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Résumé: Les systémes quantiques ont le
potentiel d'améliorer les techniques informa-
tiques classiques de pointe, grace a des pro-
priétés telles que la superposition et l'intrication.
Leur combinaison avec des cadres d'intelligence
arti cielle pourrait améliorer de nombreux do-
maines du traitement des données quantiques,
tels que la reconnaissance automatique des
états quantiques et le contrdle des dispositifs
quantiques. Malgré des résultats prometteurs
obtenus avec les réseaux de neurones quan-
tiques, des dé s majeurs subsistent : (i) la mise
en oeuvre d'architectures comportant un grand
nombre de neurones et de parameétres entrain-
ables sur le matériel quantique actuel, et (ii)
I'entrainement able de ces modéles, ou des
problémes tels que les 'barren plateau’ dans les
fonction de colt peuvent supprimer les gradi-
ents et entraver l'apprentissage. En eet, la
résolution de taches complexes nécessite un
grand nombre de neurones densément connec-
tés par de nombreux paramétres entrainables,
ce qui est di cile aréaliser sur du matériel quan-
tique.

Dans cette thése, nous envisageons la mise en
oeuvre de réseaux de neurones quantiques avec
des modes bosoniques couplés. Nous obtenons
un grand nombre de neurones en considérant
les probabilités d'état de Fock comme carac-
téristiques de sortie, et des parameétres entrain-
ables en couplant paramétriguement les modes,
grace a di érents processus de mélange a trois
ondes tels que la conversion cohérente de pho-
tons et le squeezing entre deux modes.

An dentrainer le systéme quantique, nous
explorons deux approches : (i) le calcul par
réservoir, qui contourne l'entrailnement des
paramétres physiques, et (i) I'entrainement
direct des couplages paramétriques par de-
scente de gradient. La dynamique intrinséque
des modes bosoniques étant linéaire, la non-
linéarité ne provient que des mesures d'états
de Fock. Nous constatons que cette non-
linéarité induite par la mesure est remarquable-
ment expressive : en utilisant seulement deux
oscillateurs quantiques, nous pouvons extraire
un ensemble su sant de caractéristiques non

linéaires pour apprendre des taches qui néces-
sitent généralement environ 20 neurones dans
un réseau classique, notamment la classi cation
de signaux sinus/carré et la prédiction de séries
temporelles Mackey-Glass.

Cependant, le calcul quantique par réservoir
se heurte a deux limites principales : comme
tous les poids entrainables résident unique-
ment dans le post-traitement classique des ré-
sultats de mesure, obtenir de bonnes perfor-
mances nécessite de mesurer un grand nom-
bre de caractéristiques, et son expressivité est
limitée par son architecture monocouche. Pour
remédier a cela, nous entrainons directement
les paramétres de mélange a trois ondes; pour
une simulation e cace, nous limitons la dy-

namique interne aux modes gaussiens et util-
isons la rétro-propagation pour l'optimisation.

Nous montrons que cette approche apprend ef-

cacement : bien que le nombre de parameétres

entrainables évolue linéairement avec le nom-
bre de modes, le nombre de caractéristiques
mesurées requis baisse par rapport au calcul
par réservoir, I'expressivité augmente et, avec le
méme nombre de modes, nous résolvons des
taches plus di ciles que la base de référence du

réservoir.

Cette thése a démontré que les réseaux de neu-
rones quantiques bosoniques constituent une
voie prometteuse vers un apprentissage e -
cace sur le plan matériel et a fourni des out-
ils théoriques permettant de comprendre com-
ment ils apprennent, et améliorer leurs perfor-
mances. A l'avenir, I'addition dans I'Hamiltonien
de non-linéarités d'ordre supérieur telles que
les processus Kerr permettrait de pousser le
systéme au-dela du régime gaussien, libérant
ainsi des ressources non gaussiennes et un es-
pace de caractéristiques e ectif plus vaste. Dans
une perspective plus large, il sera important
d'étudier leur susceptibilité aux barren plateaus
etd'identi er les conditions dans lesquelles le di-
mensionnement du gradient reste favorable.
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Abstract: Quantum systems have the po-
tential to improve state of the art classical com-
puting techniques, thanks to properties such as
superposition and entanglement. Combining
them with machine learning frameworks could
enhance many domains of quantum data pro-
cessing such as automatic recognition of quan-
tum states and the control of quantum devices.
Despite early promising results with quantum

neural networks (QNNSs), key challenges remain:

(i) implementing architectures with a large num-
ber of neurons and trainable parameters on cur-
rent quantum hardware, and (ii) reliably training
such models, where issues like barren plateaus
in the loss landscape can suppress gradients and
hinder learning. Indeed solving complex tasks
requires a large number of neurons densely con-
nected by many trainable parameters, which is
hard to achieve on quantum hardware.

In this thesis, we consider the implementation of
quantum neural networks with coupled bosonic
modes. We obtain a large number of neurons
by considering the Fock state probabilities as
output features, and trainable parameters by
coupling the modes parametrically, through si-
multaneous three-wave mixing processes such
as coherent photon conversion and two-mode
squeezing.

In order to train the quantum system, we ex-
plore two approaches: (i) quantum reservoir
computing, which sidesteps training of the phys-
ical parameters, and (ii) direct training of the
parametric couplings via gradient descent. Be-
cause the intrinsic dynamics of coupled bosonic
modes are linear, nonlinearity arises solely
through Fock basis measurements. We nd
that this measurement-induced nonlinearity is
remarkably expressive: using only two quantum
oscillators, we can extract a su cient set of non-
linear features to learn tasks that typically re-

quire on the order of 20 neurons in a classi-
cal network, including sine/square classi cation
and Mackey-Glass time series prediction.
However, quantum reservoir computing faces
two main limitations: because all trainable
weights reside solely in the classical post-
processing of measurement outcomes, achiev-
ing good performance typically requires mea-
suring a large number of features, and its ex-
pressivity is constrained by its essentially single-
layer architecture. To address this, we train the
three-wave mixing parameters directly; for sim-
ulation e ciency we restrict the internal dynam-
ics to Gaussian modes and use backpropaga-
tion for end-to-end optimization. We show that
this approach learns e ectively: although the
number of trainable parameters scales only lin-
early with the number of modes, the number
of measured features needed is reduced com-
pared to reservoir computing, the expressivity is
increased, and with the same number of modes
we solve harder tasks than the reservoir base-
line.

This thesis has shown that bosonic quan-
tum neural networks are a promising route to
hardware-e cient learning and has provided
theoretical tools to understand how they learn
and how to improve their performance. Looking
ahead, enriching the Hamiltonian with higher-
order nonlinearities such as Kerr, cross-Kerr or
engineered multi-photon processes, would push
the system beyond the Gaussian regime, unlock-
ing non-Gaussian resources and a larger e ec-
tive feature space. As a further perspective, it
will be important to probe their susceptibility to
barren plateaus and identify conditions under
which gradient scaling remains favorable.
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Chapter 1
Introduction

The brain is incredibly e cient at processing information and performing di erent
tasks. Aside from logical thought, it handles many di erent kinds of sensory inputs, and
can solve tasks without being explicitly programmed to do so. Desiring to replicate and
even surpass the brain's computing power, scientists have developed learning models
inspired from biological neurological systems: this was the birth of machine learning.

A biological neuron is a non-linear oscillator, receiving electrical spike signals from
other neurons through synapses. Each received spike contributes to charging its mem-
brane, and to its own voltage. When this voltage exceeds a threshold, the neuron
discharges by emitting a spike signal itself. Synapses can excite or inhibit the signal
they transmit, and learning is associated with a reinforcement or weakening of their
strengths. Furthermore, imaging brains with electro-encephalograms and magnetic
elds has revealed that phenomena such as synchronization of oscillations of di erent
neurons in the brain are associated to pattern recognition [1, 2, 3, 4].

In order to both understand biological information processing and nd improve-
ments to current machine learning methods, dynamic models of neural networks are
being investigated [5]. Furthermore, early developments in machine learning were
rooted in physics-inspired models such as Hop eld networks [6] and Boltzmann ma-
chines [7].

However, the success of deep learning [8] on various image recognition or language
processing tasks has led to widespread adoption of software-based machine learning
models such as arti cial neural networks (ANN's) [9] which implement neurons as non-
linear functions, and synapses as static, scalar values. Many algorithmic advances con-
tributed to this shift, such as the adoption of deep neuron layers to increase the ex-
pressivity (i.e the ability to t an arbitrary function) of learning models, and the back-
propagation algorithm [10], which allows e cient analytical computations of gradients
in software. These computed gradients enable model training through gradient de-
scent rules.



Despite their ever-growing in uence on technology, software neural network mod-
els exhibit some limitations. Contrary to brains which both store memory in the synapses
and process information, the von Neumann architecture of conventional computers
separates their memory and computing units. The resulting back-and-forth travel of
data between these units when training ANN creates signi cant energy and latency
overheads: this phenomenon is known as the von Neumann bottleneck [11]. This bot-
tleneck combined with the use of ANN to process ever larger datasets has resulted
in increasingly energy-intensive training of modern learning models [12], so much that
Amazon and Google are now investing in nuclear power plants to this end alone [13]. In
stark contrast, the human brain operates with remarkable energy e ciency, consuming
merely around 20 W. These considerations have motivated the exploration of energy-
e cient neuromorphic systems implementing ANN on dedicated physical hardware:
this eld is called neuromorphic computing. Di erent platforms have been studied for
this use, such as memristor crossbar arrays in electronics [14], spatial light modulators
in photonics [15], and spintronic devices [16] to name just a few.
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Figure 1.1: (a) Sketch of a Multi-Layer Perceptron (MLP) with three hidden layers. The
2-dimensional inputs X (green circles) are fed forward into the hidden layers (blue cir-
cles) with linear synaptic connections (arrows), up to the two-dimensional prediction

y (red circles). Each hidden layer contains 5 neurons, which apply a non-linear activa-
tion function f. The weights of synaptic connections make up the model parameters.

(b) lllustration of the gradient descent algorithm, when optimizing a cost function C( )

with respect to a one-dimensional parameter . Starting from @ the parameter is
iteratively updated (red crosses) with therule ™D = ® ¢ ™) where isa
learning rate. The algorithm converges to the minimum of this function, as the closer

it gets, the smaller the gradient r C becomes.

We illustrate how arti cial neural networks are trained with forward passes to com-
pute predictions and gradient-based optimization, on the example of a Multi-Layer Per-
ceptron (MLP) depicted in Fig. 1.1a. Neurons applying a non-linear activation function



f are grouped by layers, which are fully connected to each other through linear synap-

tic connections. In a forward pass, the rst layer encodes a vector input X, then passes
through multiple hidden layers, and the last layer yields the network prediction y, which
is used to compute a cost function C. The cost function continuously quanti es the dif-
ference between the target and the prediction: the goal of a learning algorithm is to
minimize it, with respect to the model parameters.

