (green) and disadvantages (red) in two dif-ferent approaches of quantum machine learning. Parameterized quantum circuits im-plement learning by training rotation gate angles, while quantum reservoirs use anuntrained quantum system to project the input data into a higher dimensional space,which is then classified by linear regression on a classical computer.
Two main approaches have emerged to quantum machine learning, with different

optimization methods: in parameterized quantum circuits (PQC) the physical parame-
ters are trained, while in quantum reservoir computing (QRC) an untrained quantum
systemprojects input data into a higher dimensional space, which is then classifiedwith
linear regression executed on a classical computer.

1.1.1 Parameterized quantum circuits

Optimizing a hardware device for a machine learning task involves executing forward
passes (where the device issues a prediction given an input) whose predictions are used
to compute the cost functionC(θ). The cost function isminimizedwith respect to device
parameters θ, which correspond to themodel’s trainable parameters. While in classical
software neural networks the first neuron layer encodes inputs, and synaptic weights
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Figure 1.4: Schematic of the hybrid optimization of a parameterized quantum circuit(PQC). Each blue line corresponds to a qubit. To evaluate a cost function C(θ), gatesof parameters θ transform the circuit state, with unitary operation Û(θ). Then C(θ)is computed from the observables measured on the circuit (purple boxes). Parameterupdates are computed using classical optimization tools on a conventional classicalcomputer, which are re-injected into the gates for the next forward pass.
are learnable parameters, in quantum circuits, the unitary gate parameters are used to
both encode inputs and provide learnable parameters. A prediction is obtained from
measured observables, and a cost function is inferred from it. Using a conventional
computer, classical optimization tools like gradient descent are used to update the gate
parameters. Such hybrid optimization in parameterized quantum circuits (PQC) [32] is
illustrated in Fig. 1.4.

In the first implementations of PQC, gradients were estimated using their first de-
gree variational approximation

∇θC ≈
C(θ + dθ)− C(θ)

dθ
. (1.2)

This method was imprecise and consequently made it difficult for optimization algo-
rithms to converge to a solution. To work around this issue, parameter shift rules have
been found, allowing to compute analytical gradients via two PQC forward passes [33,
34]. For instance, the gradient with respect to the parameter θ of a rotation gate is [35]

∇θC(θ) =
1

2

(
C
(
θ +

π

2

)
− C

(
θ − π

2

))
. (1.3)

Parameter shift rules have improved the precision of estimated gradients in PQC, which
in turn has enhanced their fine-tuning capabilities [36].

However, the largeHilbert space promising high expressivity of parameterizedquan-



tum circuits is also at the source of problems in their optimization. Indeed when scaling
up the size of highly expressive PQC, measured gradients through parameter shift rule
vanish exponentially with the number of quantum devices [37]. This phenomenon is
known as barren plateaus (BP), and makes training PQC infeasible at scale for the mo-
ment. Research is very active in looking for PQC frameworks which avoid vanishing
gradients at scale [38, 39, 40, 41].

1.1.2 Quantum reservoir computing

In this context, quantum reservoir computing was proposed by Ref. [42] for learning
with quantum systems. It is directly inspired by reservoir computing (RC), a framework
developed to address challenges in training classical artificial neural networks when
tackling time-dependent tasks [43, 44]. Reservoir computing is applied in the super-
vised learning scenario, where the input datasetX is associated to a target datasetY.
The goal of training is to obtain a prediction Ȳ that matches the target as close as pos-
sible. In essence, a set of neurons with random and untrained synaptic connections
(called the ’reservoir’) are used to project X onto a linearly separable feature space
during the forward pass, which is then classified with a linear regression.

Interestingly, the reservoir can be replaced by a physical system, in which the in-
puts are encoded through some drives and the outputs are obtained by measuring
some observables. It has first been implemented on diverse classical physical systems,
ranging from electronics [45, 46, 47, 48], optics [49, 50] and spintronics [51, 52]. In the
field of neuromorphic computing with physical systems, this is particularly interesting
because the back-propagation algorithm is not compatible with learning in the brain
or physical devices. Indeed back-propagation requires storing the output of every neu-
ron layer, instead of just the final one. In a reservoir computing framework, the only
learned parameters are stored in a classical computer, making them trainable by any
classical optimization scheme.

In QRC the physical reservoir is in the quantum regime, and its hyper-parameters
are fixed and random. For instance if the reservoir is a spin ensemble, then its hyper-
parameters can be spin to spin coupling strengths. During a forward pass we let its dy-
namics freely evolve for a set amount of time, and measuring some observables yields
the reservoir’s output featuresF(X). The prediction Ȳ = WF(X) is then learned using
a linear regression, where W is the output weight matrix. This algorithm is illustrated
in Fig. 1.5.

Outsourcing the optimization onto a software linear regression after the quantum
reservoir avoids learning the quantum system parameters, and thus avoids barren
plateaus. However a reservoir is in essence a single layer network. Since the expres-
sivity of neural networks scales with their number of layers [53], the expressivity of
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Figure 1.5: Sketch of the quantum reservoir computing algorithm. The input dataset
X is encoded into the quantum system dynamics. The system now called reservoirfreely evolves, until some observables aremeasured to obtain a physical feature vector
F(X). Recurrent connections between the reservoir neurons (the quantum system’sbasis states |ψk⟩) symbolize the memory property of the reservoir, stemming from itsdynamics. Multiplication of the feature vectorF(X) by amatrixW yields the prediction
Ȳ. W is learned through linear regression, while the reservoir’s hyper-parameters arefixed and random.

quantum reservoirs is thus limited compared to parameterized quantum circuits [54].
Thus, current QRC proposals and implementations do not aim to solve all of the

same tasks for which PQC were conceived. Namely, their main practical implementa-
tion proposals are for enhancing quantum sensing and tomography [28, 27, 55, 56].

1.2 Quantum reservoir computing with Fock state oc-
cupations of bosonic modes

While a part of the community focuses on learning with qubits and their gate opera-
tions, in my PhD work I have focused on bosonic modes. A bosonic mode is a quantum
harmonic oscillator with bosonic statistics. Its Hamiltonian is

Ĥ = ωâ†â, (1.4)
where ω is its resonance frequency, and â is the field operator. The eigenstates of these
quantum oscillators are Fock states denoted |n⟩, where n corresponds to a number of
photons. Our motivation for using bosonic modes in neuromorphic computing stems
from their higher number of basis states per physical device: while qubits are two-level
systems, bosonic modes have an infinite number of energy levels. In practice, we will



use of the order of 10 levels per bosonic modes.
Bosonic modes can be experimentally implemented in different physical systems,

such as optomechanics [57], optical ring resonators [58] and circuit quantum electrody-
namics (cQED) [59]. In this thesis we will consider electromagnetic modes of supercon-
ducting resonators [60], but the results are applicable to any hardware implementing
bosonic modes.

Figure 1.6: Sketch of energy levels of two bosonic modes, with respective resonancefrequencies ω1 and ω2. We choose to apply to each mode nearly resonant drives ofcomplex amplitudes ϵ1,2 and frequency detunings δ1,2 in order to create coherent states(gray circles). The modes can be coupled parametrically by introducing a nonlinear ele-ment, such as the Josephson junction in superconducting circuits [61, 62]. We considera three-wave mixing that yields two coupling processes depending on the pump fre-quency: coherent photon conversion and two-mode squeezing, represented respec-tively by the green and yellow arrow. A pump tone applied at the difference of theirfrequencies creates photon conversion at a rate g (green arrow), while applying it tothe sum of their frequencies creates two-mode squeezing at a rate gs (yellow arrow).

We want to implement a tunable coupling between bosonic modes, in order to con-
trol their dynamic response and potentially train them as parameters of a learning
model. To this end, they must first be connected by a non-linear element: in the case
of cQED this can be done with a Josephson junction, but in optics non-linear crystals
can also fill this role [63]. We chose in this thesis to use nearly resonant drives in order
to inject photons in each individual mode, and pump tones to couple different modes
at rates depending on the pump tone amplitudes and phases. Figure 1.6 illustrates the
case of two coupled modes, where applying drives at the resonator frequencies ω1 and
ω2 enables creation of coherent states, and applying three-wave mixing pump tones at
frequencies ω1 − ω2 or ω1 + ω2 respectively creates photon conversion and two-mode
squeezing. The combination of these phenomena results in tunable dynamics, which
we leverage for neuromorphic computation.

However, the dynamics of these oscillators are linear. This poses an obstacle to
their function as learning models, which require non-linearity to separate data. To deal
with this issue, prior works to my PhD have proposed introducing Kerr effect [64, 65],



or encoding inputs into the phase of parametric pump tones [66]. In my PhD work, we
were interested in the measurement nonlinearity. We have considered measurements
in the Fock state basis, which allows us to extract a large number of features. This is
particularly interesting for reservoir computing where all the learning is happening on
the linear layer applied to these features. Other possible nonlinear measurements in-
clude state parity measurements [67], that have the advantage of leaving the system
in a superposition of states, but yield less interpretable measurements. The first part
of my PhD was dedicated to determining whether measuring Fock state occupations
in bosonic modes would lead to possible hardware improvements for quantum neu-
romorphic computers. The quantum machine learning framework I chose was QRC,
because of its simplicity and ease of implementation.

In Section 4.3, we will show that nonlinearity from the Fock state occupation mea-
surement is sufficient to solve benchmark tasks requiring non-linearity such as sine/square
classification. Better yet, by comparing to the performance of classical reservoirs on the
same tasks, we have shown that for the same data processing power, a smaller num-
ber of individual physical devices is required in the quantum reservoir, and a smaller
number of physical quantities needs to be measured. Finally, we observe that losing
quantum coherence deteriorates the reservoir performance, suggesting that it plays a
key role in the exploration of the full feature space.

However, theQRC approach runs into some limitations. First, many observables still
need to bemeasured in order to have enoughoutput features to learn on. This poses an
obstacle to experimental implementation, wheremeasuring even a single observable is
time consuming because of the stochastic nature of quantummeasurements. Second,
learning a single linear layer results in a limited expressivity of the reservoir, and such
constraints have also been identified in classical reservoir computing [68]. While in the
asymptotic case, the universal approximation theorem [69] guarantees that sufficiently
large layer depth orwidth enables a neural network to approximate any target function,
it has been found that depth generally plays a more significant role than the width [70,
71]. To illustrate this, we note that modern learning models such as GPT-4 employ
around a hundred neuron layers [72].

1.3 Analogquantumneural networkwithGaussianbosonic
modes

In this context, I spent the second part of my PhDmaking a software model to train the
quantum system parameters through back-propagation and gradient descent. Before
starting this work, the question we aimed to answer was whether training the ampli-
tudes, phases, and detunings of parametric couplings would be sufficient to learn on



tasks, and improve on the QRC performance.
As gradient descent learning involves executing many forward passes, the simula-

tion method for the physical system should be fast and scalable. This can be challeng-
ing for the quantum bosonic modes we want to simulate, because the exponentially
large Hilbert space of quantum systems makes their classical simulation challenging.
The state of an open quantum system weakly interacting with a Markovian environ-
ment [73] is modeled with a density matrix ρ̂, obeying the Lindblad master equation

dρ̂

dt
= − i

ℏ
[Ĥ(t), ρ̂(t)] +

∑
k

1

2
[2Ĉkρ̂(t)Ĉ

†
k − ρ̂(t)Ĉ†

kĈk − Ĉ†
kĈkρ̂(t)]

= L(ρ̂),
(1.5)

where Ĥ is the hermitian Hamiltonian, and Ĉk are jump operators describing different
coupling phenomena to the environment. L is a superoperator describing the dynam-
ics.

Although there exists libraries such as Dynamiqs [74] and torchdiffeq [75] that im-
plement back-propagation into differential equation solvers, the computation time of
this method scales exponentially with the number of modes and occupied basis states.
This is due to the density matrix ofM modes having an exponentially scaling size nH,
withnH being theHilbert space cutoff. As a result, nomore than 2-3modes can be simu-
lated efficiently without approximation techniques like truncated cumulants [55, 76] or
the positive-P representation [77], both of which are unreliable for high non-linearities
or long evolution times. One of our aims will be to process time-series datasets, mean-
ing the quantum system will undergo long time evolution in order to remember past
inputs, so we have not applied these approximation techniques. We have not applied
tensor network [78, 79]methods either, as in the scope ofmy thesis, wewere interested
in Gaussian states which can be efficiently simulated for a large number of modes.

A Gaussian state has a Gaussian distribution in the phase space, as depicted in
Fig. 1.7. This distribution can be fully characterized by the displacement vector αR ∈
C2M and covariance matrix σR ∈ C2M×2M . This means that a polynomial amount of
variables defines the state, making its simulation classically feasible. Inspiring our-
selves from the work of Ref. [80] for efficiently simulating Gaussian state dynamics,
and Ref. [81] to analytically compute Fock state occupations from Gaussian distribu-
tions, I developed a Python library enabling economical fully differentiable simulation
of dynamics and Fock measurements on Gaussian states with the PyTorch package.

Onedrawback of this framework is that it cannot simulate non-linear (i.e non-quadratic)
terms in the system Hamiltonian, as they create non-Gaussian states. This restricts the
number of pump tones we would want to introduce in order to add more trainable
parametric couplings: the only allowed ones will be coherent photon conversion and
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Figure 1.7: Two different representations of a single mode squeezed Gaussian state, ofsqueezing parameter r = 0.3(1 + i) (a) Density matrix representation. Density matri-ces are complex valued, but we display its absolute values |⟨k| ρ̂ |l⟩| for simplicity. TheHilbert space is cut off at Fock state |4⟩, due to higher states having negligible proba-bility amplitude. (b) Wigner function in the phase space. We observe its distribution isGaussian, meaning in this case that it is completely characterized by its displacement
αR ∈ C2 and covariance matrix σR ∈ C2×2.

two-mode squeezing. So the goal of the second part of my PhD will be to establish
whether there is an advantage in terms of the number ofmeasured observables and ex-
pressivity when learning with bosonic modes compared to QRC, even with a quadratic
number of trained parameters θ.

To this end we use an analog model, meaning that we do not use multiple gate-
based operations. Instead of applying sequential Lindbladian evolutions Lk each with
a different set of parameters θk, we apply a single one and harness complex behaviors
in the dynamics. The two different approaches are illustrated in Fig. 1.8. Our choice of
analog computation stems from its relative simplicity: to highlight advantages of learn-
ing in bosonicmodes, we do not require the use ofmultiple parametric gate operations.

We explain the benefits of learning the physical parameters in Chapter 5. We will
observe that learning indeed answers limitations of QRC, in that less observables need
to be measured for task solving, and the enhanced expressivity allows the bosonic
quantum neural network to tackle much harder tasks than previously possible such
as DIGITS classification [82]. An additional study of the encoding parameter choice is
presented, wherewe show that encoding into two-mode squeezing rates improves per-
formance on highly non-linear tasks.

These results demonstrate that learning with bosonic modes is a promising per-
spective in quantum neuromorphic computing. Thanks to their large Hilbert space and



(a) (b)
Figure 1.8: Two different circuit approaches to parametrically control bosonic modes.Each blue line corresponds to a singular mode. (a) Analog computing, in which all pa-rameters θ of the Lindbladian evolution described by the superoperatorL are fixed. (b)Gate-based computing with three gates in this example, where sequential Lindbladianevolutions described by superoperators Lk each have their own set of parameters θk.The total set of parameters is then θ = {θk}k∈[1,3].

parametric couplings, their complex dynamics can be leveraged to fit highly non-trivial
data, and act as amemory. In future proposals, using qubits in conjunctionwith bosonic
modes could be useful to create complex non-Gaussian states through measurement
protocols. Moving from analog learning to gate-based algorithms will also widen the
diversity of tasks which can be solved.

In this work we have trained software simulations of coupled bosonic modes using
back-propagation, but in hardware implementations this algorithm is not accessible.
Gradient computation with parameter shift rules is not an option either, as none have
been established for bosonicmodes with Fock statemeasurements. We could consider
offline training, in which all of the training is performed in a software model of the
physical system. Parameters learned this way can be injected into the physical system
for inference. Two main problems arise when applying this approach: (i) scaling up is
difficult because simulating large quantum systems is challenging, and (ii) unavoidable
deviations from simulation to experiment decrease its effectiveness. The latter can be
mitigated using the hybrid training algorithm developed by Ref. [83], where forward
passes happen in the physical system (even during training), but its simulation is used
to compute gradients. This method is more precise than offline training.

Nevertheless, computing gradients with back-propagation is not scalable, as it re-
quires to classically simulate the system, if the states are non-Gaussian. When training
an experimental bosonic QNN, it will therefore be crucial to explore physics-compatible
training methods, on which research is very active [84, 85, 86]. Exploring non-Gaussian
states for quantummachine learning will allow for more complex classically intractable
dynamics, which may translate to a quantum advantage over classical learning mod-
els [87]. Adding higher-order nonlinearities will also provide additional learning pa-
rameters.

Finally, further research on the susceptibility of bosonic quantum neural networks



to barren plateau is yet to be conducted. Because of the structured way in which the
Hilbert space is explored during their dynamics, it is possible that gradient information
is not lost as the system size is scaled up.



Chapter 2

Quantummachine learning

The field of quantum computing initially grew in parallel with machine learning, until
Bang et al proposed a method where classical computers trained the unitary opera-
tions on a quantum device to learn quantum algorithms [88]. Such hybrid approaches
where classical optimization tools are used on parameterized quantum circuits (PQC)
are called variational quantum algorithms (VQA).

A specific case of VQA are quantumneural networks (QNN), which are applied toma-
chine learning tasks. To provide an analogous description to artificial neural networks,
in QNN the quantum system’s basis states can be considered as neurons, with synaptic
weights corresponding to hopping probabilities between them. Consequently, increas-
ing the number of quantum devices results in an exponential increase in the number
of neurons. Thanks to this property, it is hoped that learning on quantum systemsmay
produce learning models with higher expressivity than classical ones [89].

Another promising characteristic of QNN’s is their generalization capacity (i.e the
ability to perform well on unseen data). In multiple empirical studies, it has been ob-
served thatQNN’s generalize better than classical ANN’s. Furthermore, theoretical work
has proven that there exists a minimal difference (called "generalization bound") be-
tween the performance of a QNN’s on seen, and unseen data [25, 26]. This could make
them easier to train than their classical counterparts, in big data applications [90].

However, an important obstacle to variational quantum algorithms is the noise and
reduced scale of quantum devices defining this current noisy-intermediate scale quan-
tum (NISQ) era. Noise has already proven to hinder the use of NISQ devices in most
quantum algorithms. For example in non-learning quantum algorithms such as Shor’s,
any kind of error falsifies the output result, incurring the use of exponentially time-
consuming averagingmethods [91, 92]. The error-correcting schemes preventing these
issues require multiple physical qubits to simulate a single logical qubit [93, 94], further
reducing the feature space available for computation.

In comparison, noise in neuromorphic computing does not seem to make learning
19
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Figure 2.1: Diagram comparing advantages (green text) and disadvantages (red text) intwo different approaches of quantum machine learning. Parameterized quantum cir-cuits implement learning by training gate operation parameters, while quantum reser-voirs use an untrained quantum system to project input data into a higher dimensionalspace, which is then classified with linear regression executed on a classical computer.

models useless. Studies on artificial neural networks show thatmoderate (around 10%)
amount of noise in input signals or synaptic weights does not have a negative effect on
network predictions [95, 96], and is even used to regularize deep neural networks [97].
In the specific case of parameterized quantum circuits, although noise can exacerbate
challenges in learning parameters [39], it has been shown that small noise levels do not
degrade learning ability [98]. This tolerance to noise has positioned PQC as a promising
candidate for the practical use of NISQ hardware.

Like their classical counterparts, quantum learning algorithmshavediverse use cases.
By default, most proposals implement learning in arrays of qubits, but there have also
been both proposals and experimental implementations of VQA in circuits composed
of bosonic modes [99, 100, 101]. Compared to qubits, they offer the possibility of using
continuous variables.

The first proposed instances of VQA include the variational quantum eigensolver
(VQE) [102], the quantum support vector machine (QSVM) [103], and quantum approx-
imate optimization algorithm (QAOA) [104]. Their distinct uses illustrate the versatility
with which PQC can be employed. For example, the aim of the VQE is to search ground



states of Hamiltonians, and has been applied in finding those of molecules [105] or
condensed matter systems [106]. In contrast, the QSVM classifies data by finding an
optimal hyperplane that maximizes the distance between each class in the feature
space [107]. The QAOA and its variations once again serve a different use, which is
combinatorial optimization [108].

In the following sections, we will explain how artificial neural networks and PQC
are trained, to provide the necessary tools to understand the context behind quantum
reservoir computing, and formulate their functioning. In Section 2.1 I explain how soft-
ware learningmodels are trainedwith gradient descent, since this classical optimization
scheme will be re-used in the hybrid optimization of PQC. Finally, Section 2.2 presents
a generic PQC framework to illustrate how they are trained, and the challenges arising
from their training.

2.1 Machine learning and neural networks

The field of machine learning takes inspiration from the brain’s architecture to set its
two main building blocks: neurons and synapses. Popular nonlinear activation func-
tions include rectified linear unit (ReLU) defined as

ReLU(x) =
x if x > 0

0 if x ≤ 0,
(2.1)

and hyperbolic tangent (tanh) defined as
tanh(x) =

1− e−2x

1 + e−2x
. (2.2)

In this section, we establish the basics of learning with neural networks to lay the
groundwork to explainingmore unconventional quantummachine learning next in this
chapter. To classify time-independent data, an instance of ANN architecture is the
Multi-Layer Perceptron (MLP), illustrated Fig. 2.2. It will serve as our example to explain
how neural networks are trained.

2.1.1 Example of a learning model: the Multi-Layer Perceptron

We describe a supervised learning scenario, where the training dataset {Xtrain,Ytrain}
associates to each input feature vector xtrain ∈ Xtrain a target label ytrain ∈ Ytrain. After
training when given the input xtest, the model aims to issue a prediction ȳtest closest
possible to the target label ytest. This step is called an inference.



Figure 2.2: Sketch of a Multi-Layer Perceptron (MLP) with three hidden layers. The two-dimensional inputs x (green circles) are fed forward into the hidden layers {h(n)}n∈[1,3](blue circles) with the linear weight matrices {W(in),W(h,1),W(h,2),W(out)} (arrows), upto the two-dimensional prediction ȳ (red circles). Each hidden layer contains 5 neurons,which apply a nonlinear activation function f .

MLP’s are feed-forward neural networks, meaning that to compute a prediction ȳ

from an input x, data flows sequentially through the different neuron layers. Let f be
the neuronal activation function, Nl the number of hidden neuron layers, and Nh the
number of neurons per hidden layer. The input features xk are encoded into the first
hidden layer h(1) according to

h
(1)
j = f

(
b
(in)
j +

∑
k

W
(in)
jk xk

)
, (2.3)

whereW(in) is the input weight matrix, and b(in) are the input biases. Then the hidden
layers feed the signal forward according to

h
(n+1)
j = f

(
b
(n)
j +

∑
k

W
(h,n)
jk h

(n)
k

)
, (2.4)

whereW(h,n),b(n) are the hidden weight matrix and biases of the layer n, respectively.
The prediction ȳ is obtained with the final output matrixW(out) and biases b(out):

ȳj = b
(out)
j +

∑
k

W
(out)
jk h

(n+1)
k . (2.5)

The set θ of the MLP’s parameters are the weight matricesW(in), {W(h,n)}n∈[1,Nl−1],
W(out) and the biases b(in), {b(n)}n∈[1,Nl−1], b(out). To quantify how far the prediction ȳ is



from the target y, we compute a cost function C(x,y,θ): the lower its value, the better
the prediction. Evaluations of this cost function for each input x, target y, and param-
eter set θ, are called ’losses’. Therefore, we want to find the parameters θ minimizing
the loss.

2.1.2 Learning with gradient descent

θ(0)

θ(1)

θ(2)

C(θ)

θ

0

5

10

E
p

o
ch

Figure 2.3: Illustration of the stochastic gradient descent algorithm for a convex onedimensional cost function C(θ). The cost function is optimized with respect to its pa-rameter θ. Starting from θ(0) (dark blue cross), the parameter is iteratively updated withthe rule θ(n+1) = θ(n)− γ∇θC(θ
(n)), where γ is a learning rate. The algorithm converges(yellow cross) to the minimum of this function, as the closer it gets, the smaller the gra-dient∇θC becomes.

The most popular optimization algorithm is gradient descent, thanks to its proven
efficiency in training large deep learning models such as GPT-4 or ResNet. An opti-
mization algorithm or method used to minimize a cost function is called an ’optimizer’.
In its simplest formulation, called the stochastic gradient descent (SGD), starting from
an initial set of parameters θ(0), the parameters θ(n) at step n are iteratively updated
according to

θ(n+1) = θ(n) − γ∇θC(θ
(n),x,y), (2.6)

where is γ a learning rate defined between 0 and 1, and the input and target label {x,y}
are randomly chosen from the training dataset. A process of evaluating a cost function
gradient∇θC and updatingmultiple parameters is called a training epoch. Gradient de-
scent is illustrated in the 1-dimensional case in Fig. 2.3. If the optimizer remains around
a minimum of the cost function and iterations do not update parameters anymore, it
is said to have converged.

However, the convex case shown Fig. 2.3 does not represent most cost function
landscapes: the harder a problem, the more complex its cost landscape will be. It may



contain many local minima, and flat areas. In these cases, stochastic gradient descent
as formulated in Eq. (2.6) is usually not the most efficient choice because it is prone to
getting trapped in localminima, as illustrated in Fig. 2.4a. Since gradients vanish around
landscapeminima, parameter value updates will eventually stop, and the optimizer will
converge to the first minimum it encounters.
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Figure 2.4: Optimization of the cost function C(θ) = θ(θ + 0.82)(θ − 0.5)2 + 0.1, whichpossesses 2 local minima. The optimizer iteratively updates its estimation starting at
θ(0) = 0.85 (dark blue cross) until convergence (yellow cross). (a) The SGD optimizer istrapped in a local minimum. (b) The Adam optimizer uses momentum to go beyondthe local minimum, and find the global minimum.

Improving on the gradient descent method, modern optimizers take into account
first and second order momenta of the gradients to get out of local minima [109], and
adaptive learning rates help training parameters of different magnitudes [110]. The
Adam optimizer combines these two concepts to provide a more balanced and effi-
cient optimization process [111]. As illustrated in Fig. 2.4b, it converges to the global
minimum in a cost landscape where SGD cannot, given the same starting point. This
is why, in all the work I have performed during my PhD, reported in this thesis, I have
used the Adam optimizer.

To check whether the trained model generalizes to unseen data, we compare its
performance on the training dataset {Xtrain,Ytrain} it has been optimized on, with its
performance on a test dataset {Xtest,Ytest}. If the model performs better on the train-
ing dataset, it has trouble processing new data: this is called an overfitting issue, which
we want to avoid. Overfitting can be caused by the training dataset not accurately rep-
resenting the data, or the model fitting too closely the training dataset due to being too
complex (e.g having too many learned parameters) for the task.

Furthermore, training can be accelerated by dividing the training dataset into sev-
eral batches, which can be processed in parallel. Their losses are averaged, and the
average is used to compute the cost function gradient.



2.1.3 Computing gradients with the back-propagation algorithm

Forward pass

Backward pass

Figure 2.5: Backward pass in a 2-layer MLP with 2 hidden neurons each, and no biases.After computing the cost function, its derivative is computed with respect to each train-able parameter via the chain rule. Gradient-based optimization algorithms then updatethe weights.

Performing gradient-based optimization requires knowledge of the cost function
gradient with respect to the model’s parameters. In software, this is enabled by the
back-propagation algorithm [10]. Back-propagation is an efficient version of the chain
rule to calculate the derivatives, thanks to its computation of the gradient layer by layer,
iterating backward from the final layer to avoid redundant calculations of intermediate
terms in the chain rule. It is automatically implemented in multiple Python libraries
such as PyTorch and JAX. This functionality is called ’automatic differentiation’.

As long as theneuron activation and cost functions are differentiable, back-propagation
computes gradients with respect to any parameter θwith a single inference. This is pos-
sible thanks to the algorithm storing the output of each neuron during inference. We
illustrate this process in Fig. 2.5 for a 2-layer MLP with 2 hidden neurons each, and no
biases.

This small-scale example is useful to illustrate how back-propagation works. Let f ′

be the derivative of the neuron activation function. The chain rule allows to compute
the gradients:

∂C

∂W(out) =
∂C

∂ȳ

∂ȳ

∂W(out)

=
∂C

∂ȳ
× h(2)

(2.7)



∂C

∂W(h,1) =
∂C

∂h(2)

∂h(2)

∂W(h,1)

=
∂C

∂ȳ

∂ȳ

∂h(2)

∂h(2)

∂W(h,1)

=
∂C

∂ȳ
×W(out) × h(1) × f ′ (W(h,1) × h(1)

)
(2.8)

∂C

∂W(in) =
∂C

∂h(1)

∂h(1)

∂W(in)

=
∂C

∂h(2)

∂h(2)

∂h(1)

∂h(1)

∂W(in)

=
∂C

∂ȳ
×W(out) ×W(h,1) × f ′ (W(h,1) × h(1)

)
× x× f ′ (W(in) × x

)
.

(2.9)

To confirm our earlier statement, we observe that computing these expressions only
requires prior knowledge of derivatives ∂C

∂ȳ
, f ′, and storing the features h(1),h(2) during

inference.

2.1.4 Example of a learning task: DIGITS classification
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Figure 2.6: (a) Three examples from three different classes of the DIGITS dataset, withcorresponding labels. The inputs are 8 × 8 size images, with targets corresponding tothe handwritten digit. (b) Loss and (c) accuracy as a function of the training epoch onthe DIGITS dataset of a multi layer perceptron (MLP) with ReLU activation functions, 12neurons per hidden layer, and 1 or 2 layers. In the green curve, the activation functionis the identity.

To give a concrete example of supervised learning, we introduce the DIGITS dataset.



Three samples from this dataset are shown in Fig. 2.6a. The inputs are 8 × 8 pixels
images, with 10 different class labels, corresponding to the handwritten digit. After
flattening the images, input feature vectors x are 64-dimensional, and the target fea-
ture vectors y are 10-dimensional. To check for overfitting, the dataset is divided into
training and test sections, and we check if performance is the same on both sets after
training. They are equally sized, containing 1500 input-label samples.

In Figs. 2.6b and 2.6c, we show the performance of a MLP with ReLU activation func-
tions and 12 hidden neurons per hidden layers on the ’test’ dataset, after having opti-
mizing it on the ’training’ dataset with the mean-square error (MSE) cost function de-
fined as

MSE(Ȳ,Y) =
1

2Nsamples

Nsamples∑
k=1

(Ȳk −Yk)
2. (2.10)

Y, Ȳ are respectively the target dataset and prediction by the model, both containing
Nsamples samples. I could have considered other cost functions such as cross-entropy
or mean-absolute error, but I choose the mean-square error because of its simplicity,
and its natural implementation of a distance function in vector space.

To study the influence of the neural network’s feature space size, we increase the
number of hidden layers from 1 to 2, and observe in Fig. 2.6c that the test accuracy
raises from 80% to 98%. This illustrates the advantage in classification capacity when
increasing the network feature space size.

Moreover, by changing the neuron activation function to the identity, classification
performance is degraded, highlighting the importance of the nonlinearity in neural net-
works.

2.2 Overview of parameterized quantum circuits

2.2.1 Basic principles of quantum circuits

Now that classical optimization tools and concepts have been introduced, we can begin
explaining the particularities of optimizing quantum learning models.

As an example, we describe a parameterized quantum circuit composed of qubits,
where qubit rotation angles are controllable parameters. This sectionwill introduce the
basic tools required to understand their operation. We first present in Section 2.2.1.1
the Bloch sphere representation, in order to help visualize the effect of parametric op-
erations described next in Section 2.2.1.2. Because of quantum mechanics, special at-
tention must be given to measurements in the circuits. The measurement protocol for
the estimation of the expectation values with projective measurements is detailed in
Section 2.2.1.3.



2.2.1.1 Bloch sphere representation of a qubit
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Figure 2.7: Bloch sphere representation of a qubit state |ψ⟩. The polar and azimuthalangles θ, φ define the state on the unit sphere via spherical coordinates.

The qubit Hamiltonian is given by
Ĥq = −

ℏωq
2
σ̂z, (2.11)

where ℏωq is the energy difference between the ground state |0⟩ and the excited state
|1⟩. Here, σ̂z is one of the three Pauli operators, which, together with σ̂x, σ̂y, and the
identity Î , forms a complete basis for single-qubit operations. In the {|0⟩, |1⟩} basis, the
Pauli operators are represented as matrices

σ̂x =

(
0 1

1 0

)
, σ̂y =

(
0 −i
i 0

)
, σ̂z =

(
1 0

0 −1

)
. (2.12)

The eigenstates of Ĥq are |0⟩ and |1⟩ such that
Ĥq|0⟩ = −

ℏωq
2
|0⟩

Ĥq|1⟩ =
ℏωq
2
|1⟩.

(2.13)

So we can express the general pure qubit state in the {|0⟩, |1⟩} eigenbasis of Ĥq as
|ψ⟩ = α|0⟩+ β|1⟩, (2.14)



with complex coefficientsα, β ∈ C satisfying |α|2+|β|2 = 1. Quantum states are defined
up to an arbitrary global phase, so this state can be parameterized as

|ψ⟩ = cos

(
θ

2

)
|0⟩+ eiφ sin

(
θ

2

)
|1⟩, (2.15)

with θ ∈ [0, π] and φ ∈ [0, 2π]. This form is known as the Bloch representation. Its
geometrical depiction in Fig. 2.7 is useful to visualize operations on qubits. A pure
qubit state |ψ⟩ corresponds to a point on the unit sphere with cartesian coordinates
(sin θ cosφ, sin θ sinφ, cos θ).

2.2.1.2 Gate operations on qubits

Pauli rotation gate CNOT gate

control

target

Figure 2.8: Circuit representations of a Pauli rotation gate R̂j(θ) (left), and a CNOT gate(right). Horizontal lines represent qubits.
Any unitary single-qubit gate can be expressed as a rotation around an axis of the

Bloch sphere. Such rotations are generated by the Pauli operators
R̂j(s) = exp

(
−isσ̂j

2

)
, j ∈ {x, y, z}. (2.16)

The operator R̂j(s) performs a counterclockwise rotation by an angle s around the axis
j on the Bloch sphere. Arbitrary single-qubit unitaries can thus be constructed from a
sequence of such rotations.

Entanglement between qubits is achieved viamulti-qubit gates. The Controlled-NOT
(CNOT) gate is a standard two-qubit gate acting on a control and a target qubit. Its
expression in terms of Pauli operators is

ˆCNOT = exp
(
i
π

4
(Î − σ̂z)c ⊗ (Î − σ̂x)t

)
, (2.17)

where the c, t subscripts denote an operator acting on the control or target qubit. If
the initial qubit states are only allowed to be in {|0⟩, |1⟩}, the CNOT gate applies the



classical XOR operation:
ˆCNOT(|0⟩c ⊗ |0⟩t) = |0⟩c ⊗ |0⟩t
ˆCNOT(|0⟩c ⊗ |1⟩t) = |0⟩c ⊗ |1⟩t
ˆCNOT(|1⟩c ⊗ |0⟩t) = |0⟩c ⊗ |1⟩t
ˆCNOT(|1⟩c ⊗ |1⟩t) = |1⟩c ⊗ |0⟩t.

(2.18)

The circuit representation of the Pauli rotation and CNOT operations are depicted in
Fig. 2.8.

Although we describe here Pauli rotations and CNOT in the context of parameter-
ized quantum circuits, they also play an important role in quantum algorithms. This
stems from the fact that CNOT combined with qubit rotations form a universal gate
set for quantum computation. This means that any operation possible on a quantum
computer can be expressed as a finite sequence of such gates. An example of unitary
parametric gate decomposed this way is illustrated in Fig. 2.9.

Figure 2.9: Circuit representation of a parametric gate Û(θ), that can be decomposedinto a sequence of Pauli rotations and CNOT gates. Operations are applied sequentiallyfrom left to right.

2.2.1.3 Estimating the expectation value of a projection operator with multiple
measurement shots

After applyingmultiple gate operations on the circuit, observables are measured to ob-
tain the output from the PQC. In this section, we describe a setting where these mea-
surements are projective, as is the case in the vast majority of PQC proposals. As of my
knowledge, weak measurement have only been considered in quantum reservoir com-
puting frameworks [112, 113, 114] because of their interest for the time-series tasks.

Projective quantum measurements are subject to Born’s rule, which states that for
any Hermitian operator B̂, i.e B̂† = B̂, corresponding to an observable measured in a
quantumsystem in a pure state |ψ⟩, if the spectrumof B̂ is discrete anddegeneratewith
real eigenvalues λi and associated eigenstates |λi⟩, then the measurement outcome is
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Figure 2.10: Measurement scheme to estimate the expectation value of the projectorobservable B̂ = |b⟩⟨b| in a systemstate |ψ⟩. Herewedefine ∣∣b̄〉 such that |b⟩⟨b|+∣∣b̄〉〈b̄∣∣ = Î .
Nshots identical copies of |ψ⟩ are measured, and extracted statistics allow for an estima-
tion of p def

= ⟨ψ|B̂|ψ⟩, with a relative standard deviation√ (1−p)
pNshots .

an eigenvalue λi. The probability of this outcome is |⟨ψ|λi⟩|2, and upon measurement
the system collapses to the eigenstate |λi⟩. This action of measurement on the quan-
tum state is commonly referred to as "measurement back-action". The expectation
value of B̂ with respect to |ψ⟩ is defined as

⟨B⟩|ψ⟩
def
= ⟨ψ|B̂|ψ⟩ =

∑
i

λi|⟨ψ|λi⟩|2. (2.19)

If instead the quantum state were to be mixed, i.e defined by a density matrix ρ̂, the
expectation value is defined as

⟨B⟩ρ̂
def
= Tr

(
ρ̂B̂
)
. (2.20)

A simple illustrative example of Born’s rule is that of a qubit in a general superposi-
tion of states as defined in Eq. (2.14). Measuring the qubit energy assigned in Eq. (2.11)
results in observing the state |0⟩ with probability |α|2, or the state |1⟩ with probability
|β|2.

In experiment, estimating the expectation value of B̂ with respect to the pure state
|ψ⟩ requires an experimenter to produce Nshots independent samples of |ψ⟩, due to
the probabilistic nature of Born’s rule. To show the error when estimating ⟨ψ|B̂|ψ⟩
caused by quantum uncertainty, we consider the case illustrated in Fig. 2.10 where the
observable B̂ = |b⟩⟨b| is a projector on the state |b⟩.

Defining ∣∣b̄〉 such that |b⟩⟨b| + ∣∣b̄〉〈b̄∣∣ = Î , B̂ has two eigenstates |b⟩ and ∣∣b̄〉, with
respective associated eigenvalues 1 and 0. We define p def

= ⟨ψ|B̂|ψ⟩ = |⟨ψ|b⟩|2. Let
{Zi}i∈[1,Nshots] be Nshots independent and identically distributed Bernoulli random vari-
ables with P (Zi = 1) = p. Computing ⟨ψ|B̂|ψ⟩ from Nshots measurement outcomes is



equivalent to computing the expectation value of the random variable
Z =

∑Nshots
i=1 Zi
Nshots . (2.21)

We note P (Z) is a binomial probability distribution with parameters Nshots and p, with
a 1/Nshots prefactor. Its mean and variance are respectively

E(Z) = p

σ(Z)
def
= E(Z2)− (E(Z))2 =

p(1− p)
Nshots .

(2.22)

The relative standard deviation is a more relevant metric than the variance to assert
how well the expectation value ⟨ψ|B̂|ψ⟩ is estimated, because it shows the extent of
variability in relation to the mean measured result. Its calculation yields

√
σ(Z)

E(Z)
=

√
(1− p)
pNshots . (2.23)

From this expression, we observe that for p≪ 1, the relative standard deviation scales
as∝ 1√

pNshots . This is an important result to remember for the remaining of thismanuscript,
because it means that to estimate an expectation value which vanishes exponentially
with a given fidelity, the number of necessary measurement samples increases expo-
nentially.

2.2.2 General formulation of parameterized quantum circuits

We have now introduced all the necessary elements to explain how parameterized
quantum circuits work. We describe a setting where the PQC is a sequence of L pa-
rameterized unitary gates

Û(θ) =
L∏
i=1

Ûi(θi), (2.24)
applied to an array of qubits, and θ = {θ1, . . . ,θL} is a set of trainable parameters. The
cost function is obtained by estimating the expectation value of an observable Ô

C(θ) = Tr
(
ρ̂Û(θ)†ÔÛ(θ)

)
, (2.25)

where ρ̂ is the initial state of the PQC in density matrix form. If it is a pure state, it can be
expressed as ρ̂ = |ψ⟩ ⟨ψ|. Eq. (2.25) expresses a Hilbert-Schmidt inner product between
two operators ρ̂ and Û(θ)†ÔÛ(θ). The choice of the initial state ρ̂, unitary gates Ûi(θi)
and measured observable Ô fully characterizes the PQC, and is called its ’ansatz’.
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Figure 2.11: Sketch of an example parameterized quantum circuit optimization. Dur-ing an inference three Ûj gates are sequentially applied, with respective parameters
θ1, θ2, θ3. A cost function C(θ) is computed by measuring an observable. A classical op-timizer (here gradient descent) updates the parameters, which are re-injected into thegates for the next forward pass.

A difficulty that arises when optimizing C(θ) is that contrary to software implemen-
tations portrayed in Section 2.1.3, gradients of the cost function with respect to param-
eters cannot be analytically computed with back-propagation. One simple solution is
to train a software simulation of the physical model, into which these trained weights
are imported. The major shortcoming to this workaround is the difference between an
experiment and its simulation due to imperfect knowledge of it. A second shortcom-
ing specific to optimizing quantum systems in general is that simulating large quantum
systems is infeasible. Furthermore, many PQC applications aim for an advantage in re-
sources used compared to conventional computers, so their classical simulability would
nullify this claim.

2.2.3 Parameter shift rules

The first method to obtain gradients in PQC is variational. It relies on a numerical ap-
proximation of a gradient. To compute the gradient of the cost function with respect
to a single parameter θ, two inferences would be run with the PQC: one with param-
eter θ, and another with θ + dθ, where dθ is a small increment. Then a first degree
approximation of the gradient could be estimated:

∇θC ≈
C(θ + dθ)− C(θ)

dθ
. (2.26)



This procedure lacks precision, restricting the fine tuning possibilities of PQC. In 2018,
the identification of "parameter shift rules" allowing to compute exactly analytical gra-
dients via two PQC forward passes by Ref. [33] for Pauli rotation gates paved the way
towards fixing this limitation. Parameter shift rules were generalized to broader gate
sets by Ref. [34].

Figure 2.12: Circuit used to illustrate a parameter shift rule. Starting in state |ψ⟩, thequbit undergoes a Pauli rotation R̂(θ). The cost function is then obtained by projectivelymeasuring the expectation value of Ô. The parameter shift rule allows the computationof∇θC by evaluating C(θ + π
2
) and C(θ − π

2
).

Let us give here a concrete and commonly found example of a parameter shift rule,
following the demonstration presented in Ref. [35]. The circuit depicted in Fig. 2.12 is
that of a Pauli rotation R̂(θ) applied to an initial pure qubit state |ψ⟩. Measuring an
observable Ô expectation value yields a cost function

C(θ) = ⟨ψ|R̂(θ)†ÔR̂(θ)|ψ⟩ . (2.27)
We calculate its gradient using the chain rule, and write

∇θC(θ) = ⟨ψ|∇θR̂(θ)†ÔR̂(θ) + R̂(θ)†Ô∇θR̂(θ)|ψ⟩ . (2.28)
The gradient of Pauli rotation gates defined in Eq. (2.16) is

∇θR̂(θ) = − i
2
σ̂jR̂(θ), (2.29)

where σ̂j is the Pauli operator generating R̂(θ). Substituting this formula into Eq. (2.28)
gives

∇θC(θ) =
i

2
⟨ψ|R̂(θ)†

[
σ̂j, Ô

]
R̂(θ)|ψ⟩ , (2.30)

where [X, Y ]
def
= XY − Y X denotes the commutator. Using the mathematical identity

for commutators including Pauli operators [33][
σ̂j, Ô

]
= −i

(
R̂
(π
2

)†
ÔR̂

(π
2

)
− R̂

(
−π
2

)†
ÔR̂

(
−π
2

))
, (2.31)



we develop Eq. (2.30):
∇θC(θ) =

i

2
⟨ψ|R̂

(
θ +

π

2

)†
ÔR̂

(
θ +

π

2

)
|ψ⟩

− i

2
⟨ψ|R̂

(
θ − π

2

)†
ÔR̂

(
θ − π

2

)
|ψ⟩ .

(2.32)

Using the cost function’s definition, we can finally express the gradientwith a parameter
shift rule

∇θC(θ) =
1

2

(
C
(
θ +

π

2

)
− C

(
θ − π

2

))
. (2.33)

The gradients can thus be exactly expressed as a difference of two cost function evalu-
ations for two values of parameters shifted by π/2. We note that this is a specific case,
and this shift is different in other parameter shift rules, depending on the parametric
operation to differentiate.

2.2.4 PQC expressivity

While parameter shift rules have enabled faster convergence to localminimaof PQC [36],
many challenges remain in their optimization. The main open question remains the
ansatz design. While classical optimization algorithms determine gate parameters, a
conscious choice is made to determine the initial state, sequence of gates and mea-
sured observables. Similar to choosing appropriate classical ANN architectures for dif-
ferent tasks, we want the PQC expressivity to be high enough in order to fit the dataset
and generalize to unseen data, but not so high that training becomes difficult, i.e re-
source intensive.

In the specific context of PQC, ansatz expressivity relates to the distribution of ex-
plored states Û(θ)†ρ̂Û(θ) over random θ parameters. The closer it gets to the uniform
distribution over the Hilbert space, called the Haar distribution, the more expressible
the ansatz. Reaching a Haar distribution means the PQC can reach any state in its
Hilbert space.

Many ansatze maximizing this expressivity have been proposed [115, 116]. How-
ever, high expressivity is also a source of problems in PQC optimization, due to the
Barren Plateau (BP) phenomenon.

2.2.5 Barren plateaus

Barren Plateaus occur when gradient magnitudes vanish exponentially with the num-
ber of qubits, posing a problem when scaling up a model. They are caused by the
high expressivity of PQC, whose Hilbert feature space scales exponentially with model
size. Rescaling themeasured observable does not bypass the problem: since gradients



are computed by subtracting two expectation values, if these expectation values be-
come exponentially close then an exponentially large amount of measurement shots
are needed to estimate their difference correctly (see Section 2.2.1.3).

More specifically, barren plateaus are characterized by exponentially vanishing gra-
dients in the cost landscape. For instance we say a cost function exhibits a probabilistic
BP [37] if for some (but not necessarily all) θj ∈ θ,

Var(∇θjC) ∈ O
(

1

bnq

)
, (2.34)

where nq is the number of qubits, b > 1, and Var(f) is the variance of a function f with
respect to its parameters: Var(f(θ)) def

= Eθ(f
2)− (Eθ(f))

2. This barren plateau is called
probabilistic because it is an average property of the cost landscape, but some parts of
the landscape may be less flat.

We introduce toy examples taken from Ref. [38] to illustrate ansatze featuring bar-
ren plateaus. The task is state preparation of nq qubits, with the target state being vac-
uum |0⟩ def

= |0⟩1 ⊗ ... ⊗ |0⟩nq . The qubits are initialized in the vacuum state, and they all
undergo a Pauli rotation R̂x(θj):, such that the state of the whole circuit is transformed
by a unitary

Û(θ) =

nq⊗
j=1

R̂x(θj). (2.35)
A cost function that is minimal when reaching the vacuum state can be evaluated by
measuring ÔG = Î − |0⟩ ⟨0|

C1(θ) = 1− ⟨0| Û(θ)†|0⟩ ⟨0| Û(θ)|0⟩

= 1−
nq∏
j=1

cos2
(
θj
2

)
.

(2.36)

By instead measuring the local observable

ÔL = Î − 1

nq

nq∑
j=1

|0⟩j ⟨0|j ⊗ Î j̄, (2.37)

where Î j̄ is the identity on all qubits except qubit j, another cost function can be definedfor this task
C2(θ) = ⟨0| Û(θ)†ÔLÛ(θ)|0⟩

= 1− 1

nq

nq∑
j=1

cos2
(
θj
2

)
. (2.38)



We want to calculate the variances of the gradients of the cost functions C1 and C2 to
reveal the concentration of their landscapes. The respective gradients are

∇θjC1 = −
1

2
sin(θj)

nq∏
k=1
k ̸=j

cos2
(
θk
2

)
(2.39)

∇θjC2 = −
1

2nq sin(θj). (2.40)
Since∇θjC1 and∇θjC2 are both anti-symmetric, their means are zero, i.e Eθ(∇θjC1) =

Eθ(∇θjC2) = 0. Using the integrals ∫ π

−π

dθ

2π
sin2(θ) =

1

2
(2.41)∫ π

−π

dθ

2π
cos4

(
θ

2

)
=

3

8
, (2.42)

we compute the mean of the squared gradient for each cost function

Eθ

((
∇θjC1

)2)
=

1

4

∫ π

−π

nq∏
k=1

dθk
2π

sin2(θj)

nq∏
k′=1
k′ ̸=j

cos4
(
θk′

2

)

=
1

4

(∫ π

−π
sin2(θ)

dθ

2π

)(∫ π

−π
cos4

(
θ

2

)
dθ

2π

)nq−1

=
1

8

(
3

8

)nq−1

(2.43)

Eθ

((
∇θjC2

)2)
=

1

4

1

nq2
∫ π

−π

nq∏
k=1

dθk
2π

sin2(θj)

=
1

4

1

nq2
∫ π

−π

dθ

2π
sin2(θ)

=
1

8

1

nq2 .

(2.44)

Finally, we deduce the variances of the gradients
Var(∇θjC1) =

1

8

(
3

8

)nq−1 (2.45)
Var(∇θjC2) =

1

8nq2 . (2.46)
We observe that C1 exhibits barren plateaus, while C2 does not. This is illustrated in
Fig. 2.13 when plotting the two-dimensional cross-section of their cost landscapes with



nq = 4 or 24 qubits. This cross-section is shown for its visual clarity; half of rotation
parameters are set equal to θa ∈ [−π, π] and the others to θb ∈ [−π, π]. We observe for
C1 that the two-dimensional cross-section narrows exponentially when increasing nq,
while it remains unchanged for C2, reflecting their loss concentration behaviors. In this
example, the barren plateau comes from the locality of themeasured cost function, but
barren plateaus can arise in different ansatze through other means such as hardware
noise [39] and excessively high entanglement [117].
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Figure 2.13: Two dimensional cross-sections of the cost functions (a) C1(θ) = 1 −∏nq

j=1 cos
2
(
θj
2

) and (b)C2(θ) = 1− 1
nq
∑nq

j=1 cos
2
(
θj
2

) as a function of two parameters θa
and θb. These landscapes are obtained by applying Pauli rotations Û(θ) =⊗nq

j=1 R̂x(θj)on nq qubits followed by eithermeasuring ÔG = Î−|0⟩ ⟨0| or ÔL = Î− 1
nq
∑nq

j=1 |0⟩j ⟨0|j⊗
Î j̄ . Half of rotation parameters are set equal to θa ∈ [−π, π] and the other half to
θb ∈ [−π, π]. We plot the landscapes for nq = 4 or nq = 24 qubits. In (a) the land-scape becomes concentrated around the origin, revealing a barren plateau. In the caseof (b) the cross-section is unchanged by the qubit number nq: surfaces overlap over thewhole space, meaning increasing nq does not make training more difficult.

The origin of BP is not the same as vanishing gradient problems in software neu-
ral networks. In software ANN, the multiplication of small gradients together in the
back-propagation to the first layers make their magnitudes exponentially smaller than
gradients in the later layers [118]. In PQC, barren plateaus are caused by the exponen-
tially large Hilbert space, because the inner product between two exponentially large
parameterized operators as described in Eq. (2.25) will be on average exponentially
small and concentrated [37]. In particular, it has been demonstrated that BP ensue if
an ansatz forms a 2-design, i.e it matches the Haar distribution up to the second mo-
ment. The Hilbert space then seems like a double-edged sword, as its exponential size



is both appealing due to its expressivity, but prohibitive due to its BP phenomena.
As the source of BP is different than that of vanishing gradients in software ANN,

mitigation strategies such as batch normalization [119], layer normalization [120], or
using ReLU activation functions [121] that are used to regulate the vanishing gradients
cannot be transposed to parameterized quantum circuits. Although strategies to cir-
cumvent BP have been suggested, such as limiting ansatz expressivity [116], measuring
local observables [38] or lowering entanglement of the input state [122], it has been ob-
served that many of them make the PQC classically simulable [41].

A recent but powerful method to understanding BP introduced by Ref. [40] is Lie
algebraic theory, where studying the dynamical Lie algebra of the ansatz with respect
to the unitary gate Ûi(θi) generators, the input state ρ̂ and the measured observable
Ô allows to analytically compute the cost function gradient variance Var(∇θC). This
proves to be a rigorous systematic approach to finding out if an ansatz will lead to BP.

The future of learning with PQC will depend on whether PQC optimization schemes
avoiding BP still retain the attractive properties of non-simulability, expressivity and
generalization capability which aroused interest from the quantum community in the
first place.



Chapter 3

Quantum reservoir computing

In the previous chapter, we saw that learning the parameters of a parameterized quan-
tum circuit is challenging due to barren plateau phenomena, with no unequivocal solu-
tion as of today. In this context, the question is if the information processing capabilities
of quantum devices can still be harnessed for learning problems.

Quantum reservoir computing (QRC) as a quantum machine learning framework
was introduced in an attempt to answer this question. It was inspired by classical
reservoir computing, a framework used in machine learning using physical systems
(i.e neuromorphic computing), in which the parameters of the physical system, called
reservoir in this context, are not trained. Because it does not require computation of
gradients in the reservoir, classical reservoir computing is well adapted to establish
whether a certain hardware has potential for neuromorphic computing, independently
of the physics-compatible learningmethod to adopt in future perspectives. This had led
to many hardware neural network architectures first being proposed with RC, ranging
from electronics [45, 46, 47, 48], optics [49, 50] and spintronics [51, 52].

Ideas of reservoir computing emerged independently in software neural networks
with echo state networks (ESN) [43] and liquid state machines (LSM) [44], where con-
cerns of vanishing gradients in recurrent neural networks (RNN) [10, 123, 124] moti-
vated scientists to findways of exploiting dynamical neural network’s processing power
without training their synaptic weights.

We note that the reservoir computing framework can be applied to time indepen-
dent tasks, in which case it is called an extreme learningmachine (ELM). ELM have been
implemented with optical [50] and memristor [125] reservoirs.

The role of this chapter is to position the proposed frameworks of QRCwith bosonic
modes in the scientific literature leading up to it. In the first section we will introduce
recurrent neural networks, and why they have vanishing gradient problems. The sec-
ond subsection will cover the basics of RC with software and dynamical systems, and
how it solves the problems of RNN. Then a state of the art in QRC with qubits arrays will
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be described. The stochastic nature of quantum measurements requires specific pro-
tocols for experimental QRC implementations, which we discuss in Section 3.4. Finally,
we consider the different real-life use cases of QRC, to argue how the implementation
of bosonic modes in the reservoir computing framework could be advantageous.

3.1 Recurrent neural networks

Unfold

(a) (b)

Figure 3.1: (a) Folded and (b) unfolded representation of a fully connected recurrentneural network (RNN). Data flows vertically from bottom towards the top. The datais temporal, so horizontal lines correspond to following data inputs. At each discretetime increment ν, the inputs x(ν) are sequentially passed through a linear layer W(in),and the hidden features h(ν) remember past inputs using linear recurrent connections
W(h). The predictions ȳ(ν) are obtained from the hidden features with the linear layer
W(out).

The precursor to reservoir computers were recurrent neural networks (RNN), a class
of artificial neural networks conceived for processing sequential datasets such as speech,
text and time series. To this end, they require properties of nonlinearity and memory
(remembering previous inputs). The first property is obtainedwith the nonlinear activa-
tion functions of neurons, as is commonly found in software ANN. The latter is achieved
with recurrent connections between neurons, whose outputs are fed back into the in-
put during the next time step, as seen in its folded representation in Fig. 3.1a.

Of all the different RNNarchitectures such as the long short termmemory (LSTM) [126]
andHopfield networks [6], we choose to describe a fully connected RNNas it is themost
general topology, and the closest to echo state networks, the reservoir architecture we
will detail next as an example. For simplicity, we omit bias terms.

Learning is performed in a supervised setting, where the inputs X =
{
x(ν)
}
ν
and

targetsY =
{
y(ν)

}
ν
are time series with discretized time increments ν. The first output



is obtained by forward pass through a single hidden neuron layerh(0) = f
(
W(in)x(0)

)
y(0) = W(out)h(0),

(3.1)

where f is the neuron activation function, and W(in),W(out) are respectively the input
and output weight matrices. Memory is achieved with recurrent connections W(h) in
the hidden neurons h(ν), meaning that for all the other inputs, the inference relation is
recurrently defined as h(ν) = f

(
W(in)x(ν) +W(h)h(ν−1)

)
y(ν) = W(out)h(ν).

(3.2)

The unfolded representation of the fully connectedRNN in Fig. 3.1b illustrates the recur-
rence relation. To account for this recurrence, the back-propagation algorithm needed
to be adapted, hence the conception of the back-propagation through time (BPTT) al-
gorithm. As can be observed in the unfolded representation, to compute a gradient at
discrete time ν, the algorithm must carry out the backward pass through all the previ-
ous hidden layers h(ν′≤ν).