In arti cial neural networks, the linear weights of synaptic connections are the model
parameters. The cost function C( ; X) depends on a set of network parameters and
inputs X. Gradient descent optimization is based on the fact that extrema of a function
have zero gradient. It has proven its e ciency in training large deep learning models
such as GPT-4 [17] or ResNet [18]. To minimize a cost function C( ; X) with respect to a
dataset X = fxg, an instance of gradient descent algorithms called stochastic gradient
descent (SGD) iteratively updates the initial set of parameters © according to

(n+1) —  (n) r C( (n) ;X); (1.1)

with alearning rate de ned between 0 and 1, and the input X is chosen randomly from

the dataset. This update rule is shown in Fig. 1.1b with a cost function depending on

a one-dimensional parameter (for visual clarity), and no input. Gradients r C( ) 1 X)
are computed with the back-propagation algorithm. It is the most common algorithm

in machine learning, and will be explained in Section 2.1.3.

On the other hand, it seems like quantum devices have the potential to shape the
future in many elds of computing. The notion of using nely controlled quantum sys-
tems for computation [19, 20] was conceived during the second quantum revolution
in the 1980s, when experiments demonstrated measurements and manipulation of
individual quantum systems [21]. Although the rst applications considered for quan-
tum computers focused on simulating physical systems, landmark results by Peter W.
Shor and Lov K. Grover demonstrated that quantum computers could also outperform
classical computers in certain algorithmic tasks, respectively solving integer factoriza-
tion [22] and unstructured search [23]. This diversity of potential applications com-
bined with the gradual mastery of experimental quantum physics in the past decades
has driven intense interest in building useful quantum computers, in academic and
industrial sectors alike.

Consequently, researchers have wondered if combining quantum devices and ma-
chine learning could produce interesting results. This thesis falls within the context of
guantum machine learning (QML), a research eld that has been quickly developing for
the past 10 years.



1.1 Quantum machine learning

The prospect of quantum machine learning lies in the exponential growth of the state
space (Hilbert space) of quantum systems with the number of its constituents, as illus-
trated in Fig. 1.2 for the case of a qubit ensemble. In contrast to classical neuromorphic
computing where a single device corresponds to a neuron and the coupling between
two devices to a synapse, in the quantum realm, basis states can be considered as
neurons, and the hopping probabilities between states as synapses. This change of
paradigm provides a feature space (a feature space is a conceptual environment where
each dimension represents a speci c feature of the data being analyzed or used in ma-
chine learning models) that is exponential in the size of the physical system. Due to this
property, it is hoped that learning on quantum systems may produce learning models
with higher expressivity.

Figure 1.2: Sketch of the exponential growth of the Hilbert space. The Hilbert space is
represented by the big light blue circle, and small multi-colored circles correspond to
joint qubit states. Arrows linking them symbolize hopping probability amplitudes. The
number of basis states scales as 2 N, where N is the number of qubits.

Moreover, multiple empirical and theoretical studies have shown that quantum
learning models tend to have better generalization capacity (i.e the ability to perform
well on unseen data) than classical models [24, 25, 26]. Improving the generalization ca-
pacity is important in applications where large datasets corresponding to real-life data
are di cult to obtain.

Finally, an interesting perspective for quantum neuromorphic computing is learn-
ing on quantum data. Indeed, providing quantum data to a classical neural network
requires a measurement in order to obtain a classical representation of the quantum
state. With quantum neural networks, this would be simpli ed as directly process-
ing the quantum data with a quantum neuromorphic device could be less resource-



intensive [27, 28, 29, 30]. This is particularly useful in the context of rapidly evolving
guantum technologies, where a large amount of quantum data needs to be processed
e ciently [31].
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Figure 1.3: Diagram comparing advantages (green) and disadvantages (red) in two dif-
ferent approaches of quantum machine learning. Parameterized quantum circuits im-
plement learning by training rotation gate angles, while quantum reservoirs use an
untrained quantum system to project the input data into a higher dimensional space,
which is then classi ed by linear regression on a classical computer.

Two main approaches have emerged to quantum machine learning, with di erent
optimization methods: in parameterized quantum circuits (PQC) the physical parame-
ters are trained, while in quantum reservoir computing (QRC) an untrained quantum
system projects input data into a higher dimensional space, which is then classi ed with
linear regression executed on a classical computer.

1.1.1 Parameterized quantum circuits

Optimizing a hardware device for a machine learning task involves executing forward
passes (where the device issues a prediction given an input) whose predictions are used
to compute the cost function C( ). The cost function is minimized with respect to device
parameters , which correspond to the model's trainable parameters. While in classical
software neural networks the rst neuron layer encodes inputs, and synaptic weights




Figure 1.4: Schematic of the hybrid optimization of a parameterized quantum circuit
(PQC). Each blue line corresponds to a qubit. To evaluate a cost function C( ), gates
of parameters transform the circuit state, with unitary operation O(). Then C()
is computed from the observables measured on the circuit (purple boxes). Parameter
updates are computed using classical optimization tools on a conventional classical
computer, which are re-injected into the gates for the next forward pass.

are learnable parameters, in quantum circuits, the unitary gate parameters are used to
both encode inputs and provide learnable parameters. A prediction is obtained from
measured observables, and a cost function is inferred from it. Using a conventional
computer, classical optimization tools like gradient descent are used to update the gate
parameters. Such hybrid optimization in parameterized quantum circuits (PQC) [32] is
illustrated in Fig. 1.4.

In the rstimplementations of PQC, gradients were estimated using their rst de-
gree variational approximation

C(+d) €O
d

(1.2)

This method was imprecise and consequently made it di cult for optimization algo-

rithms to converge to a solution. To work around this issue, parameter shift rules have

been found, allowing to compute analytical gradients via two PQC forward passes [33,

34]. For instance, the gradient with respect to the parameter of a rotation gate is [35]
1

C()= -C + - C = 1.3
rcO= 5 5 5 (L3)
Parameter shift rules have improved the precision of estimated gradients in PQC, which

in turn has enhanced their ne-tuning capabilities [36].

However, the large Hilbert space promising high expressivity of parameterized quan-



tum circuits is also at the source of problems in their optimization. Indeed when scaling
up the size of highly expressive PQC, measured gradients through parameter shift rule
vanish exponentially with the number of quantum devices [37]. This phenomenon is
known as barren plateaus (BP), and makes training PQC infeasible at scale for the mo-
ment. Research is very active in looking for PQC frameworks which avoid vanishing
gradients at scale [38, 39, 40, 41].

1.1.2 Quantum reservoir computing

In this context, quantum reservoir computing was proposed by Ref. [42] for learning
with quantum systems. It is directly inspired by reservoir computing (RC), a framework
developed to address challenges in training classical arti cial neural networks when
tackling time-dependent tasks [43, 44]. Reservoir computing is applied in the super-
vised learning scenario, where the input dataset X is associated to a target dataset Y.
The goal of training is to obtain a prediction Y that matches the target as close as pos-
sible. In essence, a set of neurons with random and untrained synaptic connections
(called the 'reservoir’) are used to project X onto a linearly separable feature space
during the forward pass, which is then classi ed with a linear regression.

Interestingly, the reservoir can be replaced by a physical system, in which the in-
puts are encoded through some drives and the outputs are obtained by measuring
some observables. It has rst been implemented on diverse classical physical systems,
ranging from electronics [45, 46, 47, 48], optics [49, 50] and spintronics [51, 52]. In the
eld of neuromorphic computing with physical systems, this is particularly interesting
because the back-propagation algorithm is not compatible with learning in the brain
or physical devices. Indeed back-propagation requires storing the output of every neu-
ron layer, instead of just the nal one. In a reservoir computing framework, the only
learned parameters are stored in a classical computer, making them trainable by any
classical optimization scheme.

In QRC the physical reservoir is in the quantum regime, and its hyper-parameters
are xed and random. For instance if the reservoir is a spin ensemble, then its hyper-
parameters can be spin to spin coupling strengths. During a forward pass we let its dy-
namics freely evolve for a set amount of time, and measuring some observables yields
the reservoir's output features F(X). The prediction Y = WF(X) is then learned using
a linear regression, where W is the output weight matrix. This algorithm is illustrated
in Fig. 1.5.

Outsourcing the optimization onto a software linear regression after the quantum
reservoir avoids learning the quantum system parameters, and thus avoids barren
plateaus. However a reservoir is in essence a single layer network. Since the expres-
sivity of neural networks scales with their number of layers [53], the expressivity of



Figure 1.5: Sketch of the quantum reservoir computing algorithm. The input dataset
X is encoded into the quantum system dynamics. The system now called reservoir
freely evolves, until some observables are measured to obtain a physical feature vector
F(X). Recurrent connections between the reservoir neurons (the quantum system's
basis states | i) symbolize the memory property of the reservoir, stemming from its
dynamics. Multiplication of the feature vector F(X) by a matrix W yields the prediction
Y. W is learned through linear regression, while the reservoir's hyper-parameters are
xed and random.

guantum reservoirs is thus limited compared to parameterized quantum circuits [54].
Thus, current QRC proposals and implementations do not aim to solve all of the

same tasks for which PQC were conceived. Namely, their main practical implementa-

tion proposals are for enhancing quantum sensing and tomography [28, 27, 55, 56].

1.2 Quantum reservoir computing with Fock state oc-
cupations of bosonic modes

While a part of the community focuses on learning with qubits and their gate opera-
tions, in my PhD work | have focused on bosonic modes. A bosonic mode is a quantum
harmonic oscillator with bosonic statistics. Its Hamiltonian is

K =1a Ya; (1.4)

where ! isits resonance frequency, and & is the eld operator. The eigenstates of these
guantum oscillators are Fock states denoted jni, where n corresponds to a number of
photons. Our motivation for using bosonic modes in neuromorphic computing stems

from their higher number of basis states per physical device: while qubits are two-level
systems, bosonic modes have an in nite number of energy levels. In practice, we will



use of the order of 10 levels per bosonic modes.

Bosonic modes can be experimentally implemented in di erent physical systems,
such as optomechanics [57], optical ring resonators [58] and circuit quantum electrody-
namics (CQED) [59]. In this thesis we will consider electromagnetic modes of supercon-
ducting resonators [60], but the results are applicable to any hardware implementing
bosonic modes.

Figure 1.6: Sketch of energy levels of two bosonic modes, with respective resonance
frequencies ! ; and ! ,. We choose to apply to each mode nearly resonant drives of
complex amplitudes 3., and frequency detunings 1., in order to create coherent states
(gray circles). The modes can be coupled parametrically by introducing a nonlinear ele-
ment, such as the Josephson junction in superconducting circuits [61, 62]. We consider
a three-wave mixing that yields two coupling processes depending on the pump fre-
guency: coherent photon conversion and two-mode squeezing, represented respec-
tively by the green and yellow arrow. A pump tone applied at the di erence of their
frequencies creates photon conversion at a rate g (green arrow), while applying it to
the sum of their frequencies creates two-mode squeezing atarateg  ° (yellow arrow).

We want to implement a tunable coupling between bosonic modes, in order to con-
trol their dynamic response and potentially train them as parameters of a learning
model. To this end, they must rst be connected by a non-linear element: in the case
of cQED this can be done with a Josephson junction, but in optics non-linear crystals
can also Il this role [63]. We chose in this thesis to use nearly resonant drives in order
to inject photons in each individual mode, and pump tones to couple di erent modes
at rates depending on the pump tone amplitudes and phases. Figure 1.6 illustrates the
case of two coupled modes, where applying drives at the resonator frequencies ! 1 and
I , enables creation of coherent states, and applying three-wave mixing pump tones at
frequencies! ; ! ,or! ;+! ,respectively creates photon conversion and two-mode
squeezing. The combination of these phenomena results in tunable dynamics, which
we leverage for neuromorphic computation.

However, the dynamics of these oscillators are linear. This poses an obstacle to
their function as learning models, which require non-linearity to separate data. To deal
with this issue, prior works to my PhD have proposed introducing Kerr e ect [64, 65],



or encoding inputs into the phase of parametric pump tones [66]. In my PhD work, we
were interested in the measurement nonlinearity. We have considered measurements
in the Fock state basis, which allows us to extract a large number of features. This is
particularly interesting for reservoir computing where all the learning is happening on
the linear layer applied to these features. Other possible nonlinear measurements in-
clude state parity measurements [67], that have the advantage of leaving the system
in a superposition of states, but yield less interpretable measurements. The rst part
of my PhD was dedicated to determining whether measuring Fock state occupations
in bosonic modes would lead to possible hardware improvements for quantum neu-
romorphic computers. The quantum machine learning framework | chose was QRC,
because of its simplicity and ease of implementation.

In Section 4.3, we will show that nonlinearity from the Fock state occupation mea-
surementis su cient to solve benchmark tasks requiring non-linearity such as sine/square
classi cation. Better yet, by comparing to the performance of classical reservoirs on the
same tasks, we have shown that for the same data processing power, a smaller num-
ber of individual physical devices is required in the quantum reservoir, and a smaller
number of physical quantities needs to be measured. Finally, we observe that losing
guantum coherence deteriorates the reservoir performance, suggesting that it plays a
key role in the exploration of the full feature space.

However, the QRC approach runs into some limitations. First, many observables still
need to be measured in order to have enough output features to learn on. This poses an
obstacle to experimental implementation, where measuring even a single observable is
time consuming because of the stochastic nature of quantum measurements. Second,
learning a single linear layer results in a limited expressivity of the reservoir, and such
constraints have also been identi ed in classical reservoir computing [68]. While in the
asymptotic case, the universal approximation theorem [69] guarantees that su ciently
large layer depth or width enables a neural network to approximate any target function,
it has been found that depth generally plays a more signi cant role than the width [70,
71]. To illustrate this, we note that modern learning models such as GPT-4 employ
around a hundred neuron layers [72].

1.3 Analog quantum neural network with Gaussian bosonic
modes

In this context, | spent the second part of my PhD making a software model to train the
guantum system parameters through back-propagation and gradient descent. Before
starting this work, the question we aimed to answer was whether training the ampli-
tudes, phases, and detunings of parametric couplings would be su cient to learn on



tasks, and improve on the QRC performance.

As gradient descent learning involves executing many forward passes, the simula-
tion method for the physical system should be fast and scalable. This can be challeng-
ing for the quantum bosonic modes we want to simulate, because the exponentially
large Hilbert space of quantum systems makes their classical simulation challenging.
The state of an open quantum system weakly interacting with a Markovian environ-
ment [73] is modeled with a density matrix /) obeying the Lindblad master equation

- X
L .I‘.['q(t);'(t)“ }[2ék'(t) ¢y ClC ClC
2 (1.5)

=L(;

where H is the hermitian Hamiltonian, and &, are jump operators describing di erent
coupling phenomena to the environment. L is a superoperator describing the dynam-
iCs.

Although there exists libraries such as Dynamiqgs [74] and torchdiffeq [75] that im-
plement back-propagation into di erential equation solvers, the computation time of
this method scales exponentially with the number of modes and occupied basis states.
This is due to the density matrix of M modes having an exponentially scaling size n H
with n i being the Hilbert space cuto . As a result, no more than 2-3 modes can be simu-
lated e ciently without approximation techniques like truncated cumulants [55, 76] or
the positive-P representation [77], both of which are unreliable for high non-linearities
or long evolution times. One of our aims will be to process time-series datasets, mean-
ing the quantum system will undergo long time evolution in order to remember past
inputs, so we have not applied these approximation techniques. We have not applied
tensor network [78, 79] methods either, as in the scope of my thesis, we were interested
in Gaussian states which can be e ciently simulated for a large number of modes.

A Gaussian state has a Gaussian distribution in the phase space, as depicted in
Fig. 1.7. This distribution can be fully characterized by the displacement vector R 2
C?M and covariance matrix R 2 C?M2M  This means that a polynomial amount of
variables de nes the state, making its simulation classically feasible. Inspiring our-
selves from the work of Ref. [80] for e ciently simulating Gaussian state dynamics,
and Ref. [81] to analytically compute Fock state occupations from Gaussian distribu-
tions, | developed a Python library enabling economical fully di erentiable simulation
of dynamics and Fock measurements on Gaussian states with the PyTorch package.

One drawback of this framework is that it cannot simulate non-linear (i.e non-quadratic)
terms in the system Hamiltonian, as they create non-Gaussian states. This restricts the
number of pump tones we would want to introduce in order to add more trainable
parametric couplings: the only allowed ones will be coherent photon conversion and
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Figure 1.7: Two di erent representations of a single mode squeezed Gaussian state, of

squeezing parameter r = 0:3(1 + i) (a) Density matrix representation. Density matri-

ces are complex valued, but we display its absolute values jhkj “jlij for simplicity. The

Hilbert space is cut o at Fock state j4i, due to higher states having negligible proba-

bility amplitude. (b) Wigner function in the phase space. We observe its distribution is

Gaussian, meaning in this case that it is completely characterized by its displacement
R 2 C2 and covariance matrix R 2 C?22 |

two-mode squeezing. So the goal of the second part of my PhD will be to establish
whether there is an advantage in terms of the number of measured observables and ex-
pressivity when learning with bosonic modes compared to QRC, even with a quadratic
number of trained parameters .

To this end we use an analog model, meaning that we do not use multiple gate-
based operations. Instead of applying sequential Lindbladian evolutions L x each with
a di erent set of parameters k, we apply a single one and harness complex behaviors
in the dynamics. The two di erent approaches are illustrated in Fig. 1.8. Our choice of
analog computation stems from its relative simplicity: to highlight advantages of learn-
ing in bosonic modes, we do not require the use of multiple parametric gate operations.

We explain the bene ts of learning the physical parameters in Chapter 5. We will
observe that learning indeed answers limitations of QRC, in that less observables need
to be measured for task solving, and the enhanced expressivity allows the bosonic
guantum neural network to tackle much harder tasks than previously possible such
as DIGITS classi cation [82]. An additional study of the encoding parameter choice is
presented, where we show that encoding into two-mode squeezing rates improves per-
formance on highly non-linear tasks.

These results demonstrate that learning with bosonic modes is a promising per-
spective in quantum neuromorphic computing. Thanks to their large Hilbert space and
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Figure 1.8: Two di erent circuit approaches to parametrically control bosonic modes.
Each blue line corresponds to a singular mode. (a) Analog computing, in which all pa-
rameters of the Lindbladian evolution described by the superoperator L are xed. (b)
Gate-based computing with three gates in this example, where sequential Lindbladian
evolutions described by superoperators L ¢ each have their own set of parameters
The total set of parameters is then = f kOka[1:3] -

parametric couplings, their complex dynamics can be leveraged to t highly non-trivial

data, and act as amemory. In future proposals, using qubits in conjunction with bosonic
modes could be useful to create complex non-Gaussian states through measurement
protocols. Moving from analog learning to gate-based algorithms will also widen the
diversity of tasks which can be solved.

In this work we have trained software simulations of coupled bosonic modes using
back-propagation, but in hardware implementations this algorithm is not accessible.
Gradient computation with parameter shift rules is not an option either, as none have
been established for bosonic modes with Fock state measurements. We could consider
0 ine training, in which all of the training is performed in a software model of the
physical system. Parameters learned this way can be injected into the physical system
for inference. Two main problems arise when applying this approach: (i) scaling up is
di cult because simulating large quantum systems is challenging, and (ii) unavoidable
deviations from simulation to experiment decrease its e ectiveness. The latter can be
mitigated using the hybrid training algorithm developed by Ref. [83], where forward
passes happen in the physical system (even during training), but its simulation is used
to compute gradients. This method is more precise than o ine training.

Nevertheless, computing gradients with back-propagation is not scalable, as it re-
quires to classically simulate the system, if the states are non-Gaussian. When training
an experimental bosonic QNN, it will therefore be crucial to explore physics-compatible
training methods, on which research is very active [84, 85, 86]. Exploring non-Gaussian
states for quantum machine learning will allow for more complex classically intractable
dynamics, which may translate to a quantum advantage over classical learning mod-
els [87]. Adding higher-order nonlinearities will also provide additional learning pa-
rameters.

Finally, further research on the susceptibility of bosonic quantum neural networks



to barren plateau is yet to be conducted. Because of the structured way in which the
Hilbert space is explored during their dynamics, it is possible that gradient information
is not lost as the system size is scaled up.



Chapter 2
Quantum machine learning

The eld of quantum computing initially grew in parallel with machine learning, until
Bang et al proposed a method where classical computers trained the unitary opera-
tions on a quantum device to learn quantum algorithms [88]. Such hybrid approaches
where classical optimization tools are used on parameterized quantum circuits (PQC)
are called variational quantum algorithms (VQA).

A speci c case of VQA are quantum neural networks (QNN), which are applied to ma-
chine learning tasks. To provide an analogous description to arti cial neural networks,
in QNN the quantum system's basis states can be considered as neurons, with synaptic
weights corresponding to hopping probabilities between them. Consequently, increas-
ing the number of quantum devices results in an exponential increase in the number
of neurons. Thanks to this property, it is hoped that learning on quantum systems may
produce learning models with higher expressivity than classical ones [89].

Another promising characteristic of QNN's is their generalization capacity (i.e the
ability to perform well on unseen data). In multiple empirical studies, it has been ob-
served that QNN's generalize better than classical ANN's. Furthermore, theoretical work
has proven that there exists a minimal di erence (called "generalization bound") be-
tween the performance of a QNN's on seen, and unseen data [25, 26]. This could make
them easier to train than their classical counterparts, in big data applications [90].