As a consequence, the backward pass goes through a number of layers as large as
the time series dataset length. However in deep learning, computing gradients through
a large number of layers is often the source of vanishing or exploding gradients, where
gradient magnitudes increase or decrease exponentially from layer to layer, making
deep networks hard to train [127]. Modern RNN architectures such as long short term
memory (LSTM) aim to avoid this problem.

To adress this issue, two different frameworks later encompassed in the ’reser-
voir computing’ paradigm were developed independently. Contrary to liquid state ma-
chines, which were proposed as a means of explaining how the brain operated with
spiking neural networks, echo state networks suggested an alternative trainingmethod
to avoid BPTT problems. In the next subsection, we will formulate the structure of ESN
as it illustrates the RC paradigm well.

3.2 Exampleof a software reservoir computer: Echo state
networks

Echo state networks are an instance of reservoir computers, which we present here to
introduce the reader to important concepts in reservoir computing, that are nonlinear-
ity, and memory.



Figure 3.2: Sketch of an echo state network (ESN), a static software reservoir architec-ture. Like in recurrent neural networks, the input time series X =
{
x(ν)
}
ν
is encoded

into the ESN hidden layer h(ν) with the linear weights W(in). The neurons are inter-connected with fixed and random weights W(h). Then the prediction Ȳ =
{
ȳ(ν)

}
ν
is

obtained by multiplying the output f (ν) = h(ν) with a linear layer W(out). It is the onlylearned parameter, enabling its learning through linear regression.
The architecture of an ESN we illustrate in Fig. 3.2 is identical to the fully connected

RNN detailed in the previous section, with two key differences: (i) the connectivity and
weights of W(h) and W(in) are fixed and random (ii) only the output weights W(out)
are learned. In the reservoir computing community, hidden neurons belonging to the
hidden layer h(ν) are commonly called the reservoir nodes. We present a setting where
the echo state network output f (ν) is the full hidden layer h(ν). In the case where the
cost function C is mean squared error as defined in Eq. (2.10), the optimization can be
performed more efficiently than with gradient descent algorithms. Indeed if we want
to find the output weight matrix W(out) which minimizes the mean-square error, then
the analytical estimator is [128]

W =
(
Ȳtrain)+F, (3.3)

where F is the matrix whose rows are the reservoir outputs f (ν), and A+ denotes the
Moore-Penrose pseudo-inverse of a matrix A, a generalization of inversion to non-
square matrices.

Although Eq. (3.3) only operates a linear regression, the ESN nodes performs a
nonlinear transformation on the input, meaning ESN can still fit linearly inseparable
datasets. Interestingly, comparing RCmodels to RNNon chaotic time series tasks shows
competitive performance [129, 130, 131] despite the simpler training method.

We compare the performance of ESN and RNN for the common benchmark task
of sin/square waveform classification in Fig. 3.3. It is a time series dataset shown in
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Figure 3.3: Performance of an echo state network with ReLU activation functions onthe sin/square waveform classification task. (a) The input data is a time series of pointsbelonging to a sine or a square discretized in 8 points. Labels are +1 or 0, if the inputbelongs to a sine or square waveform respectively. (b) Average accuracy of the ESN andfully connected RNN on the test dataset as a function of the hidden layer size h(t), over
100 different initializations. Error bars represent ± standard deviation.

Fig. 3.3a, whose input points belong to a sine or a square discretized in 8 points: a sine
waveform is [0, 0.7071, 1, 0.7071, 0,−0.7071,−1,−0.7071], while a square is [1, 1, 1, 1, 0, 0, 0, 0].
The label associated to an input is+1 if it belongs to a sine, and 0 if it belongs to a square.
The sin/square time series dataset is useful to probe nonlinearity of a reservoir, as a
single threshold value cannot separate points from the sine or square waveforms. Fur-
thermore, memory is required to solve this task, as ±1 points can belong to both a
sine or square, and are distinguished using their precedent inputs. These characteris-
tics have made this time series a popular benchmark task in the reservoir computing
community, to probe nonlinearity and memory properties of a reservoir.

To solve this task, we use ESN’s of increasing hidden layer size. Since reservoir out-
puts f (ν) depend on the randomly initialized W(in) and W(h), the performance of the
network relative to its hidden layer size is displayed in Fig. 3.3b after averaging over 100
random initializations. The figure shows that around 17 hidden neurons are required
to solve the sin/square classification task with 100% test accuracy.

We also plot the performance of the RNN architecture presented in the previous
section, and find that it needs 11 hidden neurons to solve the task. Comparing the
two models reveals that although the RNN can classify the time series with 6 less hid-
den neurons, its optimization with gradient descent is more time consuming than the
pseudo-inverse required to optimize the ESN, and the number of hidden neurons is
nonetheless of the same order of magnitude.



3.3 Quantum reservoir computing with qubits

basis states encode neuronsqubits

…

Figure 3.4: Sketch of the exponential growth of the Hilbert space. The Hilbert space isrepresented by the big light blue circle, and small multi-colored circles correspond tojoint qubit states. Arrows linking them symbolize hopping probability amplitudes. Thenumber of basis states scales as 2N , where N is the number of qubits.
The first proposal of QRC was in the simulation article Ref. [42], with a set of nq

qubits arranged in a two-dimensional lattice with random nearest-neighbor hopping.
Because the Hilbert space size is 2nq as illustrated in Fig. 3.4, the reservoir size scales
exponentially with the qubit number. Another advantage of using qubits is their om-
nipresence in the field of quantumcomputing. Fromanexperimental standpoint, quan-
tum computers containing O(50 − 100) noisy qubits are now commercially available,
for instance those produced by IBM [132] and Google [93]. Moderate noise can even
be taken into account in neuromorphic computing, making these NISQ qubits readily
available in QRC.

Figure 3.5: Illustration of 5 qubits, with twoby two coupling described by the transverse-field Ising model. Here they are represented as spins (arrows), which are natural two-level systems defined by their up and down states. Lines connecting the spins representspin to spin coupling. Figure taken from Ref. [42].
An extensively studied and very general qubit array architecture is the transverse-



field Ising model. Here spins are considered as qubits, because they are natural two-
level systems. The configuration generating this model is illustrated Fig. 3.5. Let (σ̂x)j ,
(σ̂y)j , (σ̂z)j respectively be the X, Y and Z direction Pauli operators acting on qubit num-
ber j, then its Hamiltonian is

Ĥ =

nq∑
i,j=1

Jij(σ̂x)i(σ̂x)j + h

nq∑
j=1

(σ̂z)j, (3.4)

where Jij is the spin-spin coupling energy, and h is the magnetic field value [113, 112].
{Jij}i,j∈[1,nq] and h ∈ R constitute the set of reservoir hyper-parameters θ. Initially
studied due to its application in the understanding of ferromagnetism [133], this model
has well known dynamical regimes [134] and can be implemented in liquid and solid-
state NMR systems with nuclear and electron spin ensembles [135, 136]. Ising models
implemented in superconducting qubits have also been used for quantum annealing
applications [137].

A possible way of encoding a scalar input x would be initially setting the first qubit’s
state to be ρ̂x = |ψ⟩x ⟨ψ|x [42, 112, 134], where

|ψ⟩x :=
√
1− x|0⟩+

√
x|1⟩. (3.5)

This encoding method transforms the initial reservoir state ρ̂0 with a map E [x]:
ρ̂→ E [x](ρ̂) def

= ρ̂x ⊗ Tr1[ρ̂], (3.6)
where Tr1 represents the partial trace with respect to the first qubit.

A forward pass is then executed by letting the reservoir state evolve for a set amount
of time ∆t. Taking into account the qubit decoherence, this time evolution is modeled
by a Lindblad master equation

dρ̂

dt
= Lθ(ρ̂)

= − i
ℏ
[Ĥ, ρ̂] +

∑
j

D[Ĉj](ρ̂),
(3.7)

where Lθ is the superoperator describing the dynamics with the θ subscript indicating
the influence of the reservoir hyper-parameters, and

D[Ĉ](ρ̂) def
= Ĉρ̂Ĉ† − 1

2

{
Ĉ†Ĉ, ρ̂

} (3.8)
is the Lindblad dissipation superoperator for any jump operator Ĉ, {a, b} def

= ab + ba is
the anticommutator, and {Ĉj}

j
is a set of jump operators describing the dissipative



part of the dynamics. For example the jump operator Ĉj =
√
κj(σ̂

−)j with (σ̂−)j =
1
2
((σ̂x)j − i(σ̂y)j) models relaxation in qubit j, at a rate κj . This dynamical evolution
applies a map

ρ̂→ exp(∆tLθ)ρ̂ (3.9)
to the qubit state E [x](ρ̂0) encoding the input x. For practical discussion around quan-tum reservoir computing, we define the map combining the input encoding and dy-
namical evolution for the forward pass in the reservoir

ρ̂→ Sθ[x](ρ̂) def
= (exp(∆tLθ) ◦ E [x]) ρ̂. (3.10)

This parameterization of the quantum system evolution is analog and accepts dissi-
pation, whereas the unitary gate operations for parameterized quantum circuits in
Eq. (2.24) were non-dissipative. As dissipation occurs naturally in physical systems,
there are less experimental requirements to implement such analog dissipative for-
ward passes in QRC or PQC [138], compared to implementing a sequence of unitary
gates as in quantum algorithms. Indeed, state of the art qubits have high dissipation
and decoherence rates. Moreover, quantum reservoir computers actually benefit from
dissipation as it implements a memory timescale for the reservoir, and allows classifi-
cation of time series [139]

After the time evolution, the reservoir output f is obtained by measuring some ob-
servables Ôj , and computing their expectation values

fj = Tr
(
Sθ[x](ρ̂)Ôj

)
. (3.11)

Thesemeasurements can be projective, where the post-measurement state is an eigen-
state of Ôj as seen in Section 2.2.1.3, or they can be weak, meaning after the measure-
ment we are not completely sure if the state has been projected or not. Weakmeasure-
ments will be discussed in Section 3.4.3. Different observables have been proposed for
measurements, such as Pauli operators [42, 112, 113] or qubit occupations [28] 1−(σ̂z)j

2
.

Caution must be taken when considering these reservoir outputs because as illus-
trated in Section 2.2.1.3, many measurements are required to properly estimate an
expectation value.

3.4 Measurement protocols in quantum reservoir com-
puting

Regardless of the measured observables for reservoir outputs, measurements perturb
the evolution equations Eq. (1.5) or Eq. (5.48). This stochastic state projection makes



the subsequent dynamics depend on the measurement outcome. Measurement back-
action plays an important role when processing time-series with quantum reservoirs,
because measurements are performed after each processing time step. In the simula-
tions carried out for this thesis I did not take into account back-action for the sake of
simplicity, but in experimental work [140] this issue cannot be ignored.

To solve the issue of measurement back-action perturbing system dynamics when
processing time series, and the need to measure many copies of a state to estimate
observable expectation values, different measurement protocols have been proposed.
Most of them are explained and compared in Ref. [112], except continuous weak mea-
surements as implemented in Refs. [67, 114]. In this section, we will introduce these
different protocols, adopting the labels they have been given in Ref. [112].

3.4.1 Restarting protocol

Figure 3.6: Restarting protocol. To estimate an element of the reservoir output f (ν)j =

Tr
(
ρ̂(ν)Ôj

) which is the expectation value of the observable Ôj , all previous inputs{
x(ν′)

}
ν′∈[1,ν] are encoded in the reservoir with successive forward pass maps Sθ[x(ν′)],

and the dynamics are re-initialized after projectively measuring Ôj .
We describe the restarting protocol, illustrated in Fig. 3.6. Let X =

{
x(ν)
}
ν∈[1,Nsamples] bethe input time series dataset of length Nsamples. The encoding of an input x(ν) into the

quantum reservoir and evolution of its state during a time∆t is modeled by a forward
pass map

ρ̂ −→ Sθ[x(ν)](ρ̂), (3.12)
where θ denotes the quantum reservoir hyper-parameters conditioning the reservoir
dynamics. We label ρ̂(0) the initial quantum reservoir state. Let ρ̂(ν) be the densitymatrix
at time ν × ∆t, with ν ∈ N∗, then after each sequential input and time evolution, it



verifies the recurrence relation
ρ̂(ν) = Sθ[x(ν)](ρ̂(ν−1)). (3.13)

We describe a framework where the reservoir outputs f (ν)j are the expectation values
of Nobs observables {Ôj

}
j∈[1,Nobs]

, i.e

f
(ν)
j = Tr

(
ρ̂(ν)Ôj

)
. (3.14)

To estimate f
(ν)
j using projective measurements, the state ρ̂(ν) is prepared, measured

and re-initializedNshots times. However, to prepare ρ̂(ν), starting from the initial state ρ̂(0)
and without taking into account the measurement back-action, the recurrence relation
of Eq. (3.13) must be applied ν times. Therefore the number of forward passes which
needs to be applied to estimate f

(ν)
j is ν ×Nshots. Finally, estimating all of the reservoir

outputs requires Nsamples(Nsamples−1)

2
×Nshots ×Nobs forward pass map executions.

The experiment time of this protocol scales quadratically with the input time series
length Nsamples.

3.4.2 Rewinding protocol

Figure 3.7: Rewinding protocol. To estimate an element of the reservoir output f (ν)j =

Tr
(
ρ̂(ν)Ôj

), theNwo previous inputs {x(ν′)
}
ν′∈[ν−Nwo,ν] are encoded in the reservoir withsuccessive forward pass maps Sθ[x(ν′)], and the dynamics are re-initialized after projec-tively measuring Ôj .

A more practical solution can be envisioned, by considering the echo state prop-
erty [43] of the reservoir. This property states that the reservoir can process time series
independently of its initial state ρ̂(0). This implies the existence of a washout time τwo



after which the dynamical system loses any information on its initial condition. From
the washout time and the evolution time between inputs ∆t, we define Nwo = τwo/∆t,
the number of inputted data points after which information on the initial condition is
lost.

Using this property, the rewinding protocol illustrated in Fig. 3.7 aims to use less
resources to overcome measurement back-action than the restarting protocol. The re-
currence relation described by Eq. (3.13) is unchanged, but now to prepare ρ̂(ν) and
compute f (ν),Nwo inputs {x(ν′)

}
ν′∈[ν−Nwo,ν] are injected before measurement. Still using

projective measurements to estimate reservoir outputs, this means the number of ex-
ecuted forward pass maps is reduced to Nwo ×Nsamples ×Nshots ×Nobs. Thanks to this
number only scaling linearly in the time series lengthNsamples, this protocol is more fea-
sible experimentally than the restarting protocol. Indeed, Nsamples commonly exceeds
1000.

In the simulations that I have performed in my PhD work, I did not consider the pro-
jection of the quantum state by the measurement. However, my simulations have cor-
roborated the experimental work done in out group, lead by Baptiste Carles [140]. For
this experimental quantum reservoir computing, implemented using a single bosonic
mode of a superconducting resonator coupled to a transmon qubit, the rewinding pro-
tocol was used.

3.4.3 Weak measurement protocols

Although the restarting and rewinding protocols work around the effects of measure-
ment back-action, they still require a large amount of dynamical re-initializations and
external storage of previous input data. This limitation makes them unsuitable for on-
line learning, in which the reservoir is still trained with sequential data during its prac-
tical deployment, after its initial training. An attractive alternative to projective mea-
surement protocols is to instead weakly measure the observables, in order to partially
preserve quantum coherences post-measurement.

Indeed, aweakmeasurement allows for extraction of a small amount of information
from a quantum system, in exchange for a weak perturbation of its state. So in quan-
tum reservoir computing they enable information extraction from the quantum sys-
tem, while keeping a greater part of its fading memory. Two main approaches to weak
measurements in QRC have been proposed: either performing weakmeasurements at
discrete time intervals [112], or continuously monitoring the reservoir throughout its
dynamical evolution [114]. I will briefly describe their differences and applications, but
will not delve into details as I did not explore weak measurements in my work.



3.4.3.1 Online protocol.

Figure 3.8: Online protocol. To estimate the full reservoir output F =
{
f (ν)
}
ν
, the

full datasetX =
{
x(ν)
}
ν
is encoded in the reservoir with successive forward pass maps

Sθ[x(ν)], in between which weakmeasurements of strength κ on observables Ôj weaklyperturb the reservoir state.
A discrete weak measurement parameterized by its strength κ is described by a mea-
surement superoperatorM [κ], whose action on the quantum state ρ̂ is expressed as

M [κ](ρ̂) =
∑
j

Ω̂j [κ] ρ̂Ω̂
†
j [κ] , (3.15)

where {Ω̂j [κ]
}
j
is a set of operators verifying

∑
j

Ω̂†
j [κ] Ω̂j [κ] ≤ Î . (3.16)

These operators are called ’Kraus operators’, and they are generally used to describe
physical processes such as measurements or dynamical evolutions [141]. If the mea-
surement strength κ is small, most of the Kraus operators will be small with one being
close to the identity Î . On the contrary, if the measurement strength is high, the Kraus
operators will become a set of orthogonal projectors.

The online protocol uses such weak measurements after each forward pass map
Sθ[x(ν)] to estimate reservoir outputs, as illustrated in Fig. 3.8. The main difference
with the restarting and rewinding protocols is that the full dataset is injected into the
reservoir at each inference, instead of only injecting parts of it. Because of the mea-
surement back-action, the reservoir state follows a quantum trajectory that depends
on themeasurement outcomes. We note that the expectation values are still estimated
with a finite amount of measurements Nshots, meaning the full dataset still needs to be
injected Nshots times to estimate an expectation value.



Moreover, it is possible toweaklymeasure different observables simultaneously [142].
In this case, only Nshots × Nsamples forward pass maps are needed to compute the full
reservoir output. Weobserve that for an equal number ofmeasurementsNshots,Nshots×
Nsamples is lower compared to the Nshots × Nsamples × Nwo × Nobs forward pass maps
required in the rewinding protocol. However, in practice more copies of a state are
needed to estimate an observable’s expectation value using weakmeasurements com-
pared to projective measurements, because less information is extracted. Neverthe-
less, a condition for online protocol to be advantageous with respect to the rewinding
protocol when measuring single-qubit observables in qubit reservoirs has been found
in Ref. [112]. With the definition of κ with respect to the set of Kraus operators {Ω̂j [κ]

}
in this reference, this condition is

κ ≥
√

1

Nwo − 1
. (3.17)

We observe that for low Nwo, the measurement strength must be higher to be advan-
tageous. So for tasks with a low Nwo, it may be advantageous to use a projective mea-
surement scheme.
3.4.3.2 Online continuous protocol.

Figure 3.9: Online continuous protocol. To estimate the full reservoir output F ={
f (ν)
}
ν
, the full dataset X =

{
x(ν)
}
ν
is encoded in the reservoir with successive for-

ward passmaps Sθ[x(ν)]. During the dynamical evolutions, the reservoir is continuouslymonitored using a probe, which is coupled to the reservoir withmeasurement strength
κ. Measurement records are sampled after each forward pass map.
A different approach to weak measurements is to instead continuously measure the
quantum system, using a probe which is weakly coupled to it. The probe is measured
continuously. This canbemodeledby aquantum reservoirwhoseobservables{Ôk

}
k∈[1,Nobs]



are each continuously monitored through homodyne detection with respective mea-
surement strengths κk. When the measurement records J are known, the evolution of
the density matrix ρ̂J(t) conditioned on themeasurement records, can be described by
the stochastic master equation [141]

dρ̂J = Lθ(ρ̂J)dt+

Nobs∑
k=1

D[√κkÔk](ρ̂J)dt+

Nobs∑
k=1

H[√κkÔk](ρ̂J)dWk, (3.18)

where Lθ describes the hermitian reservoir dynamics, and D[√κkÔk] are Lindblad dis-
sipation superoperators describing coupling of the system to the probe. We define the
stochastic superoperator for the jump operator Ĉ

H[Ĉ](ρ̂J) def
= Ĉρ̂J + ρ̂JĈ

† − Tr
(
Ĉρ̂J + ρ̂JĈ

†
)
ρ̂J , (3.19)

which describes information gained from the measurement. The stochasticity of mea-
surement is modeled by a Wiener process, because continuous measurement can be
considered as the continuous limit of infinitesimally short measurements: the Wiener
increment dWj is drawn from a Gaussian distribution of zero mean and √dt standard
deviation. The measurement records are then

Jk =
〈
Ôk

〉
J
+ dWk/dt, (3.20)

where 〈Ôk

〉
J

def
= Tr

(
ρ̂JÔk

). When averaging the stochastic quantum trajectories over
an infinite numberNshots ofmeasured conditional states ρ̂J , the effects ofmeasurement
back-actions dWk average out. In this case, the stochastic terms in Eq. (3.18) disappear
and the master equation becomes fully deterministic

dρ̂

dt
= Lθ(ρ̂) +

Nobs∑
k=1

D[√κkÔk](ρ̂). (3.21)

In the deterministic limit, the measurement records are Jk =
〈
Ôk

〉
= Tr

(
ρ̂Ôk

).
A continuous weakmeasurement framework for quantum reservoir computing has

been proposed in Ref. [114]. Because it has not been given a name in the article, we
label it the online continuous protocol in this manuscript. Its operation is schematized
in Fig. 3.9. While measurement records are sampled after the forward pass maps like
in previously mentioned protocols, the continuous monitoring introduces additional
dissipation during the dynamics. However, the continuity ofmeasurement removes the
question of measurement duration present in all the previous protocols: in theoretical
proposals of quantum reservoir computing, this parameter is often ignored, while it



may be an important resource in experimental implementations.
The interests of the online continuous protocol are similar to that of the online pro-

tocol, and a balance must be adjusted between measurement strength κ and number
of measurements Nshots. A higher measurement strength implies that a smaller num-
ber of samples is required to estimate 〈Ôk

〉
J
, but it also increases the dissipation, thus

limiting the reservoir memory. We note that Ref. [114] considers an infinite amount of
measurements, so no optimization of resources on this subject has been researched.

3.5 Applications of quantum reservoir computers

TheQRC framework described in Section 3.3 enables harnessing the large feature space
offered by quantum devices, while avoiding barren plateau phenomena which pose
an obstacle to training parametric quantum circuits for their use in quantum neural
networks, or other variational quantum algorithms. In this section, we present differ-
ent applications for which they have been considered, and show their advantages and
flaws.
Classical data processing. On classical time prediction tasks, arrays of 5 to 7 qubits
have been shown to perform as well as echo state networks of 100 nodes [42]. This
can be understood because 7 qubits translates to 27 = 128 basis state neurons in the
quantum reservoir. Large scale implementations of QRC have shown that its perfor-
mance scales better in size than its classical counterpart, and the improvement of their
performance with size has not yet been found to plateau [143]. However, scaling up
physical reservoir computers is difficult because of the innate difficulty in connecting a
large amount of devices together [144]. For this reason, as of now quantum reservoirs
do not outperform state of the art classical recurrent neural networks in classical time
prediction tasks.
Quantum data processing. However, if the input is not a classical time series but
rather a quantum state, it was shown in Ref. [28] than QRC can be used to estimate
multiple properties from a single measurement or even perform tomography. This
approach hopes to reduce the number of observables to measure for the estimation
of quantum properties such as entanglement and polarization [28, 29, 30]. QRC could
also increase the fidelity of tomography compared to conventional approaches such as
optimal filters [27].

More generally, if the quantum reservoir is utilized to process quantum data, then
near-term applications become more feasible. A different advantage than a purely
computational one can be achieved: by directly feeding data to a quantum reservoir



from a quantum sensor without a digitization process, it is possible to use fewer data
samples compared to classical post-processing methods [145].

For quantum data processing applications, quantum reservoirs composed only of
qubits run into the problem of needing to couple many quantum devices for good per-
formance, resulting in complex fabrication processes and large system size. Ideally,
QRC implementations in quantum sensing should be lightweight and fit into a quantum
sensing setup. An attractive addition to these reservoirs would be quantum systems
with larger individual Hilbert spaces: bosonic modes are a good candidate to this end.



Chapter 4

Quantum reservoir computing with
bosonic modes

Thanks to their larger Hilbert space, bosonic modes hold the promise of increasing the
performance of quantum reservoir computers with a lower number of coupled devices,
compared to qubits. In this chapter, I will first explain in Section 4.1 the characteristics
of the Hilbert space in a bosonic mode. Because a bosonic mode has linear dynamics,
I will show in Section 4.2 how quantum reservoir computing frameworks with bosonic
modes proposed in the scientific literature have introduced nonlinearity, using non-
quadratic Hamiltonians and the nonlinearity of some encoding schemes. In my PhD,
we have chosen to harness the nonlinearity introduced by measurements in the Fock
basis. In Section 4.3, we benchmark the performance of this bosonic quantum reservoir
on the sin/square waveform classification task and Mackey-Glass time series task.

4.1 Hilbert space of bosonic modes

Figure 4.1: Illustration of the energy levels in a single bosonic mode. Each Fock state
|n⟩ is an eigenstate containing n photons, with an energy nℏω.
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We remind the Hamiltonian of a bosonic mode is that of a quantum oscillator
Ĥ = ℏωâ†â, (4.1)

where ω is the resonance frequency, and â is labeled either the ladder annihilation
operator, or field operator. It has bosonic statistics, meaning that â verifies the com-
mutation relations [

â, â†
]
= Î , [â, â] = 0. (4.2)

The Hamiltonian of Eq. (4.1) has a discrete eigenspectrum, whose eigenstates are called
Fock states |n⟩. Each Fock state corresponds to awell-defined integer number of bosons
n, with associated energy ℏωn,

Ĥ |n⟩ = ℏωn |n⟩ . (4.3)
Bosonic field operators verify the relationsâ |n⟩ =

√
n |n− 1⟩

â† |n⟩ =
√
n+ 1 |n+ 1⟩ .

(4.4)

We observe that contrary to qubits, a single bosonic mode possesses an infinitely
large Hilbert space, i.e their basis is composed of an infinite number of states. This
makes them theoretically impossible to simulate by classical means. In practice, when
weakly driving a bosonic mode, we create coherent states

|α⟩ def
= e−

|α|2
2

∞∑
k=0

αk√
k!
|k⟩ (4.5)

defined by their displacement α. The probability amplitude of measuring |n⟩⟨n| con-
verges to 0 for high n,

|⟨n|α⟩|2 = e−|α|2 |α|2n
n!

=
n→∞

0. (4.6)
So we observe that for low displacement α, only a limited amount of Fock states is sig-
nificantly populated. The vanishing of their Fock state occupation probability for high
photon number is observed in Fig. 4.2, where these probabilities are shown for two
different coherent states |α = 0.9⟩ and |α = 2.0⟩. Respectively, they have negligible oc-
cupation probabilities for n > 4 and n > 11. This means that the dynamics of these
single-mode coherent states can be accurately modeled in a Hilbert space of finite di-
mension 12.

The dimension of the Hilbert space ofM coupled bosonic modes, whose individual
dynamics could be captured with a cutoff nH, is (nH+1)M . As Hilbert space size plays a
major role in the processing power of QRC, bosonic mode reservoirs have the potential
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Figure 4.2: Histogram of Fock state |n⟩ occupation probability amplitudes in singlemode coherent states |α = 0.9⟩ (blue bars) or |α = 2.0⟩ (orange bars).

to be exponentially more powerful than their qubit counterparts, whose Hilbert space
size is 2M .

Bosonic modes can be experimentally implemented in different physical media,
such as optomechanics [57], optical ring resonators [58] and circuit quantum electro-
dynamics (cQED) [59], in which photons are the bosons of interest. In this thesis we will
consider electromagnetic modes of superconducting resonators [60], but the results
are applicable to any hardware realizing bosonic modes.

4.2 Introducing nonlinearity in bosonic quantum reser-
voirs

Despite their large Hilbert space, a major obstacle to using bosonic modes for QRC
is the linearity of their dynamics [80]. For instance with a single mode as defined in
Eq. (4.1), writing the Heisenberg equation of motion of its field operator in the Heisen-
berg representation

â(t)
def
= exp

(
i

ℏ
Ĥt

)
â exp

(
− i
ℏ
Ĥt

)
(4.7)

reveals a first order linear differential equation
dâ

dt
(t) = − i

ℏ

[
â(t), Ĥ

]
= iωâ(t).

(4.8)



Sources of nonlinearities in bosonic mode reservoirs
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(a) Non-quadratic Hamiltonians (c) Measurement-induced nonlinearity

Figure 4.3: Different methods to introducing nonlinearity in bosonic mode reservoirs.(a) Example of a non-quadratic Hamiltonian (b) Wigner quasi-probability distribution ofencoding states in phase space of position and momentum operators p and q. Darkyellow lines indicate the contours of the distribution. A coherent state of displacement
α ∈ C can be used to encode an input into its amplitude |α| or phase arg(α). Similarly,an input may be encoded in squeezed states using the squeezing parameter r or thephase of squeezing φ. (c) Occupation probability Pn of different Fock states |n⟩ in acoherent state |α⟩, as a function of its complex amplitude α.

In general, if a system of bosonic modes has a quadratic Hamiltonian, i.e it is at most
a second order polynomial of the field operators â and â†, then its dynamics will be
linear [80].