However, an important obstacle to variational quantum algorithms is the noise and
reduced scale of quantum devices de ning this current noisy-intermediate scale quan-
tum (NISQ) era. Noise has already proven to hinder the use of NISQ devices in most
guantum algorithms. For example in non-learning quantum algorithms such as Shor's,
any kind of error falsi es the output result, incurring the use of exponentially time-
consuming averaging methods [91, 92]. The error-correcting schemes preventing these
issues require multiple physical qubits to simulate a single logical qubit [93, 94], further
reducing the feature space available for computation.

In comparison, noise in neuromorphic computing does not seem to make learning
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Figure 2.1: Diagram comparing advantages (green text) and disadvantages (red text) in
two di erent approaches of quantum machine learning. Parameterized quantum cir-
cuits implement learning by training gate operation parameters, while quantum reser-
Voirs use an untrained quantum system to project input data into a higher dimensional
space, which is then classi ed with linear regression executed on a classical computer.

models useless. Studies on arti cial neural networks show that moderate (around 10 %)
amount of noise in input signals or synaptic weights does not have a negative e ect on
network predictions [95, 96], and is even used to regularize deep neural networks [97].
In the speci c case of parameterized quantum circuits, although noise can exacerbate
challenges in learning parameters [39], it has been shown that small noise levels do not
degrade learning ability [98]. This tolerance to noise has positioned PQC as a promising
candidate for the practical use of NISQ hardware.

Like their classical counterparts, quantum learning algorithms have diverse use cases.
By default, most proposals implement learning in arrays of qubits, but there have also
been both proposals and experimental implementations of VQA in circuits composed
of bosonic modes [99, 100, 101]. Compared to qubits, they o er the possibility of using
continuous variables.

The rst proposed instances of VQA include the variational quantum eigensolver
(VQE) [102], the quantum support vector machine (QSVM) [103], and quantum approx-
imate optimization algorithm (QAOA) [104]. Their distinct uses illustrate the versatility
with which PQC can be employed. For example, the aim of the VQE is to search ground



states of Hamiltonians, and has been applied in nding those of molecules [105] or
condensed matter systems [106]. In contrast, the QSVM classi es data by nding an
optimal hyperplane that maximizes the distance between each class in the feature
space [107]. The QAOA and its variations once again serve a di erent use, which is
combinatorial optimization [108].

In the following sections, we will explain how arti cial neural networks and PQC
are trained, to provide the necessary tools to understand the context behind quantum
reservoir computing, and formulate their functioning. In Section 2.1 | explain how soft-
ware learning models are trained with gradient descent, since this classical optimization
scheme will be re-used in the hybrid optimization of PQC. Finally, Section 2.2 presents
a generic PQC framework to illustrate how they are trained, and the challenges arising
from their training.

2.1 Machine learning and neural networks

The eld of machine learning takes inspiration from the brain's architecture to set its
two main building blocks: neurons and synapses. Popular nonlinear activation func-
tions include recti ed linear unit (ReLU) de ned as

8
Sx ifx>0
ReLU(X) = (2.1)
-0 ifx O;
and hyperbolic tangent (tanh) de ned as
e 2X
tanh(X) = m: (22)

In this section, we establish the basics of learning with neural networks to lay the
groundwork to explaining more unconventional quantum machine learning next in this
chapter. To classify time-independent data, an instance of ANN architecture is the
Multi-Layer Perceptron (MLP), illustrated Fig. 2.2. It will serve as our example to explain
how neural networks are trained.

2.1.1 Example of a learning model: the Multi-Layer Perceptron

We describe a supervised learning scenario, where the training dataset X train -y train
associates to each input feature vector x "an 2 X an gz target label y @ 2 Y 'an  After
training when given the input x ', the model aims to issue a prediction y™**' closest
possible to the target label y . This step is called an inference.



Figure 2.2: Sketch of a Multi-Layer Perceptron (MLP) with three hidden layers. The two-
dimensional inputs X (green circles) are fed forward into the hidden layers fh (m) On2[1:3]
(blue circles) with the linear weight matrices fw (W ; W (1) -y (:2) -\ 1) g (grrows), up
to the two-dimensional prediction y (red circles). Each hidden layer contains 5 neurons,
which apply a nonlinear activation function f.

MLP's are feed-forward neural networks, meaning that to compute a prediction y
from an input X, data ows sequentially through the di erent neuron layers. Let f be
the neuronal activation function, N | the number of hidden neuron layers, and N 4 the
number of neurons per hidden layer. The input features X x are encoded into the rst
hidden layer h ) according to
I
h =f b+ X W%, (2.3)
j j ) jk koo :

where W (" s the input weight matrix, and b (" are the input biases. Then the hidden
layers feed the signal forward according to
|

X | '
h™ =t b®+  wi”hd ; (2.4)
k

where W (" - b™ gre the hidden weight matrix and biases of the layer n, respectively.
The prediction vy is obtained with the nal output matrix W ©4 and biases b © :

X
yj = b J_(out) + Wj(lt()ut) h(kn+1) : (25)
k

The set of the MLP's parameters are the weight matrices W (" fw O g0 4,
W @9 and the biases b ™, fb ™ goonn, 17 , bW . To quantify how far the prediction  y is



from the target y, we compute a cost function C(x;y; ): the lower its value, the better
the prediction. Evaluations of this cost function for each input X, target y, and param-
eter set , are called 'losses'. Therefore, we want to nd the parameters minimizing
the loss.

2.1.2 Learning with gradient descent

Figure 2.3: lllustration of the stochastic gradient descent algorithm for a convex one
dimensional cost function C(). The cost function is optimized with respect to its pa-
rameter . Startingfrom (@ (dark blue cross), the parameter is iteratively updated with
therule ™Y = ™ c( ™) where isalearning rate. The algorithm converges
(yellow cross) to the minimum of this function, as the closer it gets, the smaller the gra-
dientr C becomes.

The most popular optimization algorithm is gradient descent, thanks to its proven
e ciency in training large deep learning models such as GPT-4 or ResNet. An opti-
mization algorithm or method used to minimize a cost function is called an 'optimizer'.
In its simplest formulation, called the stochastic gradient descent (SGD), starting from
an initial set of parameters @ the parameters ™ at step n are iteratively updated
according to
= @ e Pixy); (2.6)

whereis alearning rate de ned between 0 and 1, and the input and target label fx; yg
are randomly chosen from the training dataset. A process of evaluating a cost function
gradientr C and updating multiple parameters is called a training epoch. Gradient de-
scentis illustrated in the 1-dimensional case in Fig. 2.3. If the optimizer remains around
a minimum of the cost function and iterations do not update parameters anymore, it
is said to have converged.

However, the convex case shown Fig. 2.3 does not represent most cost function
landscapes: the harder a problem, the more complex its cost landscape will be. It may



contain many local minima, and at areas. In these cases, stochastic gradient descent
as formulated in Eq. (2.6) is usually not the most e cient choice because it is prone to
getting trapped in local minima, as illustrated in Fig. 2.4a. Since gradients vanish around
landscape minima, parameter value updates will eventually stop, and the optimizer will
converge to the rst minimum it encounters.

(a) (b)

Figure 2.4: Optimization of the cost function C() = ( +0:82)( 0:5) 2 +0:1, which
possesses 2 local minima. The optimizer iteratively updates its estimation starting at

© = 0:85 (dark blue cross) until convergence (yellow cross). (a) The SGD optimizer is
trapped in a local minimum. (b) The Adam optimizer uses momentum to go beyond
the local minimum, and nd the global minimum.

Improving on the gradient descent method, modern optimizers take into account
rst and second order momenta of the gradients to get out of local minima [109], and
adaptive learning rates help training parameters of di erent magnitudes [110]. The
Adam optimizer combines these two concepts to provide a more balanced and e -
cient optimization process [111]. As illustrated in Fig. 2.4b, it converges to the global
minimum in a cost landscape where SGD cannot, given the same starting point. This
is why, in all the work | have performed during my PhD, reported in this thesis, | have
used the Adam optimizer.

To check whether the trained model generalizes to unseen data, we compare its
performance on the training dataset Xtain-yuan it has been optimized on, with its
performance on atest dataset fX  'st; Y '*stg. If the model performs better on the train-
ing dataset, it has trouble processing new data: this is called an over tting issue, which
we want to avoid. Over tting can be caused by the training dataset not accurately rep-
resenting the data, or the model tting too closely the training dataset due to being too
complex (e.g having too many learned parameters) for the task.

Furthermore, training can be accelerated by dividing the training dataset into sev-
eral batches, which can be processed in parallel. Their losses are averaged, and the
average is used to compute the cost function gradient.



2.1.3 Computing gradients with the back-propagation algorithm

Figure 2.5: Backward pass in a 2-layer MLP with 2 hidden neurons each, and no biases.
After computing the cost function, its derivative is computed with respect to each train-
able parameter via the chain rule. Gradient-based optimization algorithms then update
the weights.

Performing gradient-based optimization requires knowledge of the cost function
gradient with respect to the model's parameters. In software, this is enabled by the
back-propagation algorithm [10]. Back-propagation is an e cient version of the chain
rule to calculate the derivatives, thanks to its computation of the gradient layer by layer,
iterating backward from the nal layer to avoid redundant calculations of intermediate
terms in the chain rule. It is automatically implemented in multiple Python libraries
such as PyTorch and JAX. This functionality is called ‘automatic di erentiation'.

As long as the neuron activation and cost functions are di erentiable, back-propagation
computes gradients with respect to any parameter with a single inference. This is pos-
sible thanks to the algorithm storing the output of each neuron during inference. We
illustrate this process in Fig. 2.5 for a 2-layer MLP with 2 hidden neurons each, and no
biases.

This small-scale example is useful to illustrate how back-propagation works. Let f 0
be the derivative of the neuron activation function. The chain rule allows to compute
the gradients:
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To con rm our earlier statement, we observe that computing these expressions only
requires prior knowledge of derivatives %C,f 0 and storing the featuresh ®; h@ during
inference.

2.1.4 Example of a learning task: DIGITS classi cation

(a) (b) ()

Figure 2.6: (a) Three examples from three di erent classes of the DIGITS dataset, with
corresponding labels. The inputs are 8 8 size images, with targets corresponding to
the handwritten digit. (b) Loss and (c) accuracy as a function of the training epoch on
the DIGITS dataset of a multi layer perceptron (MLP) with ReLU activation functions, 12
neurons per hidden layer, and 1 or 2 layers. In the green curve, the activation function
is the identity.

To give a concrete example of supervised learning, we introduce the DIGITS dataset.



Three samples from this dataset are shown in Fig. 2.6a. The inputs are 8 8 pixels
images, with 10 di erent class labels, corresponding to the handwritten digit. After
attening the images, input feature vectors x are 64-dimensional, and the target fea-
ture vectors y are 10-dimensional. To check for over tting, the dataset is divided into
training and test sections, and we check if performance is the same on both sets after
training. They are equally sized, containing 1500 input-label samples.