To work around this issue, three main approaches have stood out to apply bosonic
modes in quantum reservoir computing: introducing non-quadratic terms through Kerr
effect [64, 27, 56], encoding inputs in a nonlinearmanner [66] andmeasurement-induced
nonlinearity [146, 67]. They are illustrated in Fig. 4.3.

In this section, we explain how these methods introduce nonlinearity in the quan-
tum reservoirs, and their advantages as well as disadvantages. Measurement-induced
nonlinearity will be explained in the next section, as it is our chosen method to intro-
ducing nonlinearity.

Non-quadratic Hamiltonians In Refs. [64, 27, 56], Kerr nonlinearities are leveraged
to add non-quadratic terms in the Hamiltonian. Single-mode Kerr nonlinearities take



the form
Ĥkerr = ℏ

M∑
k=1

Λk(âk
†)2(âk)

2, (4.9)
where Λk is the Kerr nonlinearity in each mode k. To illustrate why the dynamics are
now nonlinear, we write the evolution equation of the field operator in the Heisenberg
picture

dâ

dt
(t) = − i

ℏ

[
â(t), Ĥkerr

]
= 2Λâ†(t)â2(t).

(4.10)

This differential equation is indeed nonlinear.
In the semi-classical regime where field operators â(t) can be considered as scalar

values a(t), the use of bosonic modes has been proposed in Ref. [27] for quantum
information tasks. While in this regime there are no advantages of processing capac-
ity over classical reservoirs, the lack of measurement back-action and the determinis-
tic measurement outcomes (as opposed to the probabilistic quantum measurements
described in Section 2.2.1.3) means that reservoir outputs can be correctly estimated
with less measurements than in the fully quantum case. Indeed their reservoir outputs
are not expectation values of quantum operators, but rather deterministic evaluations
of the classical quadratures Re(a(t)) and Im(a(t)). In their article, Angelatos et al [27]
directly coupled the target quantum system with their bosonic reservoir in order to
process its data, instead of amplifying the signal and processing it with classical post-
processing techniques, which has the drawback of introducing additional amplification
noise. They demonstrate that for the joint dispersive measurement of two qubits, the
fidelity of their 5-mode semi-classical Kerr oscillator reservoir matches that of the con-
ventional optimized readout system using a matched filter, while needing a≈ 10 times
smaller training set.

Instead, operating Kerr nonlinear bosonic modes in the quantum regime as pro-
posed in Refs. [64, 56, 147, 55, 148, 87, 140] could allow for a improved performance of
reservoir computing with quantum oscillators over classical equivalents. For instance
Govia et al show in Ref. [64] that a single quantum nonlinear oscillator reservoir has
better performance on average than its classical equivalent on the sine wave phase es-
timation task, for small training set sizes (< 103). Also on a single quantum nonlinear
oscillator, Motamedi et al find in Ref. [87] that high quantumness (quantified by Lee-
Jeong’s measure [149]) provides a broader set of outcomes (depending on the random
reservoir hyper-parameters), in which a better performance than the classical equiva-
lent is achieved. However, they highlight that quantumness alone does not guarantee
good performance.



As expected, studies in the classical or quantum regime both observe that Kerr non-
linearity plays a key role for reservoir performance. In optics, large nonlinearities can
be challenging to implement experimentally [150, 151], and high photon numbers are
required to observe nonlinear interactions. But in superconducting circuits, large Kerr
nonlinearities can be engineered using a Josephson Ring [61].

Input encoding An alternative approach is to obtain the nonlinearity through the
drive which encodes the data. Whereas for qubit reservoirs we have described a setting
where the input is encoded in the initial state, here we describe a setting where a drive
applied at the resonance frequency of the bosonic mode encodes the input data. The
application of such a drive results in the Hamiltonian

Ĥdrive = iℏ
√
κ
(
ϵ∗â− ϵâ†

)
, (4.11)

where κ is the coupling strength to the input device, and ϵ the complex drive amplitude,
corresponding to the displacement of the coherent state in the input device .

As demonstrated in Ref. [66], encoding the data in the phase of the drive arg(ϵ),
instead of its amplitude |ϵ|, is sufficient to process nonlinear data using a reservoir
of coupled bosonic modes with quadratic Hamiltonians. They also explore encoding
into the single-mode squeezing parameters of the input device state, and observe that
this increases the performance with respect to encoding into the drive displacements.
Other forms of encoding have also been proposed to introduce nonlinearity, such as
quantum teleportation [152].

The downside of this approach is that it is not applicable to quantum input data.

4.3 Quantumreservoir computingwith coupledbosonic
modes measured in the Fock basis

The approach we have chosen during my PhD to introduce nonlinearity in the bosonic
reservoir is through quantum non-Gaussian measurements. I focused on measuring
Fock state occupations |n⟩⟨n|, because of their availability in superconducting circuits
through dispersive coupling to a qubit. This measurement nonlinearity is apparent
when showing in Fig. 4.3c the Poissonian distribution obtained when measuring |n⟩⟨n|
in a single mode coherent state |α⟩

|⟨n|α⟩|2 = e−|α|2 |α|2
n!

. (4.12)



In order to prove whether Fock basis measurements introduce sufficient nonlinearity
to solve nonlinear tasks, we consider in this section a minimal system of two coher-
ently coupled bosonic modes, in the reservoir computing framework. This system is
illustrated in Fig. 4.4.

Although I have considered projective measurements of Fock state occupations,
othermeasurement schemes have different advantages or disadvantages. For instance
Ref. [67] implements measurements of the parity operator exp(iπâ†â) in experiment.
They extract the measurement result, and the bosonic mode state is projected into su-
perpositions of either even or odd Fock states, to introduce nonlinearity. The reservoir
output is then obtained by dispersively coupling a qubit to the bosonicmode, applying a
sequence of unitary gates to it, then projectively measuring it. Both the Fock statemea-
surement that we perform and the parity measurement are quantum non demolition
measurements. However, the parity measurement preserves the mode in a superpo-
sition of states which might lead to some quantum advantage. The downside might be
that parity measurements are harder to interpret than Fock state measurements.

4.3.1 Dynamical description of the two-mode quantum reservoir
with coherent coupling

Figure 4.4: Sketch of energy levels of two bosonic modes, with respective resonancefrequencies ω1 and ω2. We choose to apply to each mode resonant drives of amplitude
ϵ1,2 in order to create coherent states (gray circles). The modes can be coupled para-metrically by introducing a nonlinear element, such as the Josephson junction in super-conducting circuits [61, 62]. A coherent coupling can be engineered with a three-wavemixing interaction, in which a pump tone applied at the difference of the resonancefrequencies creates photon conversion at a rate g (green arrow).

Coherent coupling between the two modes, labeled by their respective field opera-
tors â1 and â2, is modeled by the Hamiltonian

Ĥ = gâ1
†â2 + g∗â1â2

†, (4.13)



where g is the photon conversion rate between the two modes. We note that this is
a rotating frame Hamiltonian, so the harmonic oscillator term ω1â1

†â1 + ω2â2
†â2 is not

present. As we will explain in the next chapter, such a coupling can be engineered
by applying a three-wave mixing pump tone at the difference of the mode resonance
frequencies. The two coupled modes are illustrated in Fig. 4.4.

To simulate driving by an input source without the system acting back onto it, we
use the cascaded formalism [153]. The system Hamiltonian now features an additional
drive term

Ĥ = gâ1
†â2 + g∗â1â2

† + iℏ
2∑

k=1

√
κk
(
ϵk

∗âk − ϵkâk†
)
, (4.14)

where ϵk ∈ C is the complex drive amplitude applied to mode k. This drive term cre-
ates coherent states in the bosonic modes, allowing the population of higher level Fock
states.

The density matrix of the system ρ̂ then evolves according to the Lindblad master
equation

dρ̂

dt
= − i

ℏ

[
Ĥ, ρ̂

]
+

M∑
j=1

D[Ĉj](ρ̂), (4.15)
where the jump operator

Ĉj =
√
κj âj (4.16)

models single photon dissipation at a rate κj .

4.3.2 Execution of the forward pass in the quantum reservoir

In this section, we describe how the input data of a time series is injected into the
bosonic reservoir, and how we extract information from the reservoir dynamics. An-
ticipating our benchmarking of the reservoir performance on the sin/square waveform
classification task (see Section 3.2 for details on the task) in the next section, we will use
a sine waveform {

x(ν)
}
ν
= [0, 0.7071, 1, 0.7071, 0,−0.7071,−1,−0.7071] as an example

input sequence for the remainder of this section.
Let X =

{
x(ν)
}
ν
be a time series, where inputs x(ν) ∈ R are 1-dimensional. The

bosonic system starts in the vacuumstate, and its evolution follows the Lindbladmaster
equation Eq. (4.15). We decide to use the complex drive amplitudes ϵ1, ϵ2 to encode the
input data, as it is a simple first test. This encoding scheme is inspired by the work of
Fujii and Nakajima on qubit reservoirs [42].

In all of the simulations shown in the remainder of this chapter, we set the physical



parameters to be 
g = 35κ

κ1 = (17/20)κ

κ2 = (21/20)κ,

(4.17)

where κ = 20MHz is a scaling parameter, close to the value of the dissipation rates.
4.3.2.1 Drive encoding

Let ϵ = (ϵ1, ϵ2)
T be the vector containing the complex drive amplitudes. We choose to

encode inputs x(ν) into the drive amplitudes |ϵ|, i.e set
ϵ(x(ν)) = θ0 · x(ν) + θbias, (4.18)

where the linear encodingweights θ0 ∈ C2 and the biases θbias ∈ C2 are reservoir hyper-
parameters. The operator "·" denotes the scalar multiplication. This encoding method
has also been considered in Refs. [27, 66]. The inputs are sequentially encoded with
time intervals ∆t = 0.8κ−1, meaning x(ν) is encoded at time ∆t × ν. For instance in
Fig. 4.5a, a sine waveform as defined in Section 3.2 is encoded into the drives, with
encoding parameters θ0 = (ϵ̄, ϵ̄)T and θbias = 0.1θ0, where ϵ̄ = 130

√
κ/20.
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Figure 4.5: (a) Encoding scheme for a one-dimensional sine input sequence {x(ν)

}
ν
=

[0, 0.7071, 1, 0.7071, 0,−0.7071,−1,−0.7071] into the drive amplitude ϵ ∈ C2. At timeintervals ∆t = 0.8κ−1, both drives are updated with the same next input , according to
ϵ(x(ν)) = θ0 · x(ν) + θbias. Here the encoding parameters are θ0 = (ϵ̄, ϵ̄)T and θbias =
0.1θ0, where ϵ̄ = 130

√
κ/20. For visual clarity, Im(ϵ1) and Im(ϵ2) are not plotted sincetheir values are zero. (b) Same encoding scheme, but after renormalizing the inputs toremain in the interval [0, 1].

In order to precisely control the range of values taken by the drive amplitudes, we
renormalize the inputs before their encoding into the drive amplitudes, so that their val-



ues are always contained between 0 and 1. This is realized by determining the dataset
minimum and maximal values min(X),max(X), and applying the transformation

x̄(ν) =
x(ν) −min(X)

max(X)−min(X)
. (4.19)

As shown in Fig. 4.5b, this renormalization enables the encoded drive absolute values
|ϵ| to remain in the intervals

|ϵk| ∈


[
|(θbias)k|, |(θ0)k|

] if |(θbias)k| > |(θ0)k|[
|(θ0)k|, |(θbias)k|

] if |(θ0)k| > |(θbias)k|.
(4.20)

4.3.2.2 Fock state measurement

After encoding the input x(ν) at time ν × ∆t, and letting the dynamics evolve during a
time∆t according to Eq. (4.15), at time (ν+1)×∆t we obtain the reservoir outputs f (ν)
by measuring the occupations in a set of joint Fock states {|n⃗⟩}n⃗ where

|n⃗⟩ def
= |n1⟩ ⊗ |n2⟩ , (4.21)

and
n⃗

def
= (n1, n2) (4.22)

is the vector containing the number of photons nk in each mode k. The measurement
probability P (n⃗) of the Fock state |n⃗⟩ is the expectation value of the projector |n⃗⟩ ⟨n⃗|,
and can be computed from the Schrödinger representation density matrix ρ̂ with

P (n⃗)
def
= Tr(ρ̂ |n⃗⟩ ⟨n⃗|). (4.23)

To each reservoir output f (ν)k we attribute a Fock state probabilityP (n⃗). In order to learn
a bias term in the reservoir output matrix, we append a scalar 1 value to the full reser-
voir output f (ν). From F the matrix whose rows are the reservoir outputs f (ν), we calcu-
late the output weight matrixW using Moore-Penrosematrix inversion as described in
Eq. (3.3).

4.3.2.3 Reservoir dynamics during the forward pass

In order to observe the effect of the input encoding onto the reservoir, it is useful to
not only probe the dynamics of Fock state occupation probabilitiesP (n⃗) under the drive
encoding as described in Section 4.3.2.1, but also that of the mean photon numberN.

In Fig. 4.6, we present the dynamics of joint Fock state probabilities P (0, 0), P (0, 1)
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Figure 4.6: Dynamics in the 2-mode bosonic reservoir of (a) two Fock state probabil-ity amplitudes P (0, 0), P (0, 1) and (b) the mean photon numbers N1,N2 under driveencoding of a sine waveform {x(ν)

}
ν∈[0,7] = [0, 0.7071, 1, 0.7071, 0,−0.7071,−1,−0.7071]

renormalized to take values in [0, 1] as illustrated in Fig. 4.5b, where new data points areencoded at ∆t time intervals. The physical parameters are specified in Eq. (4.17). Themeasured Fock state probabilities after encoded input values x(ν) = 0.7071 are high-lighted by red circles. We observe that depending on the previous input, the measuredprobability can be different.

and photon number N resulting from the encoding of a sine waveform into the drive
amplitudes following the procedure described in Fig. 4.5b. We observe in Fig. 4.6a that
for the same x(ν) = 0.7071 input value, the Fock state probabilities will have different
responses (highlighted by the red circles), depending on the previous inputs x(ν′<ν).
This illustrates the memory property of the bosonic modes.

Then studying the evolution ofN shows that the chosen encoding parameters θ0 =

(ϵ̄, ϵ̄)T and θbias = 0.1θ0, where ϵ̄ = 130
√
κ/20, generally tend to increase the photon

number for higher value inputs, but do notmake it go above 10, meaning we are indeed
still in the quantum regime. We can thus conclude that the physical parameters we
have chosen in Eq. (4.17) and the drive encoding parameters chosen in Fig. 4.5 are
good hyper-parameters for the reservoir.



4.3.3 Reservoir performance benchmark on the sin/square wave-
form classification task

4.3.3.1 Classification of the sin/square dataset
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Figure 4.7: Reservoir performance on the sin/square waveform classification task, for(a) 4 or (b) 9 measured Fock probability amplitudes. The input data (green dots) is atime series of points belonging to a sine or square discretized in 8 points. The targetlabel is 1 if the point belongs to a sine, or 0 if it belongs to a square. The prediction(purple dots) is separated by a threshold (black dashed line), for which the predictionis 0 if the output is below the threshold, or 1 if it is above.
In order to evaluate the capacity of the 2-mode bosonic reservoir, we address the
sin/square classification task, a standard benchmark already introduced in Section 3.2.
As the input data points cannot be linearly separated, this task is chosen to probe the
nonlinearity introduced by the Fock state basis measurements. Moreover, memory is
required as points equal to±1 can both belong to a sine or a square. The forward pass
is executed as described in Section 4.3.2, with data points sent at ∆t = 0.8κ−1 time
intervals.

We separate the dataset into a training and testing set, each containing 200 ran-
dom sine or square waveforms with 8 points. Therefore, the reservoir is trained on
Nsamples = 8× 200 points. We investigate the performance of the quantum reservoir as
a function of the number of measured Fock states. First, we measure the states |0, 0⟩



to |1, 1⟩, yielding 4 output neurons. The one-dimensional reservoir prediction is shown
in Fig. 4.7a, and a threshold that separates it into 1 or 0 labels. We set the threshold
by selecting a threshold between 0 and 1 which yields the best classification accuracy.
The reservoir prediction matches the target with 99.93% accuracy. To improve even
further the performance, we measure the states |0, 0⟩ to |2, 2⟩, increasing the number
of output neurons to 9. We see the reservoir prediction points are further away from
the separating threshold, illustrating the better separation of data thanks to the larger
number of neurons. The test accuracy is now 100%.
4.3.3.2 Comparison of the bosonic reservoir with a static classical reservoir
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Figure 4.8: Performance comparison of the quantum, and classical reservoirs. Testaccuracy on the sin/square waveform classification tasks as a function of the number ofreservoir neurons, for a classical reservoir (ESN), and for the bosonic QRC. The classicalreservoir accuracy is averaged over 100 random initializations. For the bosonicQRC, thenumber ofmeasured joint Fock states corresponds to the number of reservoir neurons.
By comparing its performance with that of a classical reservoir on the same task,

we will assess whether the quantum reservoir displays any advantages compared to
classical models. For the classical reservoir we use the echo state network described
in Section 3.2 that applies a nonlinear ReLU function, for which we have already estab-
lished that 17 neurons are needed to solve the task with 100% accuracy. In Fig. 4.8 we
show the classification accuracy on the test dataset of the 2-mode bosonic reservoir,
with 4, 9, 16 and 25 neurons. These numbers of neurons correspond to the measured
joint Fock states 

4 neurons −→ |0, 0⟩ , |0, 1⟩ , |1, 0⟩ , |1, 1⟩
9 neurons −→ |0, 0⟩ , . . . , |2, 2⟩
16 neurons −→ |0, 0⟩ , . . . , |3, 3⟩
25 neurons −→ |0, 0⟩ , . . . , |4, 4⟩ ,

(4.24)



for the reservoir output. We saw in Section 4.3.3.1 that an accuracy of > 99% is ob-
tained with the bosonic QRC when measuring only 4 neurons, thus outperforming the
classical reservoir.

To better understand where this advantage comes from, we also learned this task
using the bosonic QRC in its classical limit, by setting a large dephasing rate. First, we
briefly explain the influence of dephasing on the reservoir dynamics, to understand the
dynamics of our QRC in its classical limit.

4.3.4 Classical limit of the quantum reservoir: dephasing
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Figure 4.9: Density matrix of the 2-mode bosonic reservoir, after encoding an input
x = 1 into the complex drives for a time ∆t = 0.8κ−1. The encoding parameters are
θ0 = [ϵ̄, ϵ̄] and θbias = 0.1θ0, where ϵ̄ = 130

√
κ/20. In (a), there is no dephasing, whereasin (b) the dephasing rate is κφ = 5κ. The colorbar indicates the absolute value of thedensity matrix element |⟨n,m| ρ̂ |n,m⟩|. The Hilbert space is shown up to the joint Fockstate |2, 2⟩.

Quantum coherences give rise to off-diagonal elements in the density matrix of the
system. Indeed for instance, the single-mode pure state

|ψ⟩ = α |0⟩+ β |1⟩ (4.25)
translates to the density matrix

ρ̂ = |ψ⟩ ⟨ψ|
= |α|2 |0⟩⟨0|+ |β|2 |1⟩⟨1|+ α∗β |0⟩⟨1|+ αβ∗ |1⟩⟨0| ,

(4.26)



where the last two terms are its off-diagonal components. We observe that the super-
position of states is at the origin of quantum coherences. If the density matrix of a state
has no off-diagonal components, then the probabilistic outcome resulting from mea-
suring an observable is caused by incomplete knowledge of the state, and not by the
quantum superposition.

To take the classical limit and attenuate the quantum coherences, we add a dephas-
ing term in the Lindblad master equation in Eq. (4.15). It is modeled by jump operators

Ĉφ,k = κφâk
†âk, (4.27)

where κφ is the dephasing rate, set to be equal in the two modes.
We show the effect of this dephasing rate on the quantum coherences in Fig. 4.9,

where we plot the density matrix of the 2-mode bosonic reservoir after encoding an
input x = 1 into the complex drives for a time ∆t = 0.8κ−1, according to Eq. (4.18). We
see in Fig. 4.9a that without dephasing, off-diagonal terms |0, 1⟩ , |0, 2⟩ , |1, 0⟩ have non-
zero values. When applying a dephasing κφ = 5κ, we see in Fig. 4.9b that off-diagonal
terms are suppressed, as expected.
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Figure 4.10: Dynamics comparison of the 2-mode quantum bosonic reservoir (blue andorange lines) and its classical limit (red and green lines) with dephasing rate κφ = 5κ.A sine input sequence is encoded into the drive amplitude according to ϵ(x(ν)) = θ0 ·
x(ν) + θbias. The encoding parameters are θ0 = (ϵ̄, ϵ̄)T and θbias = 0.1θ0, where (a)
ϵ̄ = 130

√
κ/20or (b) ϵ̄ = 130

2

√
κ/20. The coupling parameters are as defined in Eq. (4.17).

Next, we observe the effect of dephasing on the dynamics of themean photon num-
berN in Fig. 4.10a, where a sine waveform is encoded into the drives, as described in
Section 4.3.2.1. We see that for κφ = 5κ, the oscillations due to photon conversion g
are suppressed, and the number of photons becomes 3 times higher on average.

For the comparison to be fair between the bosonic reservoir and its classical limit,



we want the mean photon number N to be equal on average for both of them. So in
Fig. 4.10bwe show that halving the amplitudes of the drive encoding parameters allows
us to recover approximately the same averageN as without dephasing. The dynamics
of this system are simulated with a Hilbert space cutoff nH = 11, high enough to take
into account all of the basis states which have a non-negligible occupation. With these
parameters, we now benchmark the performance of the QRC classical limit in Fig. 4.11.
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Figure 4.11: Performance comparison of the quantum, quantum in the classical limit,and static classical reservoirs on the sin/square waveform classification task. Test accu-racy as a function of the number of reservoir neurons, for a classical reservoir (ESN), andfor the bosonic QRC (including the classical limit obtained at dephasing κφ = 5κ). Thestatic reservoir accuracy is averaged over 100 random initializations. For the bosonicQRC, the number ofmeasured joint Fock states corresponds to the number of reservoirneurons.
Our observation shows that for 4 neurons, the quantum reservoir performs better

than in the classical limit, indicating that quantum coherences play a role in learning.
Moreover, we observe that the bosonic reservoir in the classical limit slightly outper-
forms the classical static reservoir by achieving 100% accuracy with 9 neurons, while
the ESN achieves only 93.33% accuracy. This can be attributed to the fact that unmea-
sured basis states still participate in the transformation of input data. From an exper-
imental perspective, this aspect is interesting because despite the fact that quantum
measurements need to be repeated multiple times to reconstruct the Fock state prob-
ability amplitudes (see Section 2.2.1.3), a much smaller number of states need to be
measured in comparison to the classical case.

4.3.5 Influence of shot noise on performance

In Sections 4.3.3.2 and 4.3.4 the Fock state probabilities P (n⃗) are estimated exactly in
simulations, with no shot noise due to a finite number of measurements. To investi-
gate the experimental feasibility of the QRC, we study the number of measurements



Nshots that are needed to obtain sufficiently precise Fock state occupation probabilities
in order to perform learning with the same accuracy as with the exact values.
4.3.5.1 Simulating a large number of measurements with the central limit the-

orem

When simulating shot noise from measuring a Fock state occupation |n⃗⟩ ⟨n⃗|, a more
efficient method is preferred to what is described in Fig. 2.10, where Nshots copies of a
state are required to estimate its expectation value. We note that |n⃗⟩ ⟨n⃗| is a projector,
so the calculations of Section 2.2.1.3 are applicable.

Using the Central Limit theorem [154] whenNshots is large, the estimator of the Fock
state probability Z defined in Eq. (2.21) approximates a normal law with its samemean
and variance

E(Z) = p

σ(Z) = E(Z2)− (E(Z))2 =
p(1− p)
Nshots ,

(4.28)

where p def
= P (n⃗) is the Fock state probability to estimate. With Nshots measurements,

using the linear stability property of the normal law, we can approximate a value of the
probability density

Z(x) = p+

√
p× (1− p)
Nshots ×N(x), (4.29)

with N a probability density following the normal law N (0, 1), of mean 0 and standard
deviation 1. I chose this method to simulate shot noise caused by the finite number of
measurements.
4.3.5.2 Performance comparison

For three different values of the number of measurement samplesNshots, we show the
accuracy of the bosonic QRC on the sin/square task in Fig. 4.12. For the drives that we
apply in our simulations, lower energy levels in each mode have higher probabilities
to be occupied, which means that their measurements induce smaller errors. We find
that for the states containing either 0 or 1 photons in each modes, corresponding to
the quantum reservoir with 4 neurons in the Figure 4.12, with 109 shots we obtain suffi-
ciently precise probability estimations to achieve the same accuracy on the sin/square
classification task as with the exact probability amplitude values. For the states contain-
ing 2, 3 or 4 photons in either one of bothmodes, corresponding to quantum reservoirs
with 9, 16 and 25 neurons in the Figure 4.12, we need 107 shots. Finally, in the case
where Fock occupation probabilities are measured with 106 shots, we observe that the
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Figure 4.12: Impact of the finite number of measurements on the QRC performancesolving the sin/square waveform classification task. Test accuracy is plotted as afunction of the number of neurons, with a finite number of measurement samples
Nshots = 106, Nshots = 107, and Nshots = 109. Performance with ideal measurementsof the Fock states is shown as a reference.
reservoir does not achieve 100% accuracy even with 25 neurons. We conclude that to
solve the benchmark task with 100% accuracy using 4 neurons we need 109 shots, and
if we increase the number of neurons we can lower the number of shots to 107.

To optimize the number of shots used for classification, adaptive measurement
schemes can be considered. A possible method would be to use less measurement
samples for highly occupied states, than for scarcely occupied ones.

4.3.6 Reservoir performance benchmark onMackey-Glass time se-
ries

The second benchmark that we address is the prediction of Mackey-Glass chaotic time
series. Compared to the sin/square task, predicting time series data assesses themem-
ory of the reservoir. This task will serve as a second benchmark of the bosonic QRC per-
formance, which we will compare with the performance of a classical spintronic reser-
voir composed of 4 skyrmions simulated using a software neural network [155], and a
simulation of a quantum reservoir composed of 3 atoms inside an optical cavity [114]
as references. To make full use of the reservoir’s dynamical complexity, we sample the
Fock state occupations at several distinct times for each input data point.

The input data is obtained by solving the first order differential the equation
dx(t)

dt
=

βx(t− τm)
1 + x10(t− τm)

− γx(t), (4.30)
where β, γ and τm are dynamical parameters. Chaotic regime is achieved for parame-



ters β = 0.2, γ = 0.1 and τm = 17 [155]. The dataset is composed of discrete values of
the solution to Eq. (4.30), as illustrated in Fig. 4.13a. The task consists in predicting a
point with a certain delay in the future. For example, a target dataset associated with
the inputs in Fig. 4.13a for a delay = 20 is shown in Fig. 4.13b.
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Figure 4.13: (a) Mackey-Glass chaotic time-series data. The data points are taken at thediscrete values of time. (b) For each input point, the target is the point with a certaindelay in the future, here illustrated for a delay = 20.

We train the reservoir for different delays ranging from 1 to 100. Each point is sent
for ∆t = 1κ−1. In all of the simulations we measure 16 Fock basis states, from |0, 0⟩ to
|3, 3⟩, and we sample the reservoir 3 times for each input, corresponding to a measure-
ment every∆t/3. With this procedure, we obtain 48 reservoir features. In comparison,
the spintronic reservoir measures 50 features, and the three-atom quantum reservoir
measures 37 features. The size of both the training and test dataset is of 1000 points,
and we use the normalized root mean square error (NRMSE)

NRMSE(Ȳ,Y)
def
=

√MSE(Ȳ,Y)

max(Y)−min(Y)
, (4.31)

whereY is the target dataset, and Ȳ is the reservoir prediction. The results are shown
in Fig. 4.14. We plot the logarithmic NRMSE on the test dataset as a function of the
delay for the three different reservoir computers, from delay = 0 up to delay = 80. For
the quantum reservoir from Ref. [114], the performances have only been computed for
delays with values in [0, 2, 20, 80].

In all of the reservoir performances, we observe a logarithmic increase of the error
as a function of the delay. This is expected, as points further in the future are harder
to predict because the reservoir memory is lost. For large delays, the error saturates
because the reservoir learns the range in which the points are situated. In particular,
the error is lower around the regions of the minima and the maxima of the time series,
where the data is concentrated. These extrema occur periodically, which is reflected in
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Figure 4.14: Logarithmic normalized root mean square error for the Mackey-Glass taskas a function of the number of points in future that the reservoir attempts to predictfor (blue dots) a classical reservoir composed of 4 skyrmions with 50 measured fea-tures [155], (orange dots) a quantum reservoir composed of 3 atoms inside an opticalcavity with 37measured features [114] and (green dots) the bosonic quantum reservoirwith 2 coupled modes and 48 measured features.
the oscillation of the error as a function of delay.