In Figs. 2.6b and 2.6¢, we show the performance of a MLP with ReLU activation func-
tions and 12 hidden neurons per hidden layers on the 'test’ dataset, after having opti-
mizing it on the 'training' dataset with the mean-square error (MSE) cost function de-
ned as

1 NmeIes
MSE(Y;Y)= ——— (Y Y )% (2.10)
2Nsamples |,
Y; Y are respectively the target dataset and prediction by the model, both containing
Nsamples Samples. | could have considered other cost functions such as cross-entropy
or mean-absolute error, but | choose the mean-square error because of its simplicity,
and its natural implementation of a distance function in vector space.

To study the in uence of the neural network's feature space size, we increase the
number of hidden layers from 1 to 2, and observe in Fig. 2.6¢ that the test accuracy
raises from 80 % to 98 %. This illustrates the advantage in classi cation capacity when
increasing the network feature space size.

Moreover, by changing the neuron activation function to the identity, classi cation
performance is degraded, highlighting the importance of the nonlinearity in neural net-
works.

2.2 Overview of parameterized quantum circuits

2.2.1 Basic principles of quantum circuits

Now that classical optimization tools and concepts have been introduced, we can begin
explaining the particularities of optimizing quantum learning models.

As an example, we describe a parameterized quantum circuit composed of qubits,
where qubit rotation angles are controllable parameters. This section will introduce the
basic tools required to understand their operation. We rst present in Section 2.2.1.1
the Bloch sphere representation, in order to help visualize the e ect of parametric op-
erations described next in Section 2.2.1.2. Because of quantum mechanics, special at-
tention must be given to measurements in the circuits. The measurement protocol for
the estimation of the expectation values with projective measurements is detailed in
Section 2.2.1.3.



2.2.1.1 Bloch sphere representation of a qubit

Figure 2.7: Bloch sphere representation of a qubit state j i. The polar and azimuthal
angles ;' de ne the state on the unit sphere via spherical coordinates.

The qubit Hamiltonian is given by

R, = %AZ; (2.11)

where ~! 4 is the energy di erence between the ground state jOi and the excited state

jli. Here, " is one of the three Pauli operators, which, together with *  ,, #y, and the
identity [}, forms a complete basis for single-qubit operations. In the fjOi; j1ig basis, the
Pauli operators are represented as matrices

M = 0 N=oo ;N = : (2.12)

The eigenstates of Iqq are jOi and j1i such that

~I
Roi=  —=Yjoi
L2 (2.13)
Rili = 'Tlei:
So we can express the general pure qubit state in the fjOi; j1lig eigenbasis of Iqq as

ji=joi+ jli (2.14)



with complex coe cients ; 2 C satisfyingj | 2+jj 2= 1. Quantum states are de ned
up to an arbitrary global phase, so this state can be parameterized as

ji=zcos = jOoi+e’ sin = jli; 2.15
J 5 5 ] (2.15)
with 2 [0; Jand ' 2 [0;2]. This form is known as the Bloch representation. Its
geometrical depiction in Fig. 2.7 is useful to visualize operations on qubits. A pure
qubit state j i corresponds to a point on the unit sphere with cartesian coordinates

(sin cos';sin sin';cos ).

2.2.1.2 Gate operations on qubits

Figure 2.8: Circuit representations of a Pauli rotation gate IQ,- () (left), and a CNOT gate
(right). Horizontal lines represent qubits.

Any unitary single-qubit gate can be expressed as a rotation around an axis of the
Bloch sphere. Such rotations are generated by the Pauli operators

R (s) = exp % 21Xy zg: (2.16)
The operator IQ,— (s) performs a counterclockwise rotation by an angle s around the axis
j on the Bloch sphere. Arbitrary single-qubit unitaries can thus be constructed from a
sequence of such rotations.
Entanglement between qubits is achieved via multi-qubit gates. The Controlled-NOT
(CNOT) gate is a standard two-qubit gate acting on a control and a target qubit. Its
expression in terms of Pauli operators is

CNOT = exp iZ(F A (A (2.17)

where the c;t subscripts denote an operator acting on the control or target qubit. If
the initial qubit states are only allowed to be in fjOi; jlig, the CNOT gate applies the



classical XOR operation:

cNoT(joi, joi ,)=j0i, jOi |
cNOoT(0i,. jli ,)=jOi . jdi

WOl JL) =00 I (2.18)
CNAOT(j]_IC joi ) =joi . j1i ,
cNoT(1i, j1i ,)=jli, joi .:

The circuit representation of the Pauli rotation and CNOT operations are depicted in
Fig. 2.8.

Although we describe here Pauli rotations and CNOT in the context of parameter-
ized quantum circuits, they also play an important role in quantum algorithms. This
stems from the fact that CNOT combined with qubit rotations form a universal gate
set for quantum computation. This means that any operation possible on a quantum
computer can be expressed as a nite sequence of such gates. An example of unitary
parametric gate decomposed this way is illustrated in Fig. 2.9.

Figure 2.9: Circuit representation of a parametric gate 0( ), that can be decomposed
into a sequence of Pauli rotations and CNOT gates. Operations are applied sequentially
from left to right.

2.2.1.3 Estimating the expectation value of a projection operator with multiple
measurement shots

After applying multiple gate operations on the circuit, observables are measured to ob-
tain the output from the PQC. In this section, we describe a setting where these mea-
surements are projective, as is the case in the vast majority of PQC proposals. As of my
knowledge, weak measurement have only been considered in quantum reservoir com-
puting frameworks [112, 113, 114] because of their interest for the time-series tasks.
Projective quantum measurements are subject to Born's rule, which states that for
any Hermitian operator B,ie BY = B, corresponding to an observable measured in a
guantum systemin a pure state j i, if the spectrum of B'is discrete and degenerate with
real eigenvalues ; and associated eigenstates | i, then the measurement outcome is



Figure 2.10: Measurement scheme to estimate the expectation value of the projector
observable B = jbhbjinasystemstatej i. Here we de ne b suchthatjphbj+ b b =T
Nshots identical copies of j i are measured, and extracted st&tistics allow for an estima-

tion of p £ hj Bj i, with a relative standard deviation ap)

pNshots '
an eigenvalue . The probability of this outcome is jh | iij 2, and upon measurement
the system collapses to the eigenstate j  ji. This action of measurement on the quan-

tum state is commonly referred to as "measurement back-action". The expectation
value of B with respecttoj iis de ned as

X
hBi;, £ hjBji= dhij i (2.19)

If instead the quantum state were to be mixed, i.e de ned by a density matrix /' the
expectation value is de ned as

hBi, £Tr "B : (2.20)

A simple illustrative example of Born's rule is that of a qubit in a general superposi-
tion of states as de ned in Eq. (2.14). Measuring the qubit energy assigned in Eq. (2.11)
results in observing the state jOi with probability j | 2 or the state j1i with probability
i’

In experiment, estimating the expectation value of B with respect to the pure state
j i requires an experimenter to produce N shots INdependent samples of | i, due to
the probabilistic nature of Born's rule. To show the error when estimating h j Bji
caused by quantum uncertainty, we consider the case illustrated in Fig. 2.10 where the
observable B = jbhbjis a projector on the state jbi.

Dening b suchthat johbj+ b b = [, B has two eigenstates jbi and b , with
2. Let
74 1 9201N o] be Nghots iNdependent and identically distributed Bernoulli random vari-
ables with P(Z ; = 1) = p. Computing h | B\j i from N <o Measurement outcomes is

respective associated eigenvalues 1 and 0. We denep % hj Bji = jh jbij



equivalent to computing the expectation value of the random variable

Nshots Z
z= —k= = 2.21
Nshots ( )
We note P (Z) is a binomial probability distribution with parameters N shots @nd p, with

a 1=Ns,ois prefactor. Its mean and variance are respectively

E(Z)=p
p(L p) . (2.22)

(2) TEZ? (E@) *= =
shots

The relative standard deviation is a more relevant metric than the variance to assert
how well the expectation value hj Bjiis estimated, because it shows the extent of
variability in relation to the mean measured result. Its calculation yields

P S
) _ @ p.
E(Z) - pNshots . (223)

From this expression, we observe that for p 1, the relative standard deviation scales

as/ pﬁ This is animportant result to remember for the remaining of this manuscript,

because it means that to estimate an expectation value which vanishes exponentially

with a given delity, the number of necessary measurement samples increases expo-
nentially.

2.2.2 General formulation of parameterized quantum circuits

We have now introduced all the necessary elements to explain how parameterized
guantum circuits work. We describe a setting where the PQC is a sequence of L pa-
rameterized unitary gates

Y_
00)= O(a); (2.24)
i=1
applied to an array of qubits, and =f 1,1, LQIis asetof trainable parameters. The
cost function is obtained by estimating the expectation value of an observable o
c()=Tr ~0()YO0() ; (2.25)

where /s the initial state of the PQC in density matrix form. Ifit is a pure state, it can be
expressed as = ih j. Eq. (2.25) expresses a Hilbert-Schmidt inner product between

two operators “and () YOO (). The choice of the initial state  unitary gates Oi( 1)
and measured observable O fully characterizes the PQC, and is called its 'ansatz'.



Figure 2.11: Sketch of an example parameterized quantum circuit optimization. Dur-
ing an inference three 0,- gates are sequentially applied, with respective parameters
1; 2; 3. Acostfunction C( ) is computed by measuring an observable. A classical op-
timizer (here gradient descent) updates the parameters, which are re-injected into the

gates for the next forward pass.

A di culty that arises when optimizing C( ) is that contrary to software implemen-
tations portrayed in Section 2.1.3, gradients of the cost function with respect to param-
eters cannot be analytically computed with back-propagation. One simple solution is
to train a software simulation of the physical model, into which these trained weights
are imported. The major shortcoming to this workaround is the di erence between an
experiment and its simulation due to imperfect knowledge of it. A second shortcom-
ing speci c to optimizing quantum systems in general is that simulating large quantum
systems is infeasible. Furthermore, many PQC applications aim for an advantage in re-
sources used compared to conventional computers, so their classical simulability would
nullify this claim.

2.2.3 Parameter shift rules

The rst method to obtain gradients in PQC is variational. It relies on a numerical ap-
proximation of a gradient. To compute the gradient of the cost function with respect
to a single parameter , two inferences would be run with the PQC: one with param-
eter , and another with + d, where d is a small increment. Then a rst degree
approximation of the gradient could be estimated:

C(+d) €O

c d

(2.26)



This procedure lacks precision, restricting the ne tuning possibilities of PQC. In 2018,
the identi cation of "parameter shift rules” allowing to compute exactly analytical gra-
dients via two PQC forward passes by Ref. [33] for Pauli rotation gates paved the way
towards xing this limitation. Parameter shift rules were generalized to broader gate
sets by Ref. [34].