When examining the performances of the three reservoir computers in contrast
with each other, we observe that the bosonic QRC performs better than the other
two with a comparable number of neurons. This result shows that the bosonic QRC
can achieve competitive performance compared to other physical reservoir comput-
ers, with a similar number of measured features.

4.4 Discussion

We have shown in this chapter that bosonic modes can be successfully implemented in
the quantum reservoir computing framework in order to solve non-trivial tasks such as
the sin/square waveform classification and Mackey-Glass time series prediction. Solv-
ing such a benchmark task proves the measurement outcome statistics of the bosonic
modes in the Fock basis are sufficiently nonlinear to process nonlinear datasets. The
chosen encoding scheme in input drive amplitudes, as well as the system dynamics,
are linear. Thus, Fock basis measurements were the only source of nonlinearity in our
work. We remind however, that other sources of nonlinearities can be considered, as
we have discussed in Section 4.2.

The comparison of the bosonic QRC with the echo state network in Section 4.3.3.2
has shown the quantum reservoir can outmatch classical reservoirs, when using the
same number of neurons. To understand the origin of this advantage, we have sim-
ulated the reservoir in its classical limit by adding a strong dephasing term in Sec-



tion 4.3.4. We have found that in this limit, the reservoir performance decreases and
becomes more similar to that of the ESN. This result shows that quantum coherences
play an important role in reservoir performance. Inspired by Fujii and Nakajima [42],
and their concept of hidden neurons, we interpret this is as an increase of the num-
ber of accessible states for computation in the Hilbert space. While 4 joint Fock states
are measured to solve the task, states not measured also participate in the reservoir
dynamics.

Compared to classical reservoir computing, we therefore expect QRC to scale bet-
ter with the number of devices, which simplifies experimental implementation. Less
physical observables will need to monitored, than in classical reservoir computing im-
plementations on physical systems.

However, the stochastic nature of quantum measurements makes them require
moremeasurements per observables, compared to classical systems. Aswe saw in Sec-
tion 4.3.5, around 107 measurement samples are needed to solve the benchmark task
with 100% test accuracy, and this doesn’t take into account the measurement noise,
only the quantum noise. In order to decrease this number, we would need our mea-
sured Fock state probabilities P (n⃗) to be larger, as their relative standard deviation
scales as √ 1−P (n⃗)

NshotsP (n⃗)
. Decreasing the number of measured observables for classifica-

tion is also an objective to reduce the number of measurement samples required, and
to simplify experimental setups. Finally, the fact that in reservoir computing only a
single layer of linear weights is learned results in a limited expressivity of the learning
model.

To improve on the shortcomings of the quantum bosonic reservoir, in the second
part of my thesis I have introduced parametric coupling between the bosonic modes,
in order to obtain tunable parameters in the physical system, and I have attempted to
train them as parameters in a neural network.



Chapter 5

Training the parametric interactions
in an analog bosonic quantum neural
network

In order to improve the learning performance of the bosonic system, we choose to
move away from the reservoir computing paradigm and train the physical parameters.
To increase the number of available physical parameters, we describe in Section 5.1
how three-wave mixing can be leveraged to tune photon conversion and two-mode
squeezing rates, and drive detunings for an arbitrary number of bosonic modes.

In the framework we will detail in Section 5.5, we propose to treat the amplitudes,
phases, and frequency detunings of the driving and parametric mixing processes as
trainable parameters, and use some of them for data encoding. Inspired by chip-in-
the-loop training [83], we propose to use a model of the circuit in which gradients are
accessible to train the actual physical system through gradient descent.

We could simulate the quantum model in the Schrödinger picture with the Lind-
blad master equation and use libraries implementing back-propagation into differen-
tial equation solvers [74, 75], but the computation time of this method scales exponen-
tially with the number of modes and occupied basis states. Because gradient descent
training requires executing many forward passes, we need a more efficient method to
simulating the quantum system.

Many methods to efficiently simulate quantum systems exist such as truncated cu-
mulants [55, 76], the positive-P representation [77] or tensor networks [78, 79], but
they require approximations. We choose to restrict ourselves to using Gaussianmodes,
which can be simulated efficiently [80]. While Gaussian modes do not explore all the
degrees of freedom in the Hilbert space, all of the conclusions of this work will also be
applicable to more complex non-Gaussian states.

To compute Fock state occupation probabilities, we use the Gaussian boson sam-
77



pling formula for which an efficient algorithm has been devised in Ref. [81]. During
the second and third years of my PhD, I developed a Python library enabling econom-
ical fully differentiable simulations of dynamics and Fock measurements on Gaussian
states with the PyTorch package.

5.1 Coupling bosonic modes together

In this section we show how three wavemixing with a pump tone can be applied on two
bosonic modes denoted by their respective field operators â, b̂, to convert bosons and
perform two-mode squeezing. These results will then be generalized to an arbitrary
number of modes.

The end goal of the pump tones that we will introduce in the next two subsections,
is to produce the Hamiltonian

Ĥ

ℏ
= δaâ

†â+ δbb̂
†b̂+ g(âb̂† + â†b̂) + gs(âb̂+ â†b̂†), (5.1)

where δa, δb are the drive detunings from the bosonicmode frequencies, g is the photon
conversion rate, and gs is the two-mode squeezing rate.

5.1.1 Three wave mixing

We introduce a pump tone applied to two bosonic modes denoted by their respective
field operators â, b̂, to convert cavity photons and perform two-mode squeezing. The
pump tone is itself modeled by a bosonic mode with the field operator p̂, of frequency
ωp. We show in this section that appropriately choosing the frequency ωp enables tun-
able coupling between the bosonic modes. This type of interaction can be obtained in
circuit quantum electrodynamics (cQED) using parametric couplers based on Joseph-
son junctions [156], or in optics using non-linear crystals [157]. In the laboratory frame,
the Hamiltonian of two modes â and b̂, of resonance frequencies ωa and ωb, coupled by
a three-wave mixing interaction is

Ĥ

ℏ
= ωaâ

†â+ ωbb̂
†
b̂+ ωpp̂

†p̂

+ χ(p̂+ p̂†)(â+ â†)(b̂+ b̂†),

(5.2)

where χ is the three wave mixing coupling strength. Now we use the operator
R̂(t) = exp

(
it
(
ωaâ

†â+ ωbb̂
†
b̂+ ωpp̂

†p̂
))
,



to apply the rotating frame transformation
(Ĥ)R

def
= iℏ

dR̂
dt

(t)R̂†(t) + R̂(t)ĤR̂†(t), (5.3)
where theR subscript denotes rotating frame operators. To apply this transformation
on the Hamiltonian Eq. (5.2), we first verify by recurrence that

∀n ∈ N,

(â†â)nâ = â(â†â− 1)n

(â†â)nâ† = â†(â†â+ 1)n.
(5.4)

Using the definition of an operator exponential eB̂ def
=
∑∞

j=0
B̂n

n!
, we derive from Eq. (5.4)exp

(
itωaâ

†â
)
â = â exp(−itωa) exp

(
itωaâ

†â
)

exp
(
itωaâ

†â
)
â† = â† exp(+itωa) exp

(
itωaâ

†â
)
.

(5.5)

From Equation (5.5) we calculate â and â† in the rotating frameR(â)R
def
= R̂âR̂† = â exp(−itωa)

(â†)R
def
= R̂â†R̂† = â† exp(+itωa).

(5.6)

As these relations hold for any bosonic field operator, they also apply to b̂ and p̂. We
note that â†â is unchanged by the rotating frame. By replacing the expression Eq. (5.6)
in the Eq. (5.3) we find

(Ĥ)R = i
dR̂
dt

(t)R̂†(t) + ωaâ
†â+ ωbb̂

†
b̂

+ ℏχ
(
p̂e−itωp + p̂†eitωp

) (
âe−itωa + â†eitωa

) (
b̂e−itωb + b̂†eitωb

)
.

(5.7)

The first line cancels out, and we develop the second one which yields 8 terms
(Ĥ)R/ℏχ = p̂âb̂eit(−ωa−ωb−ωp) + p̂†âb̂eit(−ωa−ωb+ωp)

+ p̂âb̂†eit(−ωa+ωb−ωp) + p̂†âb̂†eit(−ωa+ωb+ωp)

+ p̂â†b̂eit(ωa−ωb−ωp) + p̂†â†b̂eit(ωa−ωb+ωp)

+ p̂â†b̂†eit(ωa+ωb−ωp) + p̂†â†b̂†eit(ωa+ωb+ωp).

(5.8)

Finally, by setting ωp = ωa−ωb, we use the rotating wave approximation (RWA) to cancel
out the fast oscillating terms, and we obtain the photon conversion interaction Hamil-
tonian

(Ĥ)R = ℏχ
(
p̂†âb̂† + p̂â†b̂

)
. (5.9)



If we instead set ωp = ωa+ωb, we achieve two-mode squeezing, described by the Hamil-
tonian

(Ĥ)R = ℏχ
(
p̂†âb̂+ p̂â†b̂†

)
. (5.10)

This RWA is only valid if
|χ| ≪ ωa, ωb, |ωa − ωb|. (5.11)

We can apply these two couplings simultaneously with two different pump tones p̂(g)
and p̂(gs), at respective frequencies ω(g) = ωa − ωb and ω(gs) = ωa + ωb. In the classical
limit where these pump tones are coherent states with large displacement values, they
can be considered as scalar: p̂(g) → p(g) ∈ C and p̂(gs) → p(gs) ∈ C. We finally get the
Hamiltonian

(Ĥ)R/ℏ = g(âb̂† + â†b̂) + gs(âb̂+ â†b̂†), (5.12)
where g def

= χp(g) is the photon conversion rate and gs def
= χp(gs) the two-mode squeezing

rate.

5.1.2 Introducing drive detuning

Detuning the frequencies of the pump tones adds another controllable parameter to
influence and complexify the dynamics. The more complex the dynamics of the quan-
tum system, the more complex functions and time series the learning model will be
able to fit. We apply three wave mixing with two pump tones p̂(g) and p̂(gs). We set the
pump tone frequencies to ω(g) = ωa − ωb + 2δ(g)

ω(gs) = ωa − ωb + 2δ(gs),
(5.13)

where 2δ(g) and 2δ(gs) are respectively the photon conversion pump detuning and the
two-mode squeezing pump detuning. In this case, the rotating frame

R̂(t) = exp
(
it
(
ωaâ

†â+ ωbb̂
†
b̂+ ω(g)p̂(g)

†p̂(g) + ω(gs)p̂(gs)
†p̂(gs)

))
,

combined with the RWA allows us to model a time-independent Hamiltonian
(Ĥ)R/ℏ =

(
−δ(g) − δ(gs)

)
â†â+

(
δ(g) − δ(gs)

)
b̂
†
b̂

+ ℏχ
(
p̂†(g)âb̂

† + p̂(g)â
†b̂
)
+ ℏχ

(
p̂†(gs)âb̂+ p̂(gs)â

†b̂†
)
,

(5.14)

if the RWA requirements are met∣∣δ(g)∣∣, ∣∣δ(gs)∣∣, χ≪ ωa, ωb, |ωa − ωb| (5.15)



The detunings δa, δb to each bosonic mode can be chosen as free parameters using the
relation δ(g) = (δa − δb) /2

δ(gs) = (δa + δb) /2.
(5.16)

Finally, considering thepumps p̂(g), p̂(gs) in their classical limit allowsus to recover Eq. (5.1).
We note that if the detunings are higher than the dissipation rates, the dynamical

regime changes, which we want to avoid [61]. Therefore, for all of the simulations in
this chapter, we always set the detuning absolute values to be lower than five times the
average dissipation rate.

5.1.3 M coupled bosonic modes

The calculations of Section 5.1.2 can be generalized to M coupled bosonic modes âk
verifying the commutation relation

[
âj, âk

†] = δjk
def
=

1 if j = k

0 if j ̸= k
, (5.17)

where δjk is the Kronecker symbol. Three wave mixing allows us to couple the bosonic
modes pairwise, with photon conversion at a rate gkl and two-mode squeezing at a rate
gskl for modes k and l. In the rotating frame, the Hamiltonian of this system writes

Ĥsys
ℏ

= −
M∑
k=1

δkâk
†âk +

M∑
k,l=1
k<l

(
gklâk

†âl + gsklâk
†âl

† + h.c) (5.18)

where δk is the drive detuning of mode k from its resonance frequency. The notation
h.c denotes the hermitian conjugate of an expression.

5.2 Driving the bosonic modes with the input-output
formalism in the Heisenberg representation

In order to populate the Fock states of the modes, we drive them with nearly resonant
drives in the input-output formalism. We will model the evolutions of the operators
âk(t) in the Heisenberg picture when the system interacts with a bath of modes, using
the quantum Langevin equation. The demonstrations of this section are inspired from



Ref. [158].

Figure 5.1: Illustration of 2 bosonic modes â1, â2 coupled to their respective bath ofmodes b̂1(ω1), b̂2(ω2). The system and bath are described by their corresponding Hamil-tonians Ĥsys, ĤB, and their coupling is modeled by the interaction Hamiltonian Ĥint.

We suppose a setting illustrated in Fig. 5.1, where eachmode in our quantumsystem
is considered to be interacting with a different heat bath k, in the form

Ĥ = Ĥsys + ĤB + Ĥint

ĤB = ℏ
M∑
k=1

∫ ∞

−∞
dωkωkb̂

†
k(ωk)b̂k(ωk)

Ĥint = iℏ
M∑
k=1

∫ ∞

−∞
dωkγk(ωk)

(
b̂†k(ωk)ĉk − ĉ†kb̂k(ωk)

) (5.19)

where Ĥsys and ĤB are respectively the system and bath Hamiltonian, and b̂k are field
operators for the bath k of modes. They verify the commutation relation[

b̂k(ωk), b̂
†
k(ω

′
k)
]
= δ(ωk − ω′

k), (5.20)
where δ(t) is the Dirac delta function [159]. The operator ĉk acts on system mode k.
The bosonic modes are coupled with strengths γk(ωk) to the bath modes through the
interaction Hamiltonian Ĥint, which is assumed to be linear in b̂k(ωk) and b̂†k(ωk). This isa general formulation, so the specific Hamiltonian of our bosonic modes Ĥsys will not
affect the following calculations.

We move from the Schrödinger picture where quantum states depend on time to
the Heisenberg picture, where quantum states are static and the operators depend
on time. The Heisenberg picture operators Ô(t) are related to the Schrödinger picture
operators Ô through the transformation

Ô(t) = exp

(
i

ℏ
Ĥt

)
Ô exp

(
− i
ℏ
Ĥt

)
. (5.21)



Evaluating expectation values of the operators in the Heisenberg picture with respect
to the initial quantum state ρ̂(t = 0) yields the same result as its expectation value in
the Schrödinger picture:〈

Ô(t)
〉
= Tr

(
ρ̂(t = 0)Ô(t)

)
= Tr

(
ρ̂(t)Ô

)
. (5.22)

As the operators now depend on time, they evolve according to the Heisenberg equa-
tions of motion

dÔ

dt
= − i

ℏ

[
Ô(t), Ĥ(t)

]
, (5.23)

where the Hamiltonian is unchanged by the Heisenberg picture.
We develop the equations of motion in the Heisenberg picture for the bath of field

operators b̂k(ωk) and an arbitrary system operator Ô using Eq. (5.23), and find
db̂k(ωk)

dt
= −iωkb̂k(ωk) + γk(ωk)ĉk (5.24)

dÔ

dt
= − i

ℏ

[
Ô, Ĥsys

]
+

M∑
k=1

∫ ∞

−∞
dωkγk(ωk)

(
b̂†k(ωk)

[
Ô, ĉk

]
−
[
Ô, ĉ†k

]
b̂k(ωk)

)
. (5.25)

Solving Eq. (5.24) gives
b̂k(ωk) = e−iωktb̂k,0(ωk) + γk(ωk)

∫ t

0

e−iωk(t−t′)ĉk(t
′)dt′, (5.26)

where b̂k,0(ωk) is the initial value of b̂k(ωk) at t = 0. Substituting Eq. (5.26) into Eq. (5.25)
returns the expression

dÔ

dt
= − i

ℏ

[
Ô, Ĥsys

]
+

M∑
k=1

∫ ∞

−∞
dωkγk(ωk)

(
eiωktb̂†k,0(ωk)

[
Ô, ĉk

]
−
[
Ô, ĉ†k

]
e−iωktb̂k,0(ωk)

)
+

M∑
k=1

∫ ∞

−∞
dωk(γk(ωk))

2

∫ t

0

dt′
(
eiωk(t−t′)ĉ†k(t

′)
[
Ô, ĉk

]
−
[
Ô, ĉ†k

]
e−iωk(t−t′)ĉk(t

′)
)
.

(5.27)
For visual clarity, we omitted the time argument of operators depending on t, but kept
it explicitly for those depending on t′. So far up to Eq. (5.27), the equations are exact.
To simplify the integrals in the third line, we introduce the first Markov approximation,
which states that the coupling constants are independent of frequency

γk(ωk) =
√
κk/2π, (5.28)



where κk is the coupling rate of the mode k to its input. So the integrals in ωk will give
Dirac deltas: ∫ ∞

−∞
dωe−iω(t−t

′) = 2πδ(t− t′), (5.29)
verifying ∫ t

0

ĉk(t
′)δ(t− t′)dt′ = 1

2
ĉk(t) (5.30)

when Eq. (5.29) is obtained as the limit of an integral over a function going smoothly to
zero at ±∞, which happens in our case. We also define the input field operators as

âk,in(t) = 1√
2π

∫ ∞

−∞
dωke

−iωktb̂k,0(ωk), (5.31)
which satisfy the commutation relation[

âj,in(t), âk,in†(t′)
]
= δjkδ(t− t′). (5.32)

Using Eqs. (5.28) to (5.32), we derive the quantum Langevin equation governing the
time evolution of the operators

dÔ

dt
= − i

ℏ

[
Ô, Ĥsys

]
−

M∑
k=1

[
Ô, ĉ†k

] (κk
2
ĉk +

√
κkâk,in(t)

)
−

M∑
k=1

(κk
2
ĉ†k +

√
κkâk,in†(t)

) [
Ô, ĉk

]
.

(5.33)

We want to model the dynamics of the field operators in the presence of single-photon
dissipation. Single-photon dissipation is modeled by setting ĉj → âj . By applying the
quantum Langevin equation Eq. (5.33) to the field operators âj that describe the single
photon loss, we find

dâk
dt

= − i
ℏ

[
âk, Ĥsys

]
− κk

2
âk −

√
κkâk,in. (5.34)

We note that the −√κkâk,in term models nearly resonant driving, and the −κk
2
âk term

models single-photon loss. For an isolated system, only the first termof Eq. (5.34) would
remain.

In thiswork, the inputmodes âk,inwill always be coherent states of amplitude ⟨âk,in⟩ def
=

ϵk. We note that this driving formulation is equivalent to the cascaded formalism intro-



duced in Section 4.3.1, with complex drive amplitudes ϵk.

5.3 Modeling the quantum state with its Gaussian mo-
ments

The coupling Hamiltonian Eq. (5.18) is quadratic in the field operators, and we only
model single photon loss, signifying the state of this system will always be Gaussian,
if it starts in a Gaussian state [160]. In this section, we will first introduce the tools to
definewhat a Gaussian state is, and how they can be efficiently simulated in polynomial
time.

5.3.1 Gaussian states

A Gaussian state is defined by its Gaussian distribution in the phase space. To express
the twomoments of this distribution in systems ofM bosonicmodes, we first introduce
the quadrature operators

x̂k
def
=

1√
2
(âk + âk

†), p̂k
def
=

1

i
√
2
(âk − âk†). (5.35)

Let R̂ def
= (x̂1, . . . , x̂M , p̂1, . . . , p̂M)T be the column vector containing the quadratures of

the modes, we can define the first and second moments of the quadratures as
αR def

=
〈
R̂
〉 (5.36a)

σR
kl

def
=

1

2

〈
R̂kR̂

†
l + R̂

†
l R̂k

〉
−αR

k (α
R
l )

∗. (5.36b)
We label αR ∈ C2M×1 the quadrature displacement vector and σR ∈ C2M×2M the
quadrature covariance matrix.

The quantum quasi-probability distribution of aM modemixed state ρ̂ in the phase
space can be represented using the Wigner function [161]

W (x,p) =
1

(2π)M

∫
RM

〈
x+

1

2
q

∣∣∣∣ ρ̂ ∣∣∣∣x− 1

2
q

〉
eip.qdMq, (5.37)

wherex andpdenoteM -dimensional real vectors. We denote |xk⟩ an eigenstate of the
position quadrature operator x̂k with the eigenvalue xk, and |x⟩ = |x1⟩⊗|x2⟩⊗· · ·⊗|xM⟩.

The Wigner function can be reformulated asW (r), for r = (x1, . . . , xM , p1, . . . , pM),
such that W (r) = W (x,p). For Gaussian states, the Wigner function is a Gaussian
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Figure 5.2: Wigner function distribution of two different single mode Gaussian statesin the phase space. (a) Vacuum state. (b) Gaussian state with αR = (0.66, 0.26)T and
σR =

(
0.35 0.34
0.34 1.03

)
.

distribution defined by the quadrature displacement vector and covariance matrix
W (r) =

1

(2π)M
√

det(σR)
exp

(
−1

2

(
αR − r

)T (
σR
)−1 (

αR − r
))
. (5.38)

A notable Gaussian state is the vacuum |0⟩ def
= |0⟩1 ⊗ ...⊗ |0⟩M , with moments

αR = (0, . . . , 0)

σR = σ0
def
=

1M

2
0M

0M
1M

2

 .
(5.39)

1M and 0M denote the unitary and zeromatrices of sizeM×M . TheWigner function of
a single mode in a vacuum state is shown in Fig. 5.2a. The Wigner function distribution
of a single mode Gaussian state with αR = (0.66, 0.26)T and σR =

(
0.35 0.34

0.34 1.03

)
is

depicted in the phase space in Fig. 5.2b, to illustrate its Gaussian shape.
For the remainder of this manuscript, it will be more convenient to represent Gaus-

sian states using their field operator displacement and covariance matrix, instead of
those of the field quadratures. Let Â def

=
(
â1, . . . , âM , â1

†, . . . , âM
†)T be the column vec-

tor containing the field operators of M bosonic modes. The displacement vector and



covariance matrix are
α

def
=
〈
Â
〉 (5.40a)

σkl
def
=

1

2

〈
ÂkÂl

†
+ Âl

†
Âk

〉
−αkαl

∗. (5.40b)
The field operator moments can be derived from the quadrature moments

α = γαR (5.41a)
σ = γσRγ†, (5.41b)

where γ is the change of frame matrix

γ
def
=

1√
2

(
1M i1M

1M −i1M

)
, γ−1 = γ† =

1√
2

(
1M 1M

−i1M i1M

)
. (5.42)

Moving to the Heisenberg picture allows to define the field operator moments with
respect to time

α(t)
def
=
〈
Â(t)

〉 (5.43a)
σkl(t, t

′)
def
=

1

2

〈
Âk(t)Âl

†
(t′) + Âl

†
(t′)Âk(t)

〉
−αk(t)αl

∗(t′). (5.43b)
For visual clarity, we will simplify the notation of σ(t, t′) to σ(t) if t = t′.

5.3.2 Evolution of the Gaussian moments

Since Gaussian states are fully described by their polynomially-sized displacement and
covariancematrix, it is more computationally efficient to compute their dynamics using
theGaussian variables in theHeisenberg picture, rather than simulating the exponentially-
sized density matrix in the Schrödinger picture. In this section we will use the quantum
Langevin equation Eq. (5.34) to derive the time evolution equations for the displace-
ment and covariance matrix of a Gaussian mode.

We start by developing the unitary evolution term induced by the coupling Hamilto-
nian Ĥsys using the commutation property [a, bc] = [a, b]c + b[a, c] and Eq. (5.17), which



gives

− i
ℏ

[
âk, Ĥsys

]
= i

M∑
j=1

δj
[
âk, âj

†âj
]

− i
M∑
i,j=1
i<j

(
gij
[
âk, âi

†âj
]
+ gij

∗[âk, âiâj†]+ gsij
[
âk, âi

†âj
†]+ gsij

∗[âk, âiâj]
)

= iδkâk − i
M∑
j=1

(
γk(gkj + gjk

∗)âj + (gskj + gsjk)âj
†) .

(5.44)
For the quadratic systemHamiltonian Ĥsys of Eq. (5.18), the Langevin equation becomes

dâk
dt

= iδkâk − i
M∑
j=1

(
(gkj + gjk

∗)âj + (gskj + gsjk)âj
†)− κk

2
âk −

√
κkâk,in. (5.45)

Since âk and âk,in only evolve linearly with this equation, we notice that the system of
differential equations defined by Eq. (5.45) is closed, and thus they are exactly solvable.
We describe the evolution of a Gaussian state using the coupling matrix [80]

L
def
=

1

iℏ

(
G Gs

−Gs† −GT

)
, (5.46)

where the matrix elements are

(G)k,l
def
= ℏ×


−δk if k = l

gkl if k < l

gkl
∗ if k > l

, (Gs)k,l
def
= ℏ×

0 if k = l

gskl otherwise. (5.47)

The vectorized Langevin equation for the entire system becomes
dÂ

dt
= LÂ − K

2
Â −

√
KÂin, (5.48)

where K
def
= diag(κ1, . . . , κM , κ1, . . . , κM)

Âin def
=
(
â1,in, . . . , âM,in, â1,in†, . . . , âM,in†

)T
.

(5.49)



The general solution to this first-order linear differential equation is
Â(t) = F (t)Â(t = 0)−

∫ t

0

F (t− τ)
√
KÂin(τ)dτ, (5.50)

where we have introduced the propagator matrix
F (t)

def
= exp(F ′t), (5.51)

with
F ′ def

= L− K

2
. (5.52)

Time evolution of the displacement

Using Eq. (5.48) and thedefinition of the field operator displacementα(t) fromEq. (5.43a),
we obtain

α(t) = F (t)α(t = 0)−
∫ t

0

F (t− τ)
√
Kαin(τ)dτ, (5.53)

whereαin(t) def
=
〈
Âin(t)

〉
= (ϵ1(t), . . . , ϵM(t), ϵ1

∗(t), . . . , ϵM ∗(t))T is the displacement vec-
tor of the input modes.

Time evolution of the covariance matrix

The calculation of σ(t) is lengthier. First we develop the different terms of Eq. (5.43b)

αi(t)αj(t) =
2M∑
k,l=1

Fik(t)Fjl
∗(t)αk(t = 0)αl(t = 0)

+
2M∑
k,l=1

∫ t

0

∫ t

0

Fik(t− τ)Fjl∗(t− τ ′)
√
KkKlαin,k(τ)αin,l∗(τ ′)dτdτ ′

−
2M∑
k,l=1

Fik(t)αk(t = 0)

∫ t

0

Fjl
∗(t− τ)

√
Klαin,l∗(τ)dτ

−
2M∑
k,l=1

Fjl
∗(t)αl

∗(t = 0)

∫ t

0

Fik(t− τ)
√
Kkαin,k(τ)dτ

(5.54)



〈
Âi(t)Âj(t)

〉
=

2M∑
k,l=1

Fik(t)Fjl
∗(t)

〈
Âk(t = 0)Âl

†
(t = 0)

〉
+

2M∑
k,l=1

∫ t

0

∫ t

0

Fik(t− τ)Fjl∗(t− τ ′)
√
KkKl

〈
Âin,k(τ)Âin,l†(τ ′)

〉
dτdτ ′

−
2M∑
k,l=1

Fik(t)αk(t = 0)

∫ t

0

Fjl
∗(t− τ)

√
Klαin,l∗(τ)dτ

−
2M∑
k,l=1

Fjl
∗(t)αl

∗(t = 0)

∫ t

0

Fik(t− τ)
√
Kkαin,k(τ)dτ.

(5.55)
We observe that the last two terms in Eq. (5.54) and Eq. (5.55) will cancel out. So the
expression for the covariance matrix is

σij(t) =
2M∑
k,l=1

Fik(t)Fjl
∗(t)σkl(t = 0)+

2M∑
k,l=1

√
KkKl

∫ t

0

∫ t

0

Fik(t−τ)Fjl∗(t−τ ′)σin,kl(τ, τ ′)dτdτ ′,

(5.56)
whereσin is the covariancematrix of the inputmodes. In the settingwhere inputmodes
are in coherent states without temporal correlations, their covariance matrix verifies

σin(t, t′) = δ(t− t′)σ0. (5.57)
In this regime, the Eq. (5.56) simplifies to

σij(t) =
2M∑
k,l=1

Fik(t)Fjl
∗(t)σkl(t = 0) +

2M∑
k,l=1

√
KkKl

∫ t

0

Fik(t− τ)Fjl∗(t− τ)σ0,kldτ

=
2M∑
k,l=1

Fik(t)Fjl
∗(t)σkl(t = 0) +

1

2

2M∑
k=1

Kk

∫ t

0

Fik(t− τ)Fjk∗(t− τ)dτ.