Figure 2.12: Circuit used to illustrate a parameter shift rule. Starting in state j i, the
qubit undergoes a Pauli rotation IQ( ). The cost function is then obtained by projectively
measuring the expectation value of O. The parameter shift rule allows the computation
ofr C by evaluating C( + ) and C( 5)-

Let us give here a concrete and commonly found example of a parameter shift rule,
following the demonstration presented in Ref. [35]. The circuit depicted in Fig. 2.12 is
that of a Pauli rotation R() applied to an initial pure qubit state j i. Measuring an
observable O expectation value yields a cost function

C()=hj R()OR()ji: (2.27)
We calculate its gradient using the chain rule, and write
r CO)=hjr ROYOR()+ RO YOr R()ji: (2.28)
The gradient of Pauli rotation gates de ned in Eq. (2.16) is
r R()= %Aj R(); (2.29)

where *; is the Pauli operator generating IQ( ). Substituting this formula into Eq. (2.28)
gives h

- i
r CO= ShiROY %0 ROI; (2.30)

where [X;Y] £ XY Y X denotes the commutator. Using the mathematical identity

for commutators including Pauli operators [33]

h

[
N0 =i R STOR 5 RS TOR S (2:31)



we develop Eq. (2.30):

i

r ()= zhjR + =
2 2 2

[ . (2.32)

> J

Using the cost function's de nition, we can nally express the gradient with a parameter
shift rule 1

r C()_QC +§ C 5 (2.33)
The gradients can thus be exactly expressed as a di erence of two cost function evalu-
ations for two values of parameters shifted by =2. We note that this is a speci c case,
and this shift is di erent in other parameter shift rules, depending on the parametric

operation to di erentiate.

2.2.4 PQC expressivity

While parameter shift rules have enabled faster convergence to local minima of PQC [36],
many challenges remain in their optimization. The main open question remains the
ansatz design. While classical optimization algorithms determine gate parameters, a
conscious choice is made to determine the initial state, sequence of gates and mea-
sured observables. Similar to choosing appropriate classical ANN architectures for dif-
ferent tasks, we want the PQC expressivity to be high enough in order to t the dataset
and generalize to unseen data, but not so high that training becomes di cult, i.e re-
source intensive.

In the speci ¢ context of PQC, ansatz expressivity relates to the distribution of ex-
plored states O () Y20 () over random parameters. The closer it gets to the uniform
distribution over the Hilbert space, called the Haar distribution, the more expressible
the ansatz. Reaching a Haar distribution means the PQC can reach any state in its
Hilbert space.

Many ansatze maximizing this expressivity have been proposed [115, 116]. How-
ever, high expressivity is also a source of problems in PQC optimization, due to the
Barren Plateau (BP) phenomenon.

2.2.5 Barren plateaus

Barren Plateaus occur when gradient magnitudes vanish exponentially with the num-

ber of qubits, posing a problem when scaling up a model. They are caused by the
high expressivity of PQC, whose Hilbert feature space scales exponentially with model
size. Rescaling the measured observable does not bypass the problem: since gradients



are computed by subtracting two expectation values, if these expectation values be-
come exponentially close then an exponentially large amount of measurement shots
are needed to estimate their di erence correctly (see Section 2.2.1.3).

More speci cally, barren plateaus are characterized by exponentially vanishing gra-
dients in the cost landscape. For instance we say a cost function exhibits a probabilistic
BP [37] if for some (but not necessarily all) ; 2,
\Y C)20 L 2.34
ar(r i ) E ’ ( . )
where n 4 is the number of qubits, b > 1, and Var(f) is the variance of a function f with
respect to its parameters: Var(f()) £ E (f2) (E (f)) 2. This barren plateau is called
probabilistic because it is an average property of the cost landscape, but some parts of
the landscape may be less at.

We introduce toy examples taken from Ref. [38] to illustrate ansatze featuring bar-
ren plateaus. The task is state preparation of n  ; qubits, with the target state being vac-
uumjOi =j0i, :: jOi . The qubits are initialized in the vacuum state, and they all
undergo a Pauli rotation IQX( i ), such that the state of the whole circuit is transformed
by a unitary

00)=  R«(y) (2.35)

A cost function that is minimal when reaching the vacuum state can be evaluated by
measuring Og = [ j0i hOj

Ci()=1 hoj O()?Yjoihoj O()joi

. ye oz 1 (2.36)
2

=1

By instead measuring the local observable

X
O =r = j0i; hoj ; (2.37)

q =1

where f\J is the identity on all qubits except qubit j, another cost function can be de ned
for this task

C,()=h0j 0()*A.0()joi

X o 2.38
-1 17 o2 Ej (2.39)

Nq j=1



We want to calculate the variances of the gradients of the cost functions C 1and C,to

reveal the concentration of their landscapes. The respective gradients are

Va

1.
r Cp= ism(j) cog Ek
k=1
k6=j
1 .
Co= —sin( ;).
it 2n, (1)

(2.39)

(2.40)

Sincer ,Ciandr | C;are both anti-symmetric, their means are zero,i.eE  (r ,Cy) =

E (r . Cy) =0. Using the integrals
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Finally, we deduce the variances of the gradients

Var(r Cy) =

| =
ool W

1
Co) = :

Var(r

j

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

We observe that C ; exhibits barren plateaus, while C , does not. This is illustrated in
Fig. 2.13 when plotting the two-dimensional cross-section of their cost landscapes with



Ng = 4 or 24 qubits. This cross-section is shown for its visual clarity; half of rotation
parameters are setequalto 5, 2 [ ; ] and the others to b2 [ ; ]. We observe for

C, that the two-dimensional cross-section narrows exponentially when increasing n qr
while it remains unchanged for C 5, re ecting their loss concentration behaviors. In this
example, the barren plateau comes from the locality of the measured cost function, but
barren plateaus can arise in di erent ansatze through other means such as hardware
noise [39] and excessively high entanglement [117].

() (b)

Figure 2.13: Two dimensional cross-sections of the cost functions (a) C () = 1

= cog L and(b)Ca()=1 % i cog L asafunction of two parameters  ,

N
and . These landscapes are obtained by applying Pauli rotations () = J-"jl Ry( i)
on nq qubits followed by either measuring O = IMjoihojor O, =TI % jn:ql jOi; hQj
(\j. Half of rotation parameters are set equal to a 2 [ ;] and the other half to
b 2 [ ; ]. We plot the landscapes for n q = 4orng = 24 qubits. In (a) the land-
scape becomes concentrated around the origin, revealing a barren plateau. In the case

of (b) the cross-section is unchanged by the qubit numbern  : surfaces overlap over the
whole space, meaning increasing n , does not make training more di cult.

The origin of BP is not the same as vanishing gradient problems in software neu-
ral networks. In software ANN, the multiplication of small gradients together in the
back-propagation to the rst layers make their magnitudes exponentially smaller than
gradients in the later layers [118]. In PQC, barren plateaus are caused by the exponen-
tially large Hilbert space, because the inner product between two exponentially large
parameterized operators as described in Eqg. (2.25) will be on average exponentially
small and concentrated [37]. In particular, it has been demonstrated that BP ensue if
an ansatz forms a 2-design, i.e it matches the Haar distribution up to the second mo-
ment. The Hilbert space then seems like a double-edged sword, as its exponential size



is both appealing due to its expressivity, but prohibitive due to its BP phenomena.

As the source of BP is di erent than that of vanishing gradients in software ANN,
mitigation strategies such as batch normalization [119], layer normalization [120], or
using ReLU activation functions [121] that are used to regulate the vanishing gradients
cannot be transposed to parameterized quantum circuits. Although strategies to cir-
cumvent BP have been suggested, such as limiting ansatz expressivity [116], measuring
local observables [38] or lowering entanglement of the input state [122], it has been ob-
served that many of them make the PQC classically simulable [41].

A recent but powerful method to understanding BP introduced by Ref. [40] is Lie
algebraic theory, where studying the dynamical Lie algebra of the ansatz with respect
to the unitary gate Oi( i) generators, the input state “and the measured observable
O allows to analytically compute the cost function gradient variance Var(r C). This
proves to be a rigorous systematic approach to nding out if an ansatz will lead to BP.

The future of learning with PQC will depend on whether PQC optimization schemes
avoiding BP still retain the attractive properties of non-simulability, expressivity and
generalization capability which aroused interest from the quantum community in the

rst place.



Chapter 3
Quantum reservoir computing

In the previous chapter, we saw that learning the parameters of a parameterized quan-
tum circuit is challenging due to barren plateau phenomena, with no unequivocal solu-
tion as of today. In this context, the question is if the information processing capabilities
of quantum devices can still be harnessed for learning problems.

Quantum reservoir computing (QRC) as a quantum machine learning framework
was introduced in an attempt to answer this question. It was inspired by classical
reservoir computing, a framework used in machine learning using physical systems
(i.e neuromorphic computing), in which the parameters of the physical system, called
reservoir in this context, are not trained. Because it does not require computation of
gradients in the reservoir, classical reservoir computing is well adapted to establish
whether a certain hardware has potential for neuromorphic computing, independently
of the physics-compatible learning method to adopt in future perspectives. This had led
to many hardware neural network architectures rst being proposed with RC, ranging
from electronics [45, 46, 47, 48], optics [49, 50] and spintronics [51, 52].

Ideas of reservoir computing emerged independently in software neural networks
with echo state networks (ESN) [43] and liquid state machines (LSM) [44], where con-
cerns of vanishing gradients in recurrent neural networks (RNN) [10, 123, 124] moti-
vated scientists to nd ways of exploiting dynamical neural network's processing power
without training their synaptic weights.

We note that the reservoir computing framework can be applied to time indepen-
dent tasks, in which case it is called an extreme learning machine (ELM). ELM have been
implemented with optical [50] and memristor [125] reservoirs.

The role of this chapter is to position the proposed frameworks of QRC with bosonic
modes in the scienti c literature leading up to it. In the rst section we will introduce
recurrent neural networks, and why they have vanishing gradient problems. The sec-
ond subsection will cover the basics of RC with software and dynamical systems, and
how it solves the problems of RNN. Then a state of the artin QRC with qubits arrays will

40



be described. The stochastic nature of quantum measurements requires speci ¢ pro-
tocols for experimental QRC implementations, which we discuss in Section 3.4. Finally,
we consider the di erent real-life use cases of QRC, to argue how the implementation
of bosonic modes in the reservoir computing framework could be advantageous.

3.1 Recurrent neural networks

Figure 3.1: (a) Folded and (b) unfolded representation of a fully connected recurrent
neural network (RNN). Data ows vertically from bottom towards the top. The data

is temporal, so horizontal lines correspond to following data inputs. At each discrete

time increment , the inputs x O are sequentially passed through a linear layer W (W
and the hidden featuresh () remember past inputs using linear recurrent connections

W M The predictions y(O are obtained from the hidden features with the linear layer

W (out) )

The precursor to reservoir computers were recurrent neural networks (RNN), a class
of arti cial neural networks conceived for processing sequential datasets such as speech,
text and time series. To this end, they require properties of nonlinearity and memory
(remembering previous inputs). The rst property is obtained with the nonlinear activa-
tion functions of neurons, as is commonly found in software ANN. The latter is achieved
with recurrent connections between neurons, whose outputs are fed back into the in-
put during the next time step, as seen in its folded representation in Fig. 3.1a.