(5.58)
Finally, we get the expression

σ(t) = F (t)σ(t = 0)F †(t) + σ0

∫ t

0

F (t− τ)KF †(t− τ)dτ. (5.59)



5.3.3 Computation of the displacement and covariance matrix via
diagonalization

To simulate the bosonic modes when they are in Gaussian states, we can compute the
displacement α(t) and covariance matrix σ(t). Their computation is possible by inte-
grating Eqs. (5.53) and (5.59), but thismethod is time-consuming. Instead, diagonalizing
the propagator matrix F allows for their efficient computation, as we will detail below.

The input modes are set to be in coherent states of constant values αin, and we
assume the propagator matrix generator F ′ is diagonalizable as

Λ = U−1F ′U = diag (λ1, . . . , λ2M) , (5.60)
where U is an invertible matrix, and λk are eigenvalues of F ′. The propagator matrix
can be diagonalized using the exponential of a diagonal matrix

F (t) = exp(F ′t)

= UetΛU−1.
(5.61)

The integral of α(t) in Eq. (5.53) becomes
α(t) = F (t)α(t = 0) +

√
KU

(∫ t

0

eΛ(t−τ)dτ

)
U−1αin

= F (t)α(t = 0) +
√
KUI1U

−1αin,
(5.62)

where I1 = Λ−1
(
eΛt − 12M

). To compute the covariance matrix, we introduce the ma-
trices P and I2 such that

P = U−1K(U−1)† (5.63)
(I2)i,j = (P )i,j

exp((λi + λj
∗) t)− 1

λi + λj
∗ . (5.64)

Finally, we find
σ(t) = F (t)σ(t = 0)F (t)† + σ0UI2U

†. (5.65)
Simulating the evolution of Gaussian states using Eqs. (5.62) and (5.65) in theHeisen-

berg picture is much more efficient than solving the Lindblad master equation of their
density matrices in the Schrödinger representation, because their size scales exponen-
tially with the number of modes. In the calculations considered above, the most re-
source intensive operation ismatrix diagonalization, which is of time complexityO(M3)

using the QR algorithm [162]. Inmy simulations, this wasmymethod for computing the
displacement and covariance matrix.



5.4 Effects of coupling parameters

Before training the physical parameters for learning, it is important to understand their
effects on the systemdynamics. Moreover, if themean number of photons in themode
k

Nk
def
= Tr

(
ρ̂âk

†âk
)
=
〈
Âk+M Âk

〉 (5.66)
becomes very high, the system will exit the quantum regime because of thermal pro-
cesses, which we want to avoid. In this section we study the dynamical behaviors in
twomodes induced by constant drives applied to eachmode with detunings δ1, δ2, with
modes coherently coupled at a rate g12 and two-mode squeezing rate gs12. To this end,we will use the formulas Eqs. (5.62) and (5.65) derived in Section 5.3.3.

To simplify the calculations of this section, we set equal dissipation rates and drive
amplitudes

∀k,

κk = κ

ϵk = ϵ,
(5.67)

and the system always starts in vacuum. The mean photon numberN = {N1,N2} will
be computed from the Gaussian moments using the relation

Nk = |αk|2 + σkk −
1

2
, (5.68)

which can be recovered using the definition of the covariance matrix. In particular, if
the covariance matrix is that of vacuum, then the diagonalization of F ′ in Section 5.3.3
yields

Nk(t) = |αk(t)|2

= κ

∣∣∣∣∣ϵ
2M∑
l,m

Uk,mUm,l
eλmt − 1

λm

∣∣∣∣∣
2

.
(5.69)

Else, the expression is harder to compute

Nk(t) = κ|ϵ|2
2M∑

l′,m′,l,m

Uk+M,m′U−1
m′,l′Uk,mU

−1
m,l

1− eλmt − eλm′ t + e(λm+λm′ )t

λmλm′
. (5.70)

5.4.1 Effect of the drive detuning on the mode dynamics

In this section, we look into the effect of the drive detuning on a single mode. The
system Hamiltonian is

Ĥsys = δâ†â, (5.71)



and the coupling matrix is
L = −i

(
−δ 0

0 δ

)
. (5.72)

Because L† = −L and K = κ12, we have F (t)F (t)† = e−κt. From the expressions of
α(t) and σ(t) in Eqs. (5.59) and (5.62), we deduce

α1(t) =
√
κϵ
eiδ−

κ
2 − 1

iδ − κ
2

(5.73)

σ(t) = σ0

(
e−κt + κ

∫ t

0

e−κ(t−τ)dτ

)
= σ0.

(5.74)

Calculating the expression of the mean photon number

N1 = κ|ϵ|2
(
1 + e−κt − 2 cos(δt)e−

κ
2
t(

κ
2

)2
+ δ2

)
, (5.75)

reveals that the detuning induces oscillations at frequency δ/2π, on a timescale κ−1

after which the system reaches an asymptotic photon number of κ|ϵ|2 ((κ
2

)2
+ δ2

)−1,
as shown in Fig. 5.3a.
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Figure 5.3: Mean photon numberN as a function of time. (a) Singlemode driven at am-plitude ϵ = 100

√
κ/2, applied with detuning δ = 2π × 3κ−1. (b) Two coherently coupled

modes at a rate g12 = 2π × 3κ−1, driven at amplitude ϵ = 100
√
κ/2 with no detuning.

We observe N1(t) = N2(t). In both figures, the drive amplitude is ϵ = 100
√
κ/4π, i.eboth modes have the same number of photons at all times.



5.4.2 Coherent photon conversion

In general forM -coupled modes, if the dissipation rates are equal (i.e K = κ12M ) and
there is no two-mode squeezing (meaning L† = −L), then

L† = −L
⇒F †(t) = exp

((
−L− κ

2
12M

)
t
)

⇒F †(t) = F−1(t) exp(−κt),

(5.76)

and the covariance matrix remains that of vacuum:
σ(t) = F (t)σ0F

†(t) + σ0κ

∫ t

0

F (t− τ)F †(t− τ)dτ

= σ0F (t)F
−1(t)e−κt + σ0κ

∫ t

0

F (t− τ)F−1(t− τ)e−κ(t−τ)dτ

= σ0

(
e−κt + κ

∫ t

0

e−κ(t−τ)dτ

)
= σ0.

(5.77)

In the case of two driven modes coupled only through coherent photon conversion g12,
the coupling Hamiltonian reads

Ĥsys = g12â1
†â2 + g12

∗â1â2
†. (5.78)

As stated previously the covariance matrix remains that of the vacuum, and calculating
the mean photon number returns an expression analogous to the single-mode detun-
ing case of Eq. (5.75)

Nk = κ|ϵ|2
(
1 + e−κt − 2 cos(g12t)e

−κ
2
t(

κ
2

)2
+ (g12)2

)
. (5.79)

We observe from this expression that photon conversion also creates oscillations even
in the absence of drive detuning, at a frequency g12/2π, as shown in Fig. 5.3.

We note that since the covariance matrix remains diagonal, there is no correlation
between the modes if only photon conversion is turned on. To avoid this, unequal
dissipation rates are required, or two-mode squeezing must be turned on.



5.4.3 Two-mode squeezing

If only two-mode squeezing is enabled, the coupling Hamiltonian becomes
Ĥsys = gs12â1

†â2
† + gs12

∗â1â2. (5.80)
For easier calculations, we set gs12 ∈ R+. The coupling matrix then reads

L =


0 0 0 −igs12
0 0 −igs12 0

0 igs12 0 0

igs12 0 0 0

 , (5.81)

which is hermitian. Because the systemstarts in the vacuumandK = κ12M , the integral
expression of σ(t) can be simplified to

σ(t) = σ0e
(2L−κ)t + κ

∫ t

0

e(2L−κ)(t−τ)dτ. (5.82)
The diagonalization of F ′ yields

Λ = diag (gs12, gs12,−gs12,−gs12)− κ

2
(5.83)

U =
1√
2


i 0 i 0

0 −i 0 i

0 1 0 1

−1 0 1 0

 (5.84)

U−1 = U †. (5.85)
We define two scalar values s1, s2s1 = − κ

2gs12−κ
+ e(2g

s
12−κ)t

(
1 + κ

2gs12−κ

)
s2 = − κ

−2gs12−κ
+ e(−2gs12−κ)t

(
1 + κ

−2gs12−κ

)
,

(5.86)

to develop the integrals in Eq. (5.82):
σ(t) = σ0Udiag(s1, s1, s2, s2)U−1

= σ0


s1+s2

2
0 0 i−s1+s2

2

0 s1+s2
2

i−s1+s2
2

0

0 i s1−s2
2

s1+s2
2

0

i s1−s2
2

0 0 s1+s2
2

 .
(5.87)



We set the drive amplitudes to be zero, so the displacement vector α(t) remains zero.
Therefore the mean photon number in the mode k is

Nk =
s1 + s2 − 1

2
. (5.88)

In the expressions of s1 and s2 in Eq. (5.86), we observe that if 2gs12 > κ, N diverges
asymptotically due to infinitely increasing squeezing, whereas it converges otherwise.
This behavior is illustrated in Fig. 5.4.
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Figure 5.4: Mean photon numberN in two modes as a function of time, with (a) gs12 =
0.05κ and (b) gs12 = 0.6κ. We observe that it converges in the first case and diverges inthe second.

5.4.4 Effect of simultaneousphoton conversionand two-mode squeez-
ing

If the two-mode squeezing and photon conversion pump tones are not in phase with
the input drive signal, their coupling rates gs12 and g12 take complex values. In this case
the propagator matrix generator is

F ′ =


0 −ig12 0 −igs12

−ig12∗ 0 −igs12 0

0 igs12
∗ 0 ig12

∗

igs12
∗ 0 ig12 0

− κ

2
12M . (5.89)



Its diagonalization Λ = U−1F ′U yields
Λ = diag (λ+, λ+, λ−, λ−) (5.90)

U =


i(|gs12|2 − |g12|2) −g12 i(|gs12|2 − |g12|2) −g12

g12
∗λ+ −iλ+ g12

∗λ− −iλ−∗

0 gs12
∗ 0 gs12

−gs12∗λ+ 0 −gs12∗λ− 0

 , (5.91)

where we define
λ± = ±λ′ − κ

2
, (5.92)

with
λ′ =

−i
√
|g12| − |gs12| if |g12| > |gs12|√

|gs12| − |g12| if |gs12| > |g12|. (5.93)
If g12 = gs12, F ′ is not diagonalizable. By symmetry, themean photon numbers in modes
1 and 2 are equal: N1 = N2 = N. The full expression of Eq. (5.70) is too heavy to com-
pute as there are 44 = 256 terms, but depending on the ratio of the photon conversion
and two-mode squeezing rates, we can infer different behaviors ofN(t):

if |gs12| > |g12| and 2
√
|gs12|2 − |g12|2 > κ ⇒

{
N(t) diverges when t→∞

if |gs12| > |g12| and 2
√
|gs12|2 − |g12|2 < κ ⇒

 N(t) doesn’t oscillate,
and converges when t→∞

if |gs12| < |g12| ⇒


N(t) oscillates at frequency
2
2π

√
|g12|2 − |gs12|2 , and

converges when t→∞.

(5.94)

These three different behaviors are shown in Fig. 5.5 in the blue, orange, and green
lines respectively.

This observation of divergences is important because we want the mean number
of photons to be kept below 100, in order to stay in the quantum regime. So when
implementing the learning models, we will always set the photon conversion rates to
be higher than the two-mode squeezing rates.
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5.5 Analog bosonic quantum neural network

5.5.1 Description of the model

Weconsider aM -mode system, whose evolution of field operatormoments {α(t),σ(t)}
is described in Section 5.3.2. All physical parameters can be represented as vectors: ϵ
stores the nearly resonant drive amplitudes, δ the detunings, g the photon conversion
rates, gs the two-mode squeezing rates and κ the single-photon dissipation rates.

As shown in Fig. 5.6, we train two layers of weights, on top of the physical parame-
ters. The first layer is composed of the encoding parameters θ0,θbias into the complex
drive amplitudes ϵ, or another physical parameter of our choice. The encoding relation
for an dx-dimensional input x is

θenc(x) = θ0 ⊙ x+ θbias, (5.95)
where θenc is the denc-dimensional parameter to encode x into, θ0,θbias ∈ Cdenc , and ⊙
is the element-wise vector product. If dx ̸= denc, then we augment the dimension of x
by repeating its values.

Due to challenging experimental implementation of the joint Fock state measure-
ments that we proposed in our QRC work, for the trained network that requires mea-
surements for each training epoch, we consider the local Fock state amplitudes as out-
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Figure 5.6: Schematic of an analog quantum neural network. The input data vector
x (green squares) is encoded into a parameter θenc(x) = θ0 ⊙ x + θbias, and the fea-ture vector f(x) (purple squares) is obtained by measuring a set of local probabilities
{Pk(n)}k,n of a mode k to contain n photons. The prediction ȳ (red squares) is obtainedby multiplying the feature vector by a trained weight matrixW0, with biasWbias .

put features. Their probabilities are given by the Gaussian boson sampling formula

Pk(n|α,σ) =
exp
(
−1

2
α†
kσ

−1
k,Qαk

)
√

det(σk,Q)
∏M

k=1 nk!
lhaf(An), (5.96)

where 

σk,Q = σk + 12/2

T =

0 1

1 0


A = T

(
12 − σ−1

k,Q

)
,

(5.97)

and αk ∈ C2 and σk ∈ C2×2 are the displacement vector and covariance matrix of
the mode k, obtained by keeping only the kth and k +M th rows and columns in the
Gaussian variables [163]. An is formed fromA by substituting its diagonal withα†

kσ
−1
k,Qthen repeating the 1st and 2nd rows and columnsn times, and lhaf(.) is the loophafnian

function [164]. The measured local Fock states constitute the feature vector f(x). The
final layer is composed of the output weightsW0, with biasWbias

ȳ = f(x)×W0 +Wbias. (5.98)
Analytical gradients are obtained through automatic differentiation and the parame-
ters are optimized with the Adam Optimization algorithm [111] in PyTorch, based on



a code adapted from [81] which performs efficient computations of the loop hafnian
function.

One drawback of using Gaussian states is that we cannot simulate non-linear (i.e
non-quadratic) terms in the system Hamiltonian, as they create non-Gaussian states.
This restricts the number of pump tones we would want to introduce in order to add
more trainable parametric couplings: the only allowed ones will be coherent photon
conversion and two-mode squeezing. For the remainder of the manuscript, we denote
θ the set of trained parameters in the M -mode system. The physical parameters we
choose to train are

• ϵk the complex drive amplitude applied to mode k

• δk the frequency detuning of mode k

• gkl the photon conversion rate between mode k and l

• gskl the two-mode squeezing rate between mode k and l.

Counting the number of trainable parameters thus yields
ϵ ∈ CM → 2M

δ ∈ RM →M

g ∈ C
M(M−1)

2 →M(M − 1)

gs ∈ C
M(M−1)

2 →M(M − 1),

(5.99)

adding up to 2M(M−1)+3M . We observe that this number is quadratic in the number
of modesM . With such a low number of trainable parameters, we were unsure before
starting this work whether training would result in significant performance improve-
ments over quantum reservoir computing with the bosonic modes.

In this chapter, we set the scaling parameter to κ = 2π × 2MHz because in exper-
imental superconducting resonators, dissipation rates can be lowered to around this
value [165].

Renormalization of physical parameters. In optimization algorithms, it is prefer-
able for all learned parameters to be of the same order of magnitude. To achieve this,
we apply a rescaling of physical parameters using a renormalization factorR def

= 10MHz



in all simulations: 

t(s)→ t×R
δ(Hz)→ δ/R

g(Hz)→ g/R

gs(Hz)→ gs/R

κ(Hz)→ κ/R

ϵ(
√
Hz)→ ϵ/

√
R.

(5.100)

5.5.2 Choice of an analog model

(a) (b)
Figure 5.7: Two different circuit approaches to parametrically control bosonic modes.Each blue line corresponds to a singular mode. (a) Analog computing, in which there isa single set of parameters θ parameterizing the Lindbladian evolution described by thesuperoperatorL(θ). (b) Gate-based computing with three gates in this example, wheresequential Lindbladian evolutions described by superoperatorsLk each have their ownset of parameters θk. The total set of parameters is then θ = {θk}k∈[1,3].

The goal in this chapter is to establish whether there is an advantage in learning
with bosonic modes compared to QRC, even with a quadratic number of trained pa-
rameters. The model we described in Section 5.5.1 is analog, meaning we do not use
multiple gate-based operationswith high predictability andprecision, as are considered
in parametric quantum circuits. Instead of applying sequential Lindbladian evolutions
Lk each with a different set of parameters θk, we apply a single one and harness the
complex behaviors in the dynamics for which we do not have an analytical mathemat-
ical expression. Indeed, F ′ cannot be analytically diagonalized in the general case for
M ≥ 3modes, as its characteristic polynomial is of degree 2M , and there is no universal
solution to finding the roots of 5th and higher degree polynomials. The two different
circuit approaches to parametrically learning bosonic modes are illustrated in Fig. 5.7.
Our choice of analog computation stems from its relative simplicity: to highlight advan-
tages of learning in bosonic modes, we do not require the use of multiple parametric
gate operations.



5.5.3 Possible issues with the back-propagation

The calculation of the field operator displacement α(t) and covariance matrix σ(t) in
Eqs. (5.62) and (5.65) relies on the matrix U containing the eigenvectors of the prop-
agator generator matrix F ′ defined in Eq. (5.61). However, as stated in the PyTorch
documentation [166], gradients involving eigenvectors of a matrix A are only well de-
fined if A has distinct eigenvalues. Gradients become unstable when eigenvalues are
nearly degenerate.

A simple example with M = 2 modes, identical dissipation rates κ1 = κ2 = κ and
zero detunings δ1 = δ2 = 0Hz illustrates this issue. The eigenvalues (λ−, λ+) of F ′ in
this case are each two-fold degenerate:λ± = ±i

√
|g|2 − |gs|2 − κ

2
if |g| > |gs|

λ± = ±
√
|gs|2 − |g|2 − κ

2
if |gs| > |g| . (5.101)

In this scenario, gradient computation will fail due to the degeneracy. To avoid such
issues, the initial set of physical parameters {ϵ, δ, g, gs,κ} is chosen such that F ′ has
non-degenerate eigenvalues. The procedure we have arbitrarily chosen, is to set the
initial dissipation, photon conversion, and two-mode squeezing rates to be linearly in-
creasing with their index k, i.e for the parameter vector θ ∈ {κ, g, gs}

θk =
k − 1

L− 1
0.2× θavg + 0.9× θavg, (5.102)

where L is the length θ, and θavg is the average value of θ over all its components θk.
This linear relation is chosen so that θ1 = 0.9θavg and θL = 1.1θavg.

5.6 Sin/square waveform classification

Wefirst benchmark the bosonic quantumneural network on the sin/square waveforms
classification task, in order to compare its performance to that of the bosonic QRC,
which was benchmarked on this task in Section 4.3.3.2. To provide a comparison to
QRC, we use two coupled modes, and encode the renormalized input data x(ν) ∈ [0, 1]

into the complex drive amplitudes ϵ according to Eq. (5.95). The input data points are
sent one by one, each for a duration ∆t = 2π

5κ
.

The loss function applied for this task is the mean-square error

MSE(Ȳ,Y) =
1

2Nsamples

Nsamples∑
k=1

(Ȳk −Yk)
2, (2.10 revisited)



where Nsamples is the number of data points used for training, Ȳ = W0 ×F(X) +Wbias
is the matrix whose rows are the network prediction, andY is the target dataset.
Parameter Initial value Learning rate
W0 1 0.01
Wbias 0 0.01
κ 2π × 2MHz none
κ (1± 0.1)κ none
δ 0Hz 0.1
ϵ (170± 30)

√
κ/4π 0.1

g 45κ 0.1
gs 9κ 0.1
∆t 0.4πκ−1 none

Hyper-parameter Valuenumber of modes 2number of training epochs 500regularization loss strength βN 0.02
Nthr 3
Ntg 2number of batches 5dataset size 200loss function MSE

Table 5.1: Initial parameter values, their learning rates, and hyper-parameter values forthe sin/square waveform classification task.

Regularization loss To prevent the training from pushing the parameters to values
that cause photon numbers to diverge, we introduce a regularization term to the total
loss function

lossN def
= βN ×MSE(Navg,Ntg), (5.103)

where Navg is the average of the photon number expectation values N over the time
interval ∆t, for the x = 0 and x = 1 valued input. The target average photon number
Ntg is set to 2 photons in each mode to ensure that the occupation probabilities of
measured Fock states are non-negligible while at the same time not over constraining
the learning range. The parameter βN is a prefactor that controls the influence of lossN
on the overall learning process. The total optimized loss function is then

loss = MSE(Ȳ,Y) + lossN .
The initial parameter values, their learning rates, and the hyper-parameter values are
listed in the Table 5.1.

Quantum reservoir [146] Bosonic QNNnumber of measured states 4 1number of measurement shots 109 103

Table 5.2: Number of observables and measurement shots required to reach 100%accuracy on the sin/square classification task for the quantum reservoir and for thebosonic QNN.



Results The results are summarized in Table 5.2. We compare the performance of
the 2-mode bosonic QNN to quantum reservoir computing (see Section 4.3.3.2), and
show that training the drive parameters reduces the number of observables that need
to be measured down to just one, i.e the probability of having 0 photons in the first
mode P1(0), compared to 4 observables for the quantum reservoir. This provides a
twofold reduction in the number of measurements to perform:
(1) The total number of observables to measure is reduced.
(2) As Pk(0) > Pk(n > 0), fewer measurement shots are needed to determine it with

sufficient precision.
Consequently, the bosonicQNNachieves 100% accuracywith 1000measurement shots
(Figure 5.8), in contrast to 109 shots required for QRC.
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Figure 5.8: Accuracy on the sin/square classification task as a function of the numberof training epochs for two different numbers of measurement shots used to determinethe probability P1(0).
We note that sin/square waveform classification is a simple task, hence why mea-

suring a single Fock state in a two-mode system is sufficient for classification. However
for more complex tasks, the number of modes and measured observables will need to
be higher, to increase the model expressivity.

5.7 Encoding schemes

By considering that the chosen input encoding method influences the nonlinear trans-
formation that the quantum system applies to the input data [66], we find that it is a
useful property of our bosonic QNN to leverage. We investigate the optimal encoding
scheme in this section, which would minimize the amount of measured observables



required for classification. Since the sin/square task is already solved with a minimal
amount of resources in Section 5.6, we introduce the spirals classification task illus-
trated in Fig. 5.9.

5.7.1 Spirals classification task
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Figure 5.9: The spirals task consists in the classification of points belonging to one ofthe two spirals, red or blue in the figure. The inputs are data points {x1,x2} and thelabels are y = 0 for the blue spiral and y = 1 for the red one.
This task uses a two-class spirals dataset generated frompoints in polar coordinates

according to θ(ξ) ∼ U(0, 3π),r(ξ) = ±2θ(ξ) + π

25
,

(5.104)
where U(a, b) denotes the uniform distribution on the interval [a, b]. Points with a pos-
itive (negative) sign in r(ξ) are labeled as class 1 (class 0), and the task consists in cor-
rectly guessing these labels. The non-linearity of the task is apparent in that it is impos-
sible to draw a straight line to separate the two spirals, and is known to require more
nonlinearity than the sin/square classification. The input data is symmetric with respect
to the origin in the 2-dimensional input plane. To incorporate this symmetry into the
model, we augment each input point x = (x1,x2)

T to (x1,x2,−x1,−x2)
T . So we have a

four dimensional input, and we need 4 input parameters.
In order to have enough complex drive parameters to encode the inputs into, we

address the spirals classification task using M = 4 coupled modes. We compare the
performance when the data is encoded into either the amplitude or phase of the com-
plex drive amplitudes ϵ, the photon conversion rates g, or two-mode squeezing rates
gs.



5.7.2 Input encoding

We want to encode the augmented dx = 4-dimensional input vector x into the ampli-
tude or the phase of an denc-dimensional parameter θenc. The amplitude encoding has
already been used when solving the sin/square classification task with the QRC and
bosonic QNN, and follows

θenc(x) = θ0 ⊙ x+ θbias, (5.105)
where θ0,θbias ∈ Cdenc and⊙ is the element-wise vector product. Instead, encoding into
the phase modifies this relation into

θenc(x) = θ0 ⊙ eiϕ(x) + θbias
ϕ(x) = ϕ0 ⊙ x+ ϕbias,

(5.106)

where θ0,θbias ∈ Cdenc , and ϕ0,ϕbias ∈ Rdenc . We initialize the phase parameters as
(ϕ0)k = π and (ϕbias)k = 0 for all k ∈ [1, denc].

However, when encoding the input data into the phase of two-mode squeezing or
photon conversion, we find that photon numbers N tend to diverge after around 10
to 200 learning epochs, even when we apply the regularization loss lossN supposed
to prevent high N. In response, we have conducted a study of the effects of phase
difference between the drives of the photon conversion and two-mode squeezing in-
teractions, in order to find the origin of these divergences and suppress them.

5.7.3 Divergence of the mean photon numberN

We have already established in Section 5.4.4 for 2 modes that if two-mode squeezing
rates gskl ∈ C have higher amplitude than photon conversion rates gkl ∈ C, then N

diverges in time. In this section we study the dynamical behavior of N in a (M > 2)-
mode systemwith complex-valued coupling rates, in order to look for abrupt increases
and asymptotic divergences. In all of the cases studied in this section, we set

∀k ∈ [1,M ]


κk = κ = 2π × 2MHz

δk = 0Hz

ϵk = ϵ =M × 100×
√
κ/4π,

(5.107)

and the initial state is vacuum.



5.7.3.1 3 modes, g ∈ C, gs = 0

Let the photon conversion rates all have equal absolute values, but different phases,
i.e

gkl = geiϕ
g
kl for k, l ∈ {1, 2, 3}, (5.108)

with g ∈ R+. The two-mode squeezing tones are turned off. Then

G =

 0 g12 g13

g12
∗ 0 g23

g13
∗ g23

∗ 0


L =

1

iℏ

(
G 03

03 −GT

)
.

(5.109)

To compute the eigenvalues of F ′ = L− κ
2
16, we compute those of G. Its determinant

is
det(λ13 −G) = λ3 + pλ+ q, (5.110)

with p = −3g2

q = −2g3 cos(ϕ′),
(5.111)

where we have introduced the phase difference term
ϕ′ = ϕg12 + ϕg23 − ϕg13. (5.112)

This termwill be important to study destructive and constructive interference phenom-
ena. We solve the cubic equation in Eq. (5.110) with Cardano’s formula. The discrimi-
nant is

∆ = −(4p3 + 27q2) = 108g6 sin2(ϕ′). (5.113)
We will consider two cases for this discriminant: ∆ = 0, or ∆ ̸= 0.

∆ = 0 case. In this case, where ϕ′ ≡ 0 (mod π), there are 3 real eigenvalues of G,
one simple and a double: λ1 = 2g

λ1 = λ2 = −g.
(5.114)

The diagonalization of F ′ = UΛU−1 thus yields
Λ = diag(2ig,−ig,−ig, 2ig,−ig,−ig)− κ

2
16, (5.115)



and

U =


1 −2 −1 0 0 0

1 1 1 0 0 0

1 1 0 0 0 0

0 0 0 1 −2 −1
0 0 0 1 1 1

0 0 0 1 1 0

. (5.116)

By symmetry, the mean photon number is the same in all modes: N1 = N2 = N3.
Using Eq. (5.69) we get

N1(t) = κ|ϵ|2 ×
(
1 + e−κt − 2 cos(2gt)e−

κ
2
t(

κ
2

)2
+ (2g)2

)
. (5.117)

We note that this behavior is the same as in the two-mode case described in Sec-
tion 5.4.2, but by substituting g → 2g. We interpret this as a constructive interference
between different photon conversion processes. Here, no divergence behavior is ob-
served.
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Figure 5.10: Mean photon number in the first mode N1 as a function of time for 3coupled modes, for two values of the conversion rate between the first two modes
ϕg12 = 0 and ϕg12 = 3π

2
. The conversion rate with the third mode are set to ϕg13 = ϕg23 =

0. The conversion rates amplitudes are |gkl| = g = 50κ and there is no two-modesqueezing.

∆ ̸= 0 case. In this case where ϕ′ ̸≡ 0 (mod π), there are 3 real degenerate eigenval-
ues of G

λk+1 = 2g cos

( |ϕ′|
3

+
2kπ

3

) k ∈ [0, 1, 2]

ϕ′ ∈ {−π, π}
. (5.118)



The full formula of Nk is too big to calculate, but we observe that if |ϕ′| ≡ (3−4k)π
2

(mod 3π), the eigenvalue λk becomes zero. Hence the term associated with this eigen-
value does not oscillate, and its values evolve as if there had been no photon conver-
sion, i.e it is divided by κ and not by a term ≈ g2 +

(
κ
2

)2, leading to much higherNk(t).
This behavior is illustrated in Fig. 5.10 for ϕ′ = 3π

2
. We interpret this as a destructive in-

terference between different photon conversion processes, leading to a mean photon
numberNk that has similar dynamics to the g = 0 case.