Of allthe di erent RNN architectures such as the long short term memory (LSTM) [126]
and Hop eld networks [6], we choose to describe a fully connected RNN as it is the most
general topology, and the closest to echo state networks, the reservoir architecture we
will detail next as an example. For simplicity, we omit bias terms.

Learning is performed in a supervised setting, where the inputs X = xO) and
targetsY = yO  aretime series with discretized time increments . The rst output



is obtained by forward pass through a single hidden neuron layer
8
ShO =f W) yx©
: (3.2)
. y(o) =\W (ou) h(o);
where f is the neuron activation function, and W @™ ;W @ gre respectively the input
and output weight matrices. Memory is achieved with recurrent connections W M in
the hidden neurons h O | meaning that for all the other inputs, the inference relation is
recurrently de ned as
8
<ShO  =f WxO +W ORD

3.2
: y() :W(OUt)h(): ( )

The unfolded representation of the fully connected RNN in Fig. 3.1b illustrates the recur-
rence relation. To account for this recurrence, the back-propagation algorithm needed
to be adapted, hence the conception of the back-propagation through time (BPTT) al-
gorithm. As can be observed in the unfolded representation, to compute a gradient at
discrete time , the algorithm must carry out the backward pass through all the previ-
ous hidden layersh ¢ °) .

As a consequence, the backward pass goes through a number of layers as large as
the time series dataset length. However in deep learning, computing gradients through
a large number of layers is often the source of vanishing or exploding gradients, where
gradient magnitudes increase or decrease exponentially from layer to layer, making
deep networks hard to train [127]. Modern RNN architectures such as long short term
memory (LSTM) aim to avoid this problem.

To adress this issue, two di erent frameworks later encompassed in the 'reser-
voir computing' paradigm were developed independently. Contrary to liquid state ma-
chines, which were proposed as a means of explaining how the brain operated with
spiking neural networks, echo state networks suggested an alternative training method
to avoid BPTT problems. In the next subsection, we will formulate the structure of ESN
as it illustrates the RC paradigm well.

3.2 Example of a software reservoir computer: Echo state
networks
Echo state networks are an instance of reservoir computers, which we present here to

introduce the reader to important concepts in reservoir computing, that are nonlinear-
ity, and memory.



Figure 3.2: Sketch of an echo state network (ESN), a static software reservoir architec-
ture. Like in recurrent neural networks, the input time series X = x0) is encoded

into the ESN hidden layer h O with the linear weights W (" . The neurons are inter-
connected with xed and random weights W ™ Then the prediction Y = y0O s

obtained by multiplying the outputf O = h O with a linear layer W ©“ _ |t is the only
learned parameter, enabling its learning through linear regression.

The architecture of an ESN we illustrate in Fig. 3.2 is identical to the fully connected
RNN detailed in the previous section, with two key di erences: (i) the connectivity and
weights of W ® and W ™ are xed and random (ii) only the output weights W
are learned. In the reservoir computing community, hidden neurons belonging to the
hidden layer h O are commonly called the reservoir nodes. We present a setting where
the echo state network output f ) is the full hidden layer h O . In the case where the
cost function C is mean squared error as de ned in Eq. (2.10), the optimization can be
performed more e ciently than with gradient descent algorithms. Indeed if we want
to nd the output weight matrix W ©u) which minimizes the mean-square error, then

(out)

the analytical estimator is [128]

+

W=y oF (3.3)

where F is the matrix whose rows are the reservoir outputs f () and A* denotes the
Moore-Penrose pseudo-inverse of a matrix A, a generalization of inversion to non-
square matrices.

Although Eg. (3.3) only operates a linear regression, the ESN nodes performs a
nonlinear transformation on the input, meaning ESN can still t linearly inseparable
datasets. Interestingly, comparing RC models to RNN on chaotic time series tasks shows
competitive performance [129, 130, 131] despite the simpler training method.

We compare the performance of ESN and RNN for the common benchmark task
of sin/square waveform classi cation in Fig. 3.3. It is a time series dataset shown in



@ (b)

Figure 3.3: Performance of an echo state network with ReLU activation functions on

the sin/square waveform classi cation task. (a) The input data is a time series of points
belonging to a sine or a square discretized in 8 points. Labels are +1 or O, if the input
belongs to a sine or square waveform respectively. (b) Average accuracy of the ESN and
fully connected RNN on the test dataset as a function of the hidden layer size h © over
100 di erent initializations. Error bars represent standard deviation.

Fig. 3.3a, whose input points belong to a sine or a square discretized in 8 points: a sine
waveformis[0; 0:7071;1;0:7071;0; 0:7071; 1; 0:7071], while asquareis[1;1;1;1;0;0;0;0].
The label associated to an inputis +1 ifit belongs to a sine, and O if it belongs to a square.

The sin/square time series dataset is useful to probe nonlinearity of a reservoir, as a

single threshold value cannot separate points from the sine or square waveforms. Fur-
thermore, memory is required to solve this task, as 1 points can belong to both a

sine or square, and are distinguished using their precedent inputs. These characteris-

tics have made this time series a popular benchmark task in the reservoir computing
community, to probe nonlinearity and memory properties of a reservoir.

To solve this task, we use ESN's of increasing hidden layer size. Since reservoir out-
puts f ) depend on the randomly initialized W (™ and W M | the performance of the
network relative to its hidden layer size is displayed in Fig. 3.3b after averaging over 100
random initializations. The gure shows that around 17 hidden neurons are required
to solve the sin/square classi cation task with 100 % test accuracy.

We also plot the performance of the RNN architecture presented in the previous
section, and nd that it needs 11 hidden neurons to solve the task. Comparing the
two models reveals that although the RNN can classify the time series with 6 less hid-
den neurons, its optimization with gradient descent is more time consuming than the
pseudo-inverse required to optimize the ESN, and the number of hidden neurons is
nonetheless of the same order of magnitude.



3.3 Quantum reservoir computing with qubits

Figure 3.4: Sketch of the exponential growth of the Hilbert space. The Hilbert space is
represented by the big light blue circle, and small multi-colored circles correspond to
joint qubit states. Arrows linking them symbolize hopping probability amplitudes. The
number of basis states scales as 2 N, where N is the number of qubits.

The rst proposal of QRC was in the simulation article Ref. [42], with a set of n
qubits arranged in a two-dimensional lattice with random nearest-neighbor hopping.
Because the Hilbert space size is 2 "¢ as illustrated in Fig. 3.4, the reservoir size scales
exponentially with the qubit number. Another advantage of using qubits is their om-
nipresence inthe eld of quantum computing. From an experimental standpoint, quan-
tum computers containing O(50 100) noisy qubits are now commercially available,
for instance those produced by IBM [132] and Google [93]. Moderate noise can even
be taken into account in neuromorphic computing, making these NISQ qubits readily
available in QRC.

Figure 3.5: Illustration of 5 qubits, with two by two coupling described by the transverse-
eld Ising model. Here they are represented as spins (arrows), which are natural two-
level systems de ned by their up and down states. Lines connecting the spins represent
spin to spin coupling. Figure taken from Ref. [42].

An extensively studied and very general qubit array architecture is the transverse-



eld Ising model. Here spins are considered as qubits, because they are natural two-
level systems. The con guration generating this model is illustrated Fig. 3.5. Let (® X)j :
("y)j , ("Z)j respectively be the X, Y and Z direction Pauli operators acting on qubit num-
ber j, then its Hamiltonian is
Xa Xa
H= Jij (Ax)i(/\x)j +h (Az)j; (3.4)
ij=1 j=1
where J jj is the spin-spin coupling energy, and h is the magnetic eld value [113, 112].
f3 9jop:n ,; @nd h 2 R constitute the set of reservoir hyper-parameters . Initially
studied due to its application in the understanding of ferromagnetism [133], this model
has well known dynamical regimes [134] and can be implemented in liquid and solid-
state NMR systems with nuclear and electron spin ensembles [135, 136]. Ising models
implemented in superconducting qubits have also been used for quantum annealing
applications [137].
A possible way of encoding a scalar input X would be initially setting the rst qubit's
statetobe *y =i , hj, [42,112, 134], where

ji o= P 1 xjoi+ plei: (3.5)
This encoding method transforms the initial reservoir state # ¢ with a map E[X]:
NEXI()  EA Troalk (3.6)

where Tr ; represents the partial trace with respect to the rst qubit.

A forward pass is then executed by letting the reservoir state evolve for a set amount
of time t. Taking into account the qubit decoherence, this time evolution is modeled
by a Lindblad master equation

d/\

dt L0

i X
= 1M1+ DIGI;

j

(3.7)

where L is the superoperator describing the dynamics with the subscript indicating
the in uence of the reservoir hyper-parameters, and

n (0]
D[E]() & EndY % &YE: A (3.8)

is the Lindblad dissipation sypegpperator for any jump operator ¢, fa; bg £ ab + bais

the anticommutator, and C,- ~is a set of jump operators describing the dissipative
j



part of the dynamics. For example the jump operator Cj = p_j(,\ )j with (* )j =
%(("x)j i y)j) models relaxation in qubit j, at a rate i This dynamical evolution
applies a map

N exp(tL " (3.9

to the qubit state E[x](" ,) encoding the input X. For practical discussion around quan-
tum reservoir computing, we de ne the map combining the input encoding and dy-
namical evolution for the forward pass in the reservoir

NS X)) E(exp(tl ) E[X])A (3.10)

This parameterization of the quantum system evolution is analog and accepts dissi-
pation, whereas the unitary gate operations for parameterized quantum circuits in
Eq. (2.24) were non-dissipative. As dissipation occurs naturally in physical systems,
there are less experimental requirements to implement such analog dissipative for-
ward passes in QRC or PQC [138], compared to implementing a sequence of unitary
gates as in quantum algorithms. Indeed, state of the art qubits have high dissipation
and decoherence rates. Moreover, quantum reservoir computers actually bene t from
dissipation as it implements a memory timescale for the reservoir, and allows classi -
cation of time series [139]

After the time evolution, the reservoir output f is obtained by measuring some ob-
servables (5,- , and computing their expectation values

fi=Tr SXI(0 6 : (3.11)

These measurements can be projective, where the post-measurement state is an eigen-
state of Oj as seen in Section 2.2.1.3, or they can be weak, meaning after the measure-
ment we are not completely sure if the state has been projected or not. Weak measure-
ments will be discussed in Section 3.4.3. Di erent observables have been proposed for

1" ),

measurements, such as Pauli operators [42, 112, 113] or qubit occupations [28] 5

Caution must be taken when considering these reservoir outputs because as illus-
trated in Section 2.2.1.3, many measurements are required to properly estimate an
expectation value.