5.7.3.2 3 modes, gkl ∈ C, gskl ∈ C

In this section we consider both finite conversion and two-mode squeezing interac-
tions. Computing the eigenvalues of F ′ in order to calculate the mean photon number
in Eq. (5.70) in this case is not possible as we would have to factor its 6th-degree charac-
teristic polynomial, so we resort to numerical simulations. Depending on the values of
the photon conversion rates and two-mode squeezing rates, we have found different
dynamical regimes, which we illustrate in Fig. 5.11. In all of the studies conducted, all
the photon conversion rates have identical amplitudes (|gkl| = g), as well as the two-
mode squeezing rates (|gskl| = gs). We set g > gs.

As described in the following sections, we observe that depending on the ratio of
different coupling rates, certain combinations of their phases lead to photon number
divergences. A divergence is identified by studying N(t) after a time evolution t =

0.4πκ−1. If its smallest value for a certain coupling rate phase combination {ϕa,k}k isexponentially smaller than its highest value for another combination {ϕb,k}k, then the
photon number diverges in time when the coupling rate phases approach {ϕb,k}k.

Destructive interferences of photon conversion rates result in the divergence of
the photon numberN. Figure 5.11a shows the mean photon numberN as a func-
tion of two photon conversion rate phases ϕg12 and ϕg13. We observe that for certain
phase values, the number of photons diverges. We interpret this as a consequence
of the destructive interference between multiple photon conversion processes, result-
ing in the creation of photons through two-mode squeezing processes, and the lack of
effective photon conversion to dampen them.

Constructive interferences of two-mode squeezing rates result in the divergence
of the photon number N if |g| < 2|gs||g| < 2|gs||g| < 2|gs|. Figure 5.11b shows N as a function of two
two-mode squeezing rates ϕgs12 and ϕgs13, for g < 2gs. We observe that for certain phase
values, the number of photons diverges. We interpret this as a consequence of con-
structive interference of the two-mode squeezing processes, resulting in an effective



two-mode squeezing 2gs that is higher than the photon conversion rate. In conse-
quence, the number of photons diverges.
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Figure 5.11: (a) The mean photon number Nk(t) in 3 modes as a function of photonconversion rate phases ϕg12 and ϕg13 at time t = 0.4πκ−1, when ϕg23 = 0. The photonconversion rates all have the same absolute value |gkl| = g = 50κ and the two-modesqueezing rates are |gskl| = gs = 10κ. (b)(c) The mean photon numberNk(t) in 3 modesas a function of the two-mode squeezing rate phases ϕgs12 and ϕgs23 at time t = 0.4πκ−1

, when ϕgs23 = 0. In (b) |gkl| = g = 19.5κ and |gskl| = gs = 10κ, and in (c) g = 20.5κ and
gs = 10κ.

Absence of the photon number N divergence for the photon conversion rate
|g| > 2|gs||g| > 2|gs||g| > 2|gs|. Figure 5.11c shows N as a function of two two-mode squeezing rates ϕgs12



and ϕgs13, for g > 2gs. We observe that the photon number does not diverge, although it
is higher for phase values that cause the case g < 2gs to diverge. We interpret this as
constructive interferences in two-mode squeezing tones not having high enough cou-
pling rates to surpass photon conversion rates, which dampens photon creation.

5.7.4 Clamping of the coupling parameters

Taking into account the behavior of the photon numbersNk(t)with respect to the pho-
ton conversion and two-mode squeezing rates observed in Section 5.7.3, we propose
a set of heuristic guidelines for choosing the coupling rates to avoid exponential diver-
gences in the photon numbers of the bosonic modes. We stress that these guidelines
are not rigorously proven methods for preventing such divergences, but rather practi-
cal intuitions that have been effective in the training of the coupling parameters.
Algorithm 1 General guidelines for clamping
1: Clamping is applied element-wise to each component of the coupling rates.
2: Photon conversion rates are restricted to real, positive values. Complex values may
result in destructive interference during photon conversion. In contrast, two-mode
squeezing rates can be complex-valued.

3: The amplitude of the highest two-mode squeezing rate should never be higher than
the amplitude of the lowest photon conversion rate.

4: If the input is encoded in the phase of the two-mode squeezing rates ofM modes,
then the highest two-mode squeezing amplitude should never be higher than the
lowest photon conversion rate amplitude divided byM − 1.

5: if the input x is encoded in one of the coupling rates according to Eq. (5.105) (am-
plitude encoding) or Eq. (5.106) (phase encoding) then

6: If the encoded variable θenc(x) requires clamping after a gradient descent up-
date, the bias term θbias is adjusted to enforce the clamping constraints, while θ0

remains fixed. If this is insufficient to satisfy the clamping conditions, θ0 is also
clamped.

7: The values ϕ0 and ϕbias are never clamped, even when phase encoding is used.
8: After clamping, the explored values of θenc(x) should deviate as little as possible

from their original (pre-clamping) values.

From these guidelines, we propose an algorithm to clamp the photon conversion
rates g and the two-mode squeezing rates gs. Wedefine the clampingbounds lgmin, lgmax ∈
R+ for g, and lgsmin, lg

s

max ∈ R+ for gs, and p ← clamp(p, pmin, pmax) denotes the element-
wise operation defined as pi ← min(max(pi, pmin), pmax) for each element pi of the real
vector p. In practice, we find that these clamping rules effectively prevent divergences



in the number of photons across all the learning tasks considered in this chapter.
Algorithm 2 Clamping rules
Require: g ∈ (R+)

M(M−1)
2 ▷ To prevent destructive interference in the photon conversion

rates

Require: gs ∈ C
M(M−1)

2 ▷ The squeezing rates are allowed to be complex.
1: Clamping is applied element-wise to each component of the coupling rates.
2: lgsmin ← 0Hz

3: lgmax ← 500MHz

4: if the input x is encoded in arg(gs) then ▷ We require that max(|gs|) < min(g)
M−1

5: lg
s

max ← arbitrary constant value
6: lgmin ← lg

s

max × (M − 1)

7: else ▷ We require that max(|gs|) < min(g)

8: lgmin ← max(gs)+min(g)
2

9: lg
s

max ← max(gs)+min(g)
2

10: if x is encoded in ϵ then
11: g ← clamp(g, lgmin, lgmax)
12: |gs| ← clamp(|gs|, 0, lgsmax)
13: else if the input x ∈ [0, 1] is encoded in |g| with g(x) = θ0 ⊙ x+ θbias then
14: g ← clamp(g, 0, lgmax)
15: θ0 ← clamp(θ0, 0, l

gmax − lgmin) ▷ θ0 ∈ (R+)
M(M−1)

2

16: θbias ← clamp(θbias, 0, lgmin) ▷ θbias ∈ (R+)
M(M−1)

2

17: else if x is encoded in arg(gs) with gs(x) = θ0 ⊙ ei(ϕ0·x+ϕbias) + θbias then
18: g ← clamp(g, lgmin, lgmax)
19: |θ0| ← clamp(|θ0|, 0, lg

s

max)
20: |θbias| ← clamp(|θbias|, 0, lgsmax − |θ0|)
21: else if x is encoded in |gs| with gs(x) = θ0 ⊙ x+ θbias then
22: g ← clamp(g, lgmin, lgmax)
23: |θ0| ← clamp(|θ0|, 0, lg

s

max)
24: |θbias| ← clamp(|θbias|, 0, lgsmax)
25: if there exists any x ∈ [0, 1] such that gs(x) /∈ [0, lg

s

max] then
26: θbias is modified such that |gs(x)| ∈ [0, lg

s

max] for all x ∈ [0, 1]

27: ▷ The updated values of gs(x) should deviate as little as possible from their orig-
inal (pre-clamping) values. The detailed clamping procedure is implemented
in the source code, specifically in:
tests/clamping_demonstrations/abs_encoded_cplx_theta_clamp.ipynb ◁

As a result of the clamping rules defined in Algorithm 2, the photon conversion rates



are constrained to real values. Counting the number of trainable parameters now yields
ϵ ∈ CM → 2M

δ ∈ RM →M

g ∈ R
M(M−1)

2 → M(M−1)
2

gs ∈ C
M(M−1)

2 →M(M − 1),

(5.119)

adding up to 3
2
M(M − 1) + 3M . The number of parameters still scales quadratically

with the number of modes.

5.7.5 Results on the spirals classification task

As seen in Section 5.7.4, we have constrained the photon conversion rates g to be real,
so we address the spirals classification task with five different encoding schemes: en-
coding into (1) the amplitudes of the complex drives, (2) their phases, (3) the amplitudes
of the two-mode squeezing rates, (4) the phases of the two-mode squeezing rates, and
(5) the amplitudes of the photon conversion rates.
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Figure 5.12: Impact of the encoding variable on the performance on the spirals classifi-cation task. The accuracy for different encoding schemes is shown as a function of thenumber of measured probabilities. Since the accuracies obtained when encoding in gvary greatly with the initial physical parameters {g, gs, δ, ϵ}, we average them over 5random initial sets of parameters.
We use the Binary Cross Entropy (BCE) with logits loss for this task. It consists of

two steps: applying the element-wise sigmoid function x → 1
1+e−x to the prediction ȳ,



followed by the BCE computation:
BCE(ȳ,y) = y log(ȳ) + (1− y) log(1− ȳ), (5.120)

where y denotes the target label. In Figure 5.12 we plot the accuracy of the different
encoding schemes as a function of the number of measured Fock state probabilities
Pk(n). The set of local Fock state probabilities corresponding to each number are

1 −→ {P1(0)}
4 −→ {Pk(n)}n=1,k∈[1,4]

8 −→ {Pk(n)}n∈[1,2],k∈[1,4]
12 −→ {Pk(n)}n∈[1,3],k∈[1,4]
16 −→ {Pk(n)}n∈[1,4],k∈[1,4] .

(5.121)

We find that encoding into either the amplitude or phase of the two-mode squeez-
ing rates allows to achieve 100% performance with just a single measured probability,
P1(0). In contrast, encoding into the drive phase requires 4 measured probabilities to
reach 100% accuracy, encoding into the drive amplitudes requires 12 measured prob-
abilities, and encoding into the exchange coupling rate amplitude plateaus at 85% ac-
curacy. The initial parameters and hyper-parameters for these simulations are listed in
Table 5.3.

Parameter Initial value Learning rate
W0 1 0.1
Wbias 0 0.1
κ 2π × 2MHz none
κ (1± 0.1)κ none
δ (0.5± 0.1 0.1
ϵ 400

√
κ/4π 0.1

g (50± 5)κ 0.1
gs (10± 1)κ 0.1
∆t 0.8πκ−1 none

Hyper-parameter Valuenumber of modes 4number of training epochs 500regularization loss strength βN 0.02
Nthr 3
Ntg 2number of batches 5dataset size 500loss function BCE with logits

Table 5.3: Initial parameter values, their learning rates, and hyper-parameter values forthe spirals classification task.

To understand why encoding into the two-mode squeezing rates performs better
than the photon conversion rates or complex drive amplitudes, we study their influence
on the covariance matrix σ(t).



5.7.6 Influence of the two-mode squeezing and photon conversion
rates on the covariance matrix
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Figure 5.13: Variance matrix of the field operator covariance matrix absolute value |σ|for twomodes after∆t = 0.8πκ−1 of time evolution, with equal dissipation rates in eachmodes κ1 = κ2 = κ = 2π × 2MHz. Left: Varying the photon conversion rate g from
45κ to 55κ with fixed two-mode squeezing rate gs = 10κ. Right: Varying the two-modesqueezing rate gs from 5κ to 15κ with fixed g = 50κ.

We have established in Section 5.4.2 that starting from the vacuum state, if there is
no two-mode squeezing and the dissipation rates of all themodes are equal, the covari-
ance matrix remains constant: ∀t,σ(t) = σ0. Moreover, the complex drive amplitudes
have no influence on the covariance matrix in general.

In this section, we analyze in the 2-mode case the variance of the covariance matrix
as a function of the photon conversion rate g and the two-mode squeezing rate gs. As
shown in Fig. 5.13, every term of the covariance matrix exhibits lower variance when g
is varied compared towhen gs is varied. Therefore encoding into the two-mode squeez-
ing rates allows for more information to be processed through the covariance matrix,
compared to encoding into the photon conversion rates or complex drive amplitudes.

5.7.7 Comparisonwith thequantumreservoir anda classicalmodel

In order to pin down the advantage brought by the training of the quantum system
parameters, we compare the resources in terms of the number of trained parameters,
and the number of outputs that need to be measured in order to reach 100% accuracy
on the spirals task for the quantum reservoir and bosonic QNN. The results are sum-
marized in Table 5.4. We observe that the bosonic QNN needs a significantly smaller
number of observables to measure compared to quantum reservoir computing. Fur-
thermore, as a classical software point of comparison, to reach equivalent accuracy, a



Quantum Reservoir Bosonic QNNnumber of modesM 4 4number of measured states 36 1parameters 37 38
Table 5.4: Number of neurons and parameters needed to reach 100% accuracy on thespirals classification task using quantum reservoir and bosonic QNN.
classical MLP needs 2 hidden layers with 6 neurons each, resulting in 79 parameters
(see Fig. 5.14). We observe that the bosonic QNN requires less parameters than the
software MLP, proving its competitiveness in expressivity compared to classical learn-
ing models.
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Figure 5.14: Test accuracy of a 2-layerMLP on the spirals classification task as a functionof the number of neurons per hidden layer, as a classical software point of comparisonto the bosonic QNN. The test accuracies are averaged over 5 different random initial-izations of the MLP weights, and the error bars correspond to the standard deviation.

5.8 Handwritten digits classification

Training the physical parameters increases the expressivity of the quantum neural net-
work and allows it to solve tasks that are out of reach for quantum reservoir computing
on the same hardware. We demonstrate this by solving the handwritten digits recog-
nition task, from the DIGITS dataset, already described in Section 2.1.4. The dataset is
imported from the scikit-learn Python library [167].

Weuse 6modes, pairwise coupled through15 two-mode squeezing processeswhose
amplitudes are used for data encoding. 64 pixel images cannot be processed in a
single time step, so we use an encoding scheme inspired by the data re-uploading
method [168]. After removing the 4 white corner pixels, we divide each input image
in four 15-pixel batches, that we apply over 4 time intervals ∆t

4
= 2π

10κ
, as shown in

Fig. 5.15.
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Figure 5.15: Encoding scheme for handwritten digits classification. To create a flattenedimage vector of size 60, we crop the 4 white corners of the original image. Using 6modes, we encode 15 pixels into the amplitudes of the 15 two-mode squeezing rates attimes 0, ∆t
4
, ∆t

2
and 3∆t

4
. During each data re-uploading instance, a new set of parameters

{g, gs, δ, ϵ} is applied. At time ∆t, the Fock state probabilities are measured, yieldingthe feature vector F(X).
The cost function used in this task is theCross Entropy, as implemented in PyTorch [169].

Predictions ȳ are first passed through the softmax function
∀j ∈ {1, . . . , dȳ}, ȳj →

exp(ȳj)∑dȳ
k=1 exp(ȳk)

, (5.122)
where dȳ is the dimension of the prediction. The cross-entropy loss

CE(ȳ,y) =
dȳ∑
k=1

yk log(ȳk) (5.123)

between the prediction logits ȳk and target labels yk is then computed.
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Figure 5.16: Comparison of the bosonic QNNperformance to that of quantum reservoircomputing on the DIGITS dataset classification task, with 6modes. The classification ac-curacy on the test dataset is plotted as a function of the learning epoch. 12 probabilitiesare measured for the bosonic QNN, while 36 are measured for the quantum reservoir,whose accuracies reaches at best 62.8%.



Parameter Initial value Learning rate
W0 1 0.01
Wbias 0 0.01
κ 2π × 2MHz none
κ (1± 0.1)κ none
δ 0Hz 0.01
ϵ 600

√
κ/4π 0.01

g (50± 5)κ 0.01
gs (10± 1)κ 0.01
∆t 0.8πκ−1 none

Hyper-parameter Valuenumber of modes 6number of training epochs 1000regularization loss strength βN 0.12
Nthr 3
Ntg 2number of batches 5dataset size 1500loss function Cross Entropy

Table 5.5: Initial parameter values, their learning rates, and hyper-parameter values forthe DIGITS classification task.
Using this method, we achieve in Fig. 5.16 over 97% accuracy on the DIGITS classi-

fication task, by measuring probability amplitudes Pk(n) for k ∈ {1, 2, 3, 4} and n ∈
{0, 1, 2}, resulting in a feature vector F(X) with 12 components, and training a to-
tal of 502 physical parameters and output weights. The initial parameter and hyper-
parameter values are listed in Table 5.5.

In comparison, a reservoir computing algorithm with 6 modes and random initial
parameters can achieve at best 62.8% test accuracywhenmeasuring 36 probability am-
plitudes {Pk(n)}n∈[1,6],k∈[1,6]. For this bosonic QRC benchmark, we trained the reservoir
with 5 different sets of initial random parameters, and selected the best performance.

Experimentally, measuring this many Fock state occupations would be very chal-
lenging. We conclude that learning the physical parameters allows the bosonic QNN to
solve tasks for which a bosonic QRC is not expressive enough.

5.9 Discussion

We have demonstrated that the bosonic quantum neural network can be success-
fully trained by optimizing the complex parameters of the three-wave mixing interac-
tions and nearly resonant drives. Training not only enhances the expressivity of the
network, enabling it to solve more complex tasks such as handwritten digits classifica-
tion, but also drastically reduces the number of observables that need to bemeasured.

For instance, in the sin/square and spirals classification tasks, the number of vari-
ables is reduced to a single one, compared to 4 and 36, respectively in quantum reser-
voir computing. This makes the experimental implementation of inference significantly
more practical after training. Importantly, we show that trained networks can address
tasks that are beyond the capabilities of a quantum reservoir of the same size. Given the
experimental challenges of scaling up the quantum systems, the ability to solve harder



tasks without increasing the system size represents a key advantage of the proposed
approach. Furthermore, we have shown that encoding into the two-mode squeezing
drive is advantageous compared to encoding in drives of photon conversion, which
indicates that quantum coherences have a significant participation in learning.



Chapter 6

Conclusion

In this thesis, we have studied learning with bosonic modes in two different frame-
works: quantum reservoir computing, and analog quantum neural networks. In Chap-
ter 3, we explained that bosonic modes have linear dynamics, which poses an obstacle
to their application in the processing of nonlinear data. The source of nonlinearity we
have chosen to exploit is the measurement of non-Gaussian observables, namely Fock
basis states.

Using the quantum reservoir computing framework, we have benchmarked the
performance of a two-mode system with Fock basis measurements on the sin/square
waveform classification task, and found that a significantly smaller number of features,
4 instead of 17, need to be measured on the quantum system compared to a classical
one. To explore the source of this advantage, we have simulated the quantum reservoir
in its classical limit by introducing a significant dephasing rate compared to the dissi-
pation rates during its dynamical evolution, which suppresses quantum coherences. In
the classical limit, the bosonic reservoir performance is degraded, 9 features need to
bemeasured in order to solve the task. From these tests, we could conclude that quan-
tum coherences play an important role in quantum reservoir computing, increasing
the number of accessible states for computation in the Hilbert space. Additionally, we
have studied the influence of shot noise stemming from the finite sampling of quan-
tum observables on the reservoir performance. We observed that with 4 measured
features, 109 measurements are required to recover 100% classification accuracy on
the sin/square task. To reduce this number, adaptive measurement schemes could be
considered, such as requiring less measurement samples for highly occupied states.
However, this motivates the consideration of learning frameworks in which less ob-
servables need to be measured, and we hoped training the physical parameters would
fulfill this need.

To improve on the performances of reservoir computing, we proposed in Chapter 5
to train physical coupling parameters between the modes. In order to obtain tunable
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parameters, we have introduced parametric coupling between the modes using three-
wave mixing interactions. This allowed us to tune photon conversion and two-mode
squeezing rates in the system. For the sake of computing efficiency, we have limited
ourselves to Gaussianmodes whose dynamics can be computedwithO(M3) time com-
plexity using the Heisenberg picture and Gaussian boson sampling, instead of the ex-
ponential time complexity arising in Schrödinger picture simulations. This enables us
to efficiently simulate a bosonic quantum neural network with the PyTorch package to
leverage its automatic differentiation functionality, and train the physical parameters
with gradient descent.

Our benchmarking of the two-modebosonic neural network on the sin/squarewave-
form classification shows that, despite the quadratic number of parameters, learning
allows to reduce the number of measured observables from 4 to 1, in order to solve
the task. Moreover, only 103 measurements are required to keep the same learning
performance. This advantage comes from the fact that in the bosonic quantum neural
network we measured a single Fock state with high occupation probability, whereas in
reservoir computing we needed to measure 4 states with lower occupation probabili-
ties overall. These results show that learning the coupling parameters greatly reduces
the resources required for data processing, after the initial training phase.

In the Section 5.7, we have investigated the performance of different input encoding
schemes. Because the sin/square task was solved with a single measured observable
and 2 coupled modes, we addressed a more complex task, that is spirals classification.
In order to have enough complex drive amplitudes to encode the input on, we increased
the number of coupled modes to 4.

We considered encoding into either the amplitude or phase of the complex drive
amplitudes, the photon conversion rates, or the two-mode squeezing rates. When
encoding into coupling parameters, the divergence of the photon number for certain
parameter combinations motivated an examination of the constructive or destructive
interference occurring when applying complex coupling rates. From the observed phe-
nomena, we devised clamping rules which kept the number of photons from diverging
during the training phase. After learning on the spirals task with application of the
clamping rules, we observed that encoding into the two-mode squeezing rate ampli-
tude or phase yielded the best performance, solving the spirals task with a single mea-
sured Fock state. This advantage can be attributed to its higher influence on the co-
variance matrix, compared to the photon conversion rate. The bosonic neural network
required the optimization of 38 parameters, while the smallest number of parameters
a 2-layer MLP requires to solve the same task is 79, illustrating the competitiveness of
the bosonic neural network.

Finally, in Section 5.8 we have addressed a more complex tasks, of handwritten dig-
its classification using both the trained bosonic quantum neural network and quantum



reservoir computing of equivalent sizes. We have observed an improvement of per-
formance with the trained network achieving 97% accuracy when measuring 12 Fock
states, compared to the quantum reservoir achieving at best 62.8% accuracy when
measuring 36 different Fock states. From these tests, we can conclude that training
increases the expressivity, and allows the trained network to solve tasks which are too
complex for the quantum reservoir.

However, the back-propagation training is not scalable, as it requires to classically
simulate the system todetermine the gradients. When training an experimental bosonic
QNN, the choice of the optimization method will be key to determining the resources
required for their training. For larger quantum neural networks, physics-compatible
training methods will be crucial, and research is very active in this field. For instance,
equilibrium propagation [84, 86] computes gradients of energy-basedmodels from the
activities of neurons that canbemeasuredon the physical system. It has been extended
to quantum models such as the Ising model and coupled bosonic modes by consider-
ing the expectation value of the Hamiltonian as the energy function to minimize [170].
Another promising physics-compatible training method is the forward-forward algo-
rithm [85], which replaces the forward and backward passes of back-propagation by
two forward passes, one with positive and the other with negative data.

In my PhD work, we have used Gaussian states for the bosonic QNN because they
are simulable in polynomial time with a classical computer, but physics-compatible
training methods would remove the constraint on needing a model of the experiment.
With non-Gaussian states, we could then increase the number of trainable parameters
by incorporating higher-ordermixing processes, such as four-wavemixing, and explore
more complex quantum states.

Finally, bosonic neural networksmaybe inherently less susceptible to barrenplateaus
than parameterized quantum circuits. This is expected due to themore structured way
in which information is encoded, avoiding fully random unitary evolutions, and the use
of parametric couplings that introduce trainable interactions without excessive scram-
bling, thereby preserving useful gradient information. Nevertheless, further research
is needed to fully understand their scalability, robustness to decoherence, and the po-
tential emergence of barren plateaus in larger architectures.



Chapter 7

Résumé en français

7.1 Introduction

Le cerveau est très efficace en traitement d’information et en résolution de diverse
tâches. En plus de la pensée logique, il gère plusieurs sortes de données sensorielles,
et peut résoudre des tâches sans être explicitement programmé pour. Désirant de
répliquer et même surpasser le pouvoir calculatoire du cerveau, les scientifiques ont
développé des modèles d’apprentissage inspirés de systèmes neuronaux biologiques:
c’était la naissance de l’apprentissage automatique.

Une neurone biologique est un oscillateur non-linéaire, recevant des pics de sig-
naux électriques d’autres neurones à travers des synapses. Chaque pic reçu contribue
à la charge de sa membrane, et à son propre potentiel électrique. Quand ce poten-
tiel dépasse une certaine limite, la neurone se décharge en émettant un pic de sig-
nal électrique elle-même. Les synapses peuvent exciter ou atténuer le signal qu’elles
transmettent, et l’apprentissage est associé avec un renforcement ou une atténuation
de leur poids. De plus, étudier des cerveaux avec des électroencéphalogrammes et
des champs magnétiques a révélé que des phénomènes tels que la synchronisation
d’oscillations de différentes neurones dans le cerveau sont associés à l’apprentissage
de paternes [1, 2, 3, 4].

Afinde à la fois comprendre le traitement biologiquede l’information et pour améliorer
lesméthodes actuelles d’apprentissage automatique, desmodèles dynamiques d’apprentissage
automatique sont en cours de recherche [5]. De plus, les premiers développements en
apprentissage automatique étaient basés sur desmodèles inspirés par la physique, tels
que les réseaux de Hopfield [6] et les machines de Boltzmann [7].

Cependant, le succès de l’apprentissage profond [8] sur plusieurs tâches de recon-
naissance d’images ou de traitement de langage a mené vers l’adoption générale de
modèles d’apprentissage automatiques simulés numériquement tels que les réseaux
de neurones artificielles (ANN) [9] qui implémentent les neurones en tant que fonc-
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tions non-linéaires, et les synapses en tant que valeurs scalaires et statiques. Beaucoup
d’avancées algorithmiques ont contribué à cette transformation, telles que l’adoption
de couches neuronales profondes pour augmenter l’expressivité (c’est-à-dire la capac-
ité à approximer une fonction arbitraire) des modèles d’apprentissage, et l’algorithme
de rétropropagation du gradient [10], qui permet des calculs analytiques efficaces de
gradients en simulation. Ces gradients calculés permettent l’entraînement de modèles
à travers des règles de descente de gradient.

Malgré leur influence toujours grandissante sur la technologie, les réseaux de neu-
rones simulés montrent certaines limites. Contrairement aux cerveaux qui à la fois
sauvegardent lamémoire des synapses et traitent l’information, l’architecture vonNeu-
mann d’ordinateurs conventionnels sépare leurs unités de mémoire et de calcul. En
conséquence, le transfert continuel d’information entre ces unités crée des surcoûts
significatifs en énergie et latence: ce phénomèneest connu comme le goulet d’étranglement
de von Neumann [11]. Ce problème combiné avec l’utilisation des ANN pour traiter
des jeux de données toujours grandissant a mené vers un entraînement de plus en
plus gourmand en énergie des modèles d’apprentissage modernes [12], au point que
Amazon et Google investissent en ce moment dans des centrales nucléaires, dans cet
unique but. Dans un contraste marquant, le cerveau humain opère avec une efficac-
ité énergétique remarquable, en consumant uniquement autour de 20W. Ces consid-
érations ont motivé l’exploration de systèmes neuromorphiques efficaces en énergie
implémentant des ANN sur des support physiques dédiés: ce domaine est appelé le cal-
cul neuromorphique. Différents supports physiques ont été étudiées dans ce but, tels
que lesmatrices croisées dememristors en électronique [14], lesmodulateurs spatiaux
de lumière en photonique [15], et les dispositifs spintroniques [16] pour en nommer
quelques-uns.

Nous illustrons comment les réseaux de neurones artificielles sont entraînés avec
des passes en avant pour calculer les prédictions et une optimisation basé sur les gradi-
ents, sur l’exemple du perceptron multicouche (MLP) représenté en Fig. 7.1a. Les neu-
rones appliquant une fonction d’activation non-linéaire f sont groupés par couches, qui
sont intégralement connectées entre elles à travers des connections linéaires synap-
tiques. Dans une passe en avant, la première couche encode un vecteur d’entrée x,
puis passe à travers multiples couches cachées, et la dernière couche donne la pré-
diction du réseau ȳ, qui est utilisée pour calculer une fonction de coût C. La fonction
de coût quantifie la différence entre la cible et la prédiction: le but d’un algorithme
d’apprentissage est de la minimiser, par rapport aux paramètres du modèle.

Dans les réseaux de neurones artificielles, les poids linéaires des connections synap-
tiques sont les paramètres dumodèle. La fonction de coûtC(θ,x) dépend d’un ensem-
ble de paramètres du réseau θ et des entrées x. L’optimisation par descente de gradi-
ent est basée sur le fait que l’extrême d’une fonction a un gradient nul. Elle a prouvé
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Figure 7.1: (a) Illustration d’un perceptron multicouche (MLP) avec trois couchescachées. Les entrées bidimensionnelles x (cercles verts) sont encodés dans les couchescachées (cercles bleus) avec des connections synaptiques linéaires (flèches), jusqu’auxprédictions bidimensionnelles ȳ (cercles rouges). Chaque couche cachée contient5 neurones, qui appliquent une fonction d’activation non-linéaire f . Les poids desconnections synaptiques constituent les paramètres du modèle. (b) Illustration del’algorithme de descente de gradient, pour l’optimisation d’une fonction de coût C(θ)par rapport à un paramètre unidimensionnel θ. En commençant depuis θ(0), leparamètre est mis à jour de manière itérative (croix rouges) avec la règle θ(n+1) =
θ(n)− γ∇θC(θ

(n)), où γ est un taux d’apprentissage. L’algorithme converge vers le min-imum de cette fonction, car plus il en approche, plus le gradient∇θC devient petit.

son efficacité pour entraîner des modèles larges d’apprentissage profond tel que GPT-
4 [17] ou ResNet [18]. Pour minimiser une fonction de coût C(θ,X) par rapport à un
jeu de donnéesX = {x}, un exemple d’algorithme de descente de gradient appelé de-
scente de gradient stochastique (SGD) met à jour demanière itérative l’ensemble initial
des paramètres θ(0) avec la relation

θ(n+1) = θ(n) − γ∇θC(θ
(n),x), (7.1)

où γ est un taux d’apprentissage défini entre 0 et 1, et l’entrée x est choisie aléatoire-
ment dans le jeu de données. Cette règle de mise à jour est montrée en Fig. 7.1b avec
une fonction de coût dépendant d’un paramètre unidimensionnel (pour la clarté vi-
suelle), et aucune entrée. Les gradients ∇θC(θ

(n),x) sont calculés avec l’algorithme
de rétropropagation de gradient. C’est l’algorithme le plus commun en apprentissage
automatique, et il est expliqué en Section 2.1.3.

D’un autre côté, il semble que les dispositifs quantiques ont le potentiel de trans-
former le futur dans plusieurs domaines du calcul. L’idée d’utiliser des systèmes quan-
tiques contrôlés précisément pour le calcul [19, 20] a pris forme durant la seconde révo-



lution quantique des années 1980, quand des expériences ont démontré des mesures
et manipulations sur des systèmes quantiques individuels [21]. Bien que les premières
applications conçues pour les ordinateurs quantiques se concentraient sur la simula-
tions de systèmes physiques, les résultats emblématiques de Peter W. Shor et Lov K.
Grover ont démontré que les ordinateurs quantiques pouvaient aussi surpasser les or-
dinateurs classiques dans certaines tâches algorithmiques, respectivement la factori-
sation en nombres premiers [22] et la recherche non-structurée [23]. Cette diversité
d’applications potentielles combinée avec la maitrise graduelle de la physique quan-
tique expérimentale des dernières décennies a motivé un intérêt grandissant pour la
construction d’ordinateurs quantiques utiles, à la fois dans les secteurs académiques
et industriels.

En conséquence, les chercheurs se sont demandés si combiner les dispositifs quan-
tiques et l’apprentissage automatique pourrait créer des résultats intéressants. Cette
thèse se place dans le contexte de l’apprentissage automatique quantique (QML), un
domaine de recherche qui s’est rapidement développé ces 10 dernières années.

7.2 Apprentissage automatique quantique

La perspective de l’apprentissage automatique quantique repose dans l’accroissement
exponentiel de l’espace des états (espace de Hilbert) des systèmes quantiques avec
le nombre de ses composants, tel que illustré Fig. 7.2 dans le cas d’un ensemble de
qubits. En contraste avec le calcul neuromorphique classique où un unique composant
correspond à une neurone et le couplage entre deux composants correspond à une
synapse, dans le régime quantique, les états de base peuvent être considérés comme
des neurones, et les probabilités de transition d’état peuvent être considérées comme
des synapses. Ce changement de paradigme fournit un espace des caractéristiques
(qui est un environnement conceptuel où chaque dimension représente une caractéris-
tique spécifique des données analysées ou utilisées dans les modèles d’apprentissage
automatique) qui est exponentiel par rapport à la taille des systèmes physiques. De par
cette propriété, il y a une espoir qu’apprendre avec des systèmes quantiques pourrait
produire des modèles d’apprentissage avec une expressivité plus élevée.

De plus, de multiples études empiriques et théoriques ont montré que les modèles
d’apprentissage quantiques on tendance à avoir une meilleure capacité à généraliser
(c’est à dire la capacité à bien traiter des données nouvelles) que des modèles clas-
siques [24, 25, 26]. Améliorer la capacité à généraliser est important pour des applica-
tions où de larges jeux de données fiables sont difficiles à obtenir.

Finalement, une perspective intéressante pour le calcul neuromorphique quantique
est d’apprendre sur des données quantiques. En effet, fournir des données quantiques
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Figure 7.2: Schéma de la croissance exponentielle de l’espace de Hilbert. L’espace deHilbert est représenté par le cercle bleu clair, et les petits cercles multicolores corre-spondent aux états collectifs de qubits. Des flèches les reliant symbolisent les proba-bilités de transition d’état. Le nombre d’états de base évolue en 2N , oùN est le nombrede qubits.
à un réseau de neurones classique requiert des mesures afin d’obtenir une représen-
tation classique de l’état quantique. Avec les réseaux de neurones quantiques, cela
serait simplifié car directement traiter les données quantiques avec un dispositif neu-
romorphique quantique pourrait être moins gourmand en ressources [27, 28, 29, 30].
Cela est particulièrement utile dans le contexte actuel d’une rapide évolution des tech-
nologies quantiques, où une large quantité de données quantiques doit être traitée
efficacement [31].

Deux approches principales ont émergé en apprentissage automatique quantique,
avec différentes méthodes d’optimisation: dans les circuits quantiques paramétrés
(PQC) les paramètres physiques sont entraînés, tandis que dans le calcul par réservoir
quantique (QRC) un systèmequantique non entraîné projette les données d’entrée vers
un espace dimensionnel plus grand, qui est ensuite classé par régression linéaire sur
un ordinateur classique.

7.2.1 Circuits quantiques paramétrés

Optimiser undispositif physiquepour une tâched’apprentissage automatique implique
l’exécution de passes en avant (où le dispositif émet une prédiction en fonction d’une
entrée) dont les prédictions sont utilisées pour calculer la fonction de coût C(θ). La
fonction de coût est minimisée par rapport aux paramètres du dispositif θ, qui cor-
respondent aux paramètres entraînables du modèle. Tandis que dans les réseaux
de neurones simulés classiques la première couche de neurones encode les entrées,
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Figure 7.3: Diagramme comparant les avantages (vert) et désavantages (rouge) dansdeux approches différentes à l’apprentissage automatique quantique. Les circuitsquantiques paramétrés implémentent l’apprentissage en entraînant des angles de ro-tation de porte logiques, tandis que les réservoirs quantiques utilisent un systèmequantique non entraîné pour projeter les données d’entrée vers un espace dimension-nel plus grand, qui est ensuite classé par régression linéaire sur un ordinateur clas-sique.

et les poids synaptiques sont les paramètres entraînés, dans les circuits quantiques,
les paramètres des portes logiques unitaires sont utilisés à la fois pour encoder les
entrées et fournir des paramètres entraînables. Une prédiction est obtenue à partir
d’observables mesurés, et une fonction de coût en est déduite. En utilisant un ordina-
teur conventionnel, des outils de l’optimisation classique tel que la descente de gradient
sont utilisés pour mettre à jour les paramètres des portes logiques. Une telle optimisa-
tion hybride dans les circuits quantiques paramétrés (PQC) [32] est illustrée en Fig. 7.4.

Dans les premières implémentation des PQC, les gradients étaient estimés avec des
approximations variationnelles du premier ordre

∇θC ≈
C(θ + dθ)− C(θ)

dθ
. (7.2)

Cette méthode était imprécise et en conséquence rendait difficile la convergence des
algorithmes d’optimisation vers une solution. Pour résoudre ce problème, des règles
de décalage de paramètre ont été trouvées, permettant de calculer analytiquement des
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Figure 7.4: Schéma de l’optimisation hybride d’un circuit quantique paramétré (PQC).Chaque ligne bleue correspond à un qubit. Pour évaluer une fonction de coûtC(θ), desportes logiques avec des paramètres θ transforment l’état du circuit, avec des opéra-tions unitaires Û(θ). Puis C(θ) est calculé à partir des observables mesurées dans lecircuit (boîtes violettes). Les mises à jour de paramètres sont calculées en utilisant desoutils de l’optimisation classique sur un ordinateur classique conventionnel, qui sontréinjectés dans les portes logiques pour la prochaine passe en avant.

gradients à travers deux passes en avant du PQC [33, 34]. Par exemple, le gradient par
rapport au paramètre θ d’une porte logique de rotation est [35]

∇θC(θ) =
1

2

(
C
(
θ +

π

2

)
− C

(
θ − π

2

))
. (7.3)

Les règles de décalage de paramètre ont amélioré la précision des gradients estimés
dans les PQC, ce qui en conséquence a augmenté leurs capacité à être finement ajustés [36].

Cependant, le large espace de Hilbert promettant une haute expressivité des cir-
cuits quantiques paramétrés est aussi à la source de problèmes dans leur optimisation.
En effet, lors de l’implémentation à grande échelle de PQC hautement expressifs, les
gradients mesurés avec les paramètres de décalage de gradient disparaissent expo-
nentiellement avec le nombre de dispositifs quantiques [37]. C’est le phénomène des
plateau stériles (BP), qui rend l’apprentissage des PQC impossible à grande échelle en
cemoment. Il y a une recherche très active pour chercher des architectures de PQC qui
pourraient éviter les plateaux désertiques à grande échelle [38, 39, 40, 41].

7.2.2 Calcul par réservoir quantique

Dans ce contexte, le calcul par réservoir quantique a été proposé par Ref. [42] pour
l’apprentissage avec des système quantiques. Il est directement inspiré du calcul par
réservoir (RC), une architecture développée pour aborder les difficultés d’entraînement



des réseauxdeneurones classiques lors du traitement de tâches dépendantes du temps [43,
44]. Le calcul par réservoir est appliqué dans un scénario d’apprentissage supervisé,
où le jeu de données en entrée X est associé à un jeu de données cible Y. Le but de
l’apprentissage est d’obtenir une prédiction Ȳ aussi proche que possible de la cible.
En substance, un ensemble de neurones avec des connections synaptiques aléatoires
et non entraînées (appelé le ’réservoir’) est utilisé pour projeter X sur un espace des
caractéristiques linéairement séparable durant la passe en avant, qui est ensuite classé
avec une régression linéaire.

Curieusement, le réservoir peut être remplacé par un systèmephysique, dans lequel
les entrées sont encodés à travers des signaux et les sorties sont obtenues enmesurant
certains observables. Le calcul par réservoir a d’abord été implémenté sur des sys-
tèmes physiques classiques, allant de l’électronique [45, 46, 47, 48], l’optique [49, 50],
à la spintronique [51, 52]. Dans le domaine du calcul neuromorphique avec des sys-
tèmes physiques, c’est particulièrement intéressant car l’algorithme de rétropropaga-
tion du gradient n’est pas compatible avec l’apprentissage dans le cerveau ou les dis-
positifs physiques. En effet la rétropropagation du gradient requiert la sauvegarde en
mémoire de la sortie de chaque couche de neurones, plutôt que juste la dernière. Dans
une architecture de calcul par réservoir, les seuls paramètres appris sont sauvegardés
dans un ordinateur classique, les rendant entraînable par n’importe quelle méthode
d’optimisation classique.

Dans leQRC le réservoir physique est dans le régimequantique, et ses hyperparamètres
sont fixés et aléatoires. Par exemple si le réservoir est un ensemble de spins, alors ses
hyperparamètres sont les forces de couplage entre paires de spins. Durant une passe
en avant, nous laissons sa dynamique évoluer librement pendant une durée donnée, et
mesurer certains observables fournit les caractéristiques de sortie du réservoir F(X).
La prédiction Ȳ = WF(X) est alors apprise en utilisant une régression linéaire, oùW

est la matrice des poids de sortie. Cet algorithme est illustré en Fig. 7.5.
Impartir l’optimisation vers une régression linéaire en simulation après le réservoir

quantique permet d’éviter l’apprentissage des paramètres du système quantique, et
donc évite les phénomènes de plateaux stériles. Cependant un réservoir est essen-
tiellement un réseau à une seule couche. Comme l’expressivité des réseaux de neu-
rones augmente avec son nombre de couches [53], l’expressivité des réservoirs quan-
tiques est donc limité comparé aux circuits quantiques paramétrés [54].

Donc, les propositions et implémentations actuelles deQRCn’ont pas commebut de
résoudre les mêmes tâches que celles pour lesquelles les PQC ont été conçu. À savoir,
leurs propositions principales pour des utilisations pratiques sont pour améliorer la
détection quantique et la tomographie [28, 27, 55, 56].
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7.3 Calcul par réservoir quantique avec les occupation
d’états de Fock d’états bosoniques

Tandis qu’unepartie de la communauté se concentre sur l’apprentissage avec des qubits
et leurs portes logiques, dans mon travail de doctorat je me suis concentré sur les
modes bosoniques. Unmode bosonique est un oscillateur harmonique quantique avec
des statistiques bosoniques. Son Hamiltonien est

Ĥ = ωâ†â, (7.4)
où ω est sa fréquence de résonance, et â est l’opérateur de champ. Les états pro-
pres de ces oscillateurs quantiques sont les états de Fock notés |n⟩, où n correspond à
un nombre de photons. Nos motivations pour utiliser des modes bosoniques dans le
calcul neuromorphique provient de leur plus grand nombre d’états de base par com-
posant physique: tandis que les qubits sont des systèmes à deux niveaux, les modes
bosoniques ont un nombre infini de niveaux d’énergie. En pratique, nous utiliserons
environ 10 niveaux d’énergie par mode.

Desmodes bosoniques peuvent être expérimentalement implémentés sur différents



supports physiques, tels que des systèmes opto-mécaniques [57], des résonateurs op-
tiques en anneau [58], et les circuits quantiques électro-dynamiques (cQED) [59]. Dans
ce manuscrit nous allons considérer les modes électromagnétiques de résonateurs
supraconducteurs [60], mais les résultats sont applicables à n’importe quel support
physique implémentant des modes bosoniques.

Figure 7.6: Schéma des niveaux d’énergies de deux modes bosoniques, avec desfréquences de résonance respectives ω1 et ω2. Nous choisissons d’appliquer à chaquemode des signaux proche de la résonance avec des amplitudes complexes ϵ1,2 et desdésaccords de fréquence δ1,2 afin de créer des états cohérents (cercles gris). Les modespeuvent être couplé paramétriquement en introduisant un élément non-linéaire, telqu’une jonction Josephson pour les circuits supraconducteurs [61, 62]. Nous consid-érons une mélange à trois ondes qui fournit deux couplages différents en fonction dela fréquence de pompe: de la conversion cohérente de photons et de la compression àdeux modes, représentés respectivement par les flèches vertes et jaunes. Un signal depompe appliqué à la différence de leurs fréquences crée de la conversion de photonsà un taux g (flèche verte), tandis que l’appliquer à la somme de leurs fréquences créeune compression à deux modes à un taux gs (flèche jaune).
Nous voulons implémenter un couplage accordable entre différents modes, afin de

contrôler leur réponsedynamique et potentiellement les entraîner en tant queparamètres
d’un modèle d’apprentissage. Dans ce but, les modes doivent d’abord être liés par
un élément non-linéaire: dans le cas du cQED ceci peut être réalisé avec une jonc-
tion Josephson, mais en optique des cristaux non-linéaires peuvent aussi remplir ce
rôle [63]. Nous choisissons dans ce manuscrit d’utiliser des signaux proche de la réso-
nance afin d’injecter des photons dans chaque mode individuellement, et des signaux
de pompe pour coupler différents modes à des taux dépendant de l’amplitude et la
phase du signal de pompe. Figure 1.6 illustre le cas de deux modes couplés, où appli-
quer des signaux aux fréquences des résonateurs ω1 et ω2 permet de créer des états
cohérents, et appliquer des pompes demélange à trois ondes aux fréquencesω1−ω2 ou
ω1 + ω2 crée respectivement de la conversion de photon et de la compression à deux
modes. La combinaison de ces phénomènes aboutit à des dynamiques accordables,
que nous exploitons pour le calcul neuromorphique.

Cependant, les dynamiques de ces oscillateurs sont linéaires. Cela pose un obsta-



cle à leur fonction de modèle d’apprentissage, qui nécessitent de la non-linéarité pour
séparer des données. Pour résoudre ce problème, des travaux précédant mon doc-
torat ont proposé d’introduire de l’effet Kerr [64, 65], ou d’encoder les entrées dans les
phases de pompes paramétriques [66]. Dans mon travail de thèse, nous nous sommes
intéressés à la non-linéarité de la mesure. Nous avons considéré des mesures dans
la base de Fock, ce qui nous permet d’extraire un grand nombre de caractéristiques.
C’est particulièrement intéressant pour le calcul par réservoir où tout l’apprentissage
est localisé sur la couche linéaire appliqué à ces caractéristiques. D’autres mesures
non-linéaires peuvent être considérés, tel que la mesure de parité [67], qui a l’avantage
de laisser le système dans une superposition d’états, mais fournit des mesures moins
facile à interpréter. La première partie de mon doctorat fut dédiée à la question de si
lamesure d’occupations d’états de Fock dans desmodes bosoniquesmènerait vers des
avancées pour les systèmesneuromorphiques quantiques. L’architecture d’apprentissage
automatiquequantiqueque j’ai choisi fut leQRC, à causede sa simplicité d’implémentation.

Dans la Section 4.3, j’ai montré que la non-linéarité de la mesure d’états de Fock
est suffisant pour résoudre des tâches références nécessitant de la non-linéarité tel
que la classification de signaux sinus et carrés. En outre, en comparent la performance
de réservoirs classiques sur la même tâche, nous avons montré que pour la même
puissance de calcul, un nombre plus petit de dispositifs physiques est requis dans le
réservoir quantique, et un nombre plus petit de quantités physiques doit être mesuré.
Finalement, nous observons que perdre la cohérence quantique baisse la performance
du réservoir, ce qui suggère son rôle clé dans l’exploration complète de l’espace des
caractéristiques.

Cependant, l’approcheduQRCa ses limites. Premièrement, beaucoupd’observables
doivent tout de même être mesurés pour avoir assez de caractéristiques de sortie sur
lesquelles apprendre. Cela pose un obstacle à un implémentation expérimentale, dans
laquelle mesurer même un unique observable est long à cause de la nature stochas-
tique des mesures quantiques. Deuxièmement, apprendre une unique couche linéaire
donne une expressivité limitée au réservoir; des contraintes similaires ont aussi été
identifiées dans le calcul par réservoir classique [68]. Bien que dans le cas asymp-
totique, le théorème d’approximation universel [69] garantit qu’une profondeur ou
largeur de couches de neurones suffisamment large permet à un réseau de neurones
d’approximer n’importe quelle fonction cible, il a été observé que la profondeur joue
en général un rôle plus conséquent que la largeur [70, 71]. À titre d’illustration, nous re-
marquons que les modèles d’apprentissage modernes tels que GPT-4 utilisent environ
cent couches de neurones [72].



7.4 Réseau de neurones quantiques analogue avec des
modes bosoniques Gaussiens

Dans ce contexte, j’ai passé la seconde partie demon doctorat à développer unmodèle
numérique pour apprendre les paramètres du système quantique à travers la rétro-
propagation du gradient et la descente de gradient. Avant de commencer ce travail, la
question que nous cherchions à résoudre était de savoir si entraîner les amplitudes,
phases et désaccords de fréquence des couplages paramétriques serait suffisant pour
apprendre des tâches, et améliorer la performance du QRC.

Comme la descente de gradient implique l’exécution de multiples passes en avant,
cette méthode de simulation pour le système physique devrait être rapide à grande
échelle. Cela peut être difficile pour les modes bosoniques d’intérêt, car l’espace de
Hilbert exponentiellement grand des systèmes quantiques rend leur simulation clas-
sique complexe. L’état d’un système quantique ouvert interagissant faiblement avec
un environnement Markovien [73] est modélisé par une matrice densité ρ̂, obéissant à
l’équation maîtresse de Lindblad

dρ̂

dt
= − i

ℏ
[Ĥ(t), ρ̂(t)] +

∑
k

1

2
[2Ĉkρ̂(t)Ĉ

†
k − ρ̂(t)Ĉ†

kĈk − Ĉ†
kĈkρ̂(t)]

= L(ρ̂),
(7.5)

où Ĥ est l’Hamiltonien hermitien, et Ĉk sont des opérateurs de transition décrivant
différents phénomènes de couplage avec l’environnement. L est un super-opérateur
décrivant la dynamique.

Bien qu’il existe des librairies telles que Dynamiqs [74] et torchdiffeq [75] implé-
mentant la rétropropagation de gradient sur des solveurs d’équations différentielles,
le temps de calcul de cette méthode augmente exponentiellement avec le nombre de
modes et d’états de base occupés. C’est parce que lamatrice densité deM modes a une
taille croissant exponentiellement avec nH, où nH est la limite de l’espace de Hilbert.

En conséquence, pas plus que 2-3 modes peuvent être simulés efficacement sans
des techniques d’approximation telles que les cumulants tronqués [55, 76] ou là représen-
tation positive-P [77], qui sont toutes les deux peu fiables pour des temps d’évolution
longs. Un de nos buts sera de traiter des jeux de données temporelles, donc le système
quantique subira des évolutions dynamiques longues afin de se remémorer des en-
trées précédentes. Nous n’avons donc pas appliqués ces techniques d’approximation.
Nous n’avons pas non plus appliqué des méthodes de réseaux de tenseurs [78, 79], car
dans le contexte de ma thèse, nous nous sommes intéressés dans des états Gaussiens
qui peuvent être simulé efficacement pour un large nombre de modes.

Un état gaussien a une distribution gaussienne dans l’espace des phases, comme
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montré en Fig. 1.7. Cette distributionpeut être complètement caractérisée par le vecteur
de déplacement αR ∈ C2M et la matrice de covariance σR ∈ C2M×2M . Cela veut dire
qu’un nombre polynomial de variables définit l’état, rendant sa simulation possible clas-
siquement. En nous inspirant du travail de Ref. [80] pour efficacement simuler la dy-
namique de modes gaussiens, et de Ref. [81] pour analytiquement calculer les occu-
pations d’états de Fock dans des distributions gaussiennes, j’ai développé une librairie
Python permettant la simulation numérique efficace de la dynamique et des mesures
en base de Fock de modes Gaussiens, avec la librairie PyTorch.

Un désavantage de cette méthode est que l’on ne peut pas simuler des termes non-
linéaires dans l’Hamiltonien du système, comme ils créent des états non-Gaussiens.
Cela restreint le nombre de signaux de pompe que nous voudrions introduire afin
d’ajouter des couplages accordables: les seuls que nous pourront permettre seront
la conversion cohérente de photon et la compression à deux modes. Donc le but
de cette seconde partie de doctorat fut d’établir si il y a un avantage en terme de
nombre d’observables mesurés et d’expressivité quand l’on apprend avec des modes
bosoniques comparé au QRC, même avec un nombre quadratique de paramètres en-
traînés θ.

Dans ce but nous utilisons unmodèle analogue, donc nous n’utilisons pas unemulti-
tude de portes logiques. Plutôt qu’appliquer un séquence d’évolutions Lindbladiennes



Lk chacunes avec un ensemble différent de paramètres θk, nous en appliquons une
unique et exploitons la complexité de la dynamique. Les deux différentes approches
sont illustrées en Fig. 7.8. Notre choix d’un algorithme analogue provient de sa sim-
plicité relative: pour mettre en avant les avantages de l’apprentissage avec des modes
bosoniques, nous n’avons pas besoin d’utiliser plusieurs portes logiques paramétrées.

(a) (b)
Figure 7.8: Deux différentes approches en termes de circuits pour contrôlerparamétriquement des modes bosoniques. Chaque ligne bleue correspond à ununique mode. (a) Calcul analogue, dans lequel tous les paramètres θ de l’évolutionLindbladienne décrits par le super-opérateurL sont fixes. (b) Calcul basé sur des porteslogiques avec trois portes dans cet exemple, où une séquence d’évolutions Lindbladi-ennes décrits par les super-opérateursLk ont chacun leur ensemble de paramètres θk.L’ensemble total des paramètres est donc θ = {θk}k∈[1,3].

Nous expliquons les avantages d’apprendre les paramètres physiques dans le Chapitre 5.
Nous observons que l’apprentissage résout effectivement les limites du QRC, en le fait
quemoins d’observables doivent êtremesurés pour résoudre des tâches, et l’expressivité
plus haute permet au réseau de neurones quantiques de traiter des tâches bien plus
dures que précédemment possible telle que la classification de chiffres DIGITS [82]. En
outre, une étude du choix de paramètre d’encodage est présentée, où nous montrons
qu’encoder dans les taux de compression à deux modes augmente la performance sur
des tâches hautement non-linéaires.

Ces résultats démontrent que apprendre avec des modes bosoniques est une per-
spective prometteuse en calcul neuromorphique quantique. Grâce à leur large espace
de Hilbert et aux couplages paramétriques, leur dynamique complexe peut être ex-
ploitée pour approximer des données non-triviales, et agir en tant que mémoire. Dans
des recherches futures, utiliser les qubits en conjonction avec des modes bosoniques
pourrait être utile pour créer des états non-Gaussien complexes à travers des pro-
tocoles de mesure. Aller d’algorithmes analogues vers des algorithmes basé sur des
portes logiques permettra également d’élargir la diversité des tâches pouvant être ré-
solues.

Dans ces travauxnous avons entraîné une simulation numériquedemodes bosoniques
couplés avec la rétropropagation du gradient, mais dans le cas d’une implémentation
sur un support physique cet algorithme n’est pas accessible. Le calcul de gradients



avec des règles de décalage de paramètres n’est pas une option non plus, comme au-
cun d’entre eux n’a été établi pour les modes bosoniques avec des mesures d’états
de Fock. Nous pourrions considérer un apprentissage hors-ligne, dans lequel tout
l’apprentissage est fait dans une simulationnumériquedu systèmephysique. Les paramètres
appris de cette façon peuvent être injecté dans le système physique pour l’inférence.
Deux problèmes principaux surviennent dans cette approche: (i) augmenter l’échelle
est complexe car simuler un grand système quantique est difficile, et (ii) des déviations
inévitables de la simulation à l’expérience baissent son efficacité. Le deuxième prob-
lème peut être atténué en utilisant une algorithme d’apprentissage hybride développé
par Ref. [83], où les passes en avant sont effectuées dans le système physique (même
durant l’entraînement), mais sa simulation est utilisée pour calculer les gradients. Cette
méthode est plus précise que l’apprentissage hors-ligne.

Quoi qu’il en soit, calculer des gradients avec la rétropropagation de gradients n’est
pas possible à grand échelle, comme cela requiert une simulation classique du système,
si les états du système sont non-Gaussiens. Pour entraîner un réseau de neurones
bosoniques en expérience, il sera donc crucial d’explorer desméthodes d’entraînement
compatible avec la physique, sur lesquelles la recherche est très active actuellement [84,
85, 86]. Explorer des modes non-gaussiens pour l’apprentissage automatique quan-
tique permettra à la dynamique d’être plus complexe à simuler, ce qui pourrait se
traduire par un avantage par rapport aux modèles d’apprentissage classiques [87].
Ajouter des non-linéarités d’ordre supérieur à deux pourra aussi fournir d’avantage
de paramètres à entraîner.

Finalement, une rechercheplus approfondie sur la susceptibilité aux plateauxdéser-
tiques des réseaux de neurones bosoniques devrait être poursuivie. À cause de la
manière structurée avec laquelle l’espace deHilbert est exploré durant leur dynamique,
il est possible que l’information sur le gradient ne soit pas perdue lorsque la taille du
système augmente.



Appendix A

Dispersive measurement of Fock
states with a qubit in experiment

Experimentally, Fock state occupations in the bosonic modes would be measured by
coupling a qubit to eachmode, and using a dispersive readout. The dispersive coupling
of a bosonic mode â to a qubit is modeled by the Hamiltonian [140]

Ĥ = ℏωâ†â+
ℏωq
2
σ̂z − ℏχâ†âσ̂z, (A.1)

where ωq is the bare qubit frequency, and χ is a dispersive shift that makes the qubit
resonance frequency depend on the number of photons in the mode. For instance, if
the bosonic mode state is the Fock state |n⟩, then partially tracing the bosonic mode
system yields the qubit Hamiltonian

Ĥq = Tr
(
Ĥ |n⟩⟨n|

)
= ℏωn+

ℏωq
2
σ̂z − ℏχnσ̂z

= ℏωn+

(
ℏωq
2
− ℏχn

)
σ̂z,

(A.2)

and we see the qubit resonance frequency is shifted by a factor ℏχn. Furthermore, it
is possible to simultaneously measure multiple Fock states using frequency multiplex-
ing [171].
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