3.4 Measurement protocols in quantum reservoir com-
puting

Regardless of the measured observables for reservoir outputs, measurements perturb
the evolution equations Eq. (1.5) or Eq. (5.48). This stochastic state projection makes



the subsequent dynamics depend on the measurement outcome. Measurement back-
action plays an important role when processing time-series with quantum reservoirs,
because measurements are performed after each processing time step. In the simula-
tions carried out for this thesis | did not take into account back-action for the sake of
simplicity, but in experimental work [140] this issue cannot be ignored.

To solve the issue of measurement back-action perturbing system dynamics when
processing time series, and the need to measure many copies of a state to estimate
observable expectation values, di erent measurement protocols have been proposed.
Most of them are explained and compared in Ref. [112], except continuous weak mea-
surements as implemented in Refs. [67, 114]. In this section, we will introduce these
di erent protocols, adopting the labels they have been given in Ref. [112].

3.4.1 Restarting protocol

Figure 3.6: Restarting protocol. To estimate an element of the reservoir output f j() =

Tr 70 (5,- which is the expectation value of the observable (5,-, all previous inputs

x( 9 o] A€ encoded in the reservoir with successive forward pass maps S [x( 0)],

and the dynamics are re-initialized after projectively measuring Oj :

We describe the restarting protocol, illustrated in Fig. 3.6. Let X = x0) PN sanpe] P€
the input time series dataset of length N gamples- The encoding of an input x O into the
guantum reservoir and evolution of its state during a time tis modeled by a forward

pass map

As o xO Ny (3.12)

where denotes the quantum reservoir hyper-parameters conditioning the reservoir
dynamics. We label * © the initial quantum reservoir state. Let ) be the density matrix
at time t, with 2 N , then after each sequential input and time evolution, it



veri es the recurrence relation

AN =g [xOAD (3.13)

0

We describe a frameworkowhere the reservoir outputs f ;’ are the expectation values

of N ops Observables (5,- _ ,i.e
J2[1;N ops]

(0 =1 0 : (3.14)

To estimate fj() using projective measurements, the state # () is prepared, measured
and re-initialized N gnois times. However, to prepare * () | starting from the initial state * (@
and without taking into account the measurement back-action, the recurrence relation
of Eq. (3.13) must be applied times. Therefore the number of forward passes which
needs to be applied to estimate f Ois N shots - Finally, estimating all of the reservoir

. N N 1 .
outputs requires S"‘m"'“(zsamp'es ) N shots N ops fOrward pass map executions.

The experiment time of this protocol scales quadratically with the input time series
Iength N Samp|es .

3.4.2 Rewinding protocol

Figure 3.7: Rewinding protocol. To estimate an element of the reservoir output f j() =

Tr "0 & ,theN,, previousinputs x¢ are encoded in the reservoir with

02[ N wo; ]
successive forward pass maps S [x( o)], and the dynamics are re-initialized after projec-
tively measuring (5,- .

A more practical solution can be envisioned, by considering the echo state prop-
erty [43] of the reservoir. This property states that the reservoir can process time series
independently of its initial state » ©. This implies the existence of a washout time wo



after which the dynamical system loses any information on its initial condition. From

the washout time and the evolution time between inputs t, we de ne N wo = wo=1,
the number of inputted data points after which information on the initial condition is

lost.

Using this property, the rewinding protocol illustrated in Fig. 3.7 aims to use less
resources to overcome measurement back-action than the restarting protocol. The re-
currence relation described by Eq. (3.13) is unchanged, but now to prepare # () and
compute f O, Ny, inputs  x¢ 9 N ;] aT€injected before measurement. Sitill using
projective measurements to estimate reservoir outputs, this means the number of ex-
ecuted forward pass maps is reduced to N wo N sampes N shots N ops. Thanks to this
number only scaling linearly in the time series length N sampies , this protocol is more fea-
sible experimentally than the restarting protocol. Indeed, N samples COMmMonly exceeds

1000.

In the simulations that | have performed in my PhD work, | did not consider the pro-
jection of the quantum state by the measurement. However, my simulations have cor-
roborated the experimental work done in out group, lead by Baptiste Carles [140]. For
this experimental quantum reservoir computing, implemented using a single bosonic
mode of a superconducting resonator coupled to a transmon qubit, the rewinding pro-
tocol was used.

3.4.3 Weak measurement protocols

Although the restarting and rewinding protocols work around the e ects of measure-
ment back-action, they still require a large amount of dynamical re-initializations and
external storage of previous input data. This limitation makes them unsuitable for on-
line learning, in which the reservoir is still trained with sequential data during its prac-
tical deployment, after its initial training. An attractive alternative to projective mea-
surement protocols is to instead weakly measure the observables, in order to partially
preserve quantum coherences post-measurement.

Indeed, a weak measurement allows for extraction of a small amount of information
from a quantum system, in exchange for a weak perturbation of its state. So in quan-
tum reservoir computing they enable information extraction from the quantum sys-
tem, while keeping a greater part of its fading memory. Two main approaches to weak
measurements in QRC have been proposed: either performing weak measurements at
discrete time intervals [112], or continuously monitoring the reservoir throughout its
dynamical evolution [114]. | will brie y describe their di erences and applications, but
will not delve into details as | did not explore weak measurements in my work.



3.4.3.1 Online protocol.

Figure 3.8: Online protocol. To estimate the full reservoir output F = fO , the
full dataset X = xO  is encoded in the reservoir with successive forward pass maps
S [xO) ], in between which weak measurements of strength on observables O,- weakly

perturb the reservoir state.

A discrete weak measurement parameterized by its strength is described by a mea-
surement superoperator M [ ], whose action on the quantum state s expressed as

X N A
ML1() = 171 (3.15)

n (0]

where Aj [1 isasetof operators verifying
i

Yoo ofr (3.16)
j

These operators are called 'Kraus operators', and they are generally used to describe
physical processes such as measurements or dynamical evolutions [141]. If the mea-
surement strength is small, most of the Kraus operators will be small with one being
close to the identity (> On the contrary, if the measurement strength is high, the Kraus
operators will become a set of orthogonal projectors.

The online protocol uses such weak measurements after each forward pass map
S [xO ] to estimate reservoir outputs, as illustrated in Fig. 3.8. The main di erence
with the restarting and rewinding protocols is that the full dataset is injected into the
reservoir at each inference, instead of only injecting parts of it. Because of the mea-
surement back-action, the reservoir state follows a quantum trajectory that depends
on the measurement outcomes. We note that the expectation values are still estimated
with a nite amount of measurements N 4,0ts, meaning the full dataset still needs to be
injected N ¢hots times to estimate an expectation value.



Moreover, itis possible to weakly measure di erent observables simultaneously [142].
In this case, only N ghos N samples fOrward pass maps are needed to compute the full
reservoir output. We observe that for an equal number of measurements N shots s Nshots
Nsamples IS lower compared to the N ghos N samples N wo N ops forward pass maps
required in the rewinding protocol. However, in practice more copies of a state are
needed to estimate an observable's expectation value using weak measurements com-
pared to projective measurements, because less information is extracted. Neverthe-
less, a condition for online protocol to be advantageous with respect to the rewinding
protocol when measuring single-qubit observables in qubit reservoirs has been foynd 0

N

in Ref. [112]. With the de nition of with respect to the set of Kraus operators il
in this reference, this condition is

— 3.17

We observe that for low N ,,, the measurement strength must be higher to be advan-
tageous. So for tasks with a low N ,, it may be advantageous to use a projective mea-
surement scheme.

3.4.3.2 Online continuous protocol.

Figure 3.9: Online continuous protocol. To estimate the full reservoir output F =
fO | the full dataset X =  x0) s encoded in the reservoir with successive for-
ward passmaps S [x©) ]. During the dynamical evolutions, the reservoir is continuously
monitored using a probe, which is coupled to the reservoir with measurement strength
. Measurement records are sampled after each forward pass map.

A di erent approach to weak measurements is to instead continuously measure the
quantum system, using a probe which is weakly coupled to it. The probe is measyred,,

continuously. This can be modeled by a quantum reservoir whose observables o}
k2[l;N obs]



are each continuously monitored through homodyne detection with respective mea-
surement strengths . When the measurement records J are known, the evolution of
the density matrix  ;(t) conditioned on the measurement records, can be described by
the stochastic master equation [141]

Xobs Xobs
dn =L (tdt+ DY W Od(dt+  HP O dWe:  (3.18)

k=1 k=1

where L  describes the hermitian reservoir dynamics, and D[ P _kék] are Lindblad dis-
sipation superoperators describing coupling of the system to the probe. We de ne the
stochastic superoperator for the jump operator ¢

H[é](AJ) = CAJ + Ny éy Tr CAJ + Ny éy Ny (319)

which describes information gained from the measurement. The stochasticity of mea-
surement is modeled by a Wiener process, because continuous measurement can be
considered as the continuous limit of in nitesimally short measurements: the Wiener
increment dW ; is drawn from a Gaussian distribution of zero mean and dt standard
deviation. The measurement records are then

D E
Je= O J + dW  =dt; (3.20)

T A0 . When averaging the stochastic quantum trajectories over

where Ok
J

anin nite numberN ¢t Of measured conditional states *  j, the e ects of measurement

back-actions dW average out. In this case, the stochastic terms in Eq. (3.18) disappear

and the master equation becomes fully deterministic

d N Xobs

G=L 0+ ol 8do: (321)
k=1

D E
In the deterministic limit, the measurement records are J K = ék =Tr "Ok

A continuous weak measurement framework for quantum reservoir computing has
been proposed in Ref. [114]. Because it has not been given a name in the article, we
label it the online continuous protocol in this manuscript. Its operation is schematized
in Fig. 3.9. While measurement records are sampled after the forward pass maps like
in previously mentioned protocols, the continuous monitoring introduces additional
dissipation during the dynamics. However, the continuity of measurement removes the
guestion of measurement duration present in all the previous protocols: in theoretical
proposals of quantum reservoir computing, this parameter is often ignored, while it



may be an important resource in experimental implementations.

The interests of the online continuous protocol are similar to that of the online pro-
tocol, and a balance must be adjusted between measurement strength and number
of measurements N g,is. A higher meagpuregnent strength implies that a smaller num-
ber of samples is required to estimate O« , butitalsoincreases the dissipation, thus
limiting the reservoir memory. We note that Rle. [114] considers an in nite amount of
measurements, SO no optimization of resources on this subject has been researched.

3.5 Applications of quantum reservoir computers

The QRC framework described in Section 3.3 enables harnessing the large feature space
o ered by quantum devices, while avoiding barren plateau phenomena which pose
an obstacle to training parametric quantum circuits for their use in quantum neural
networks, or other variational quantum algorithms. In this section, we present di er-
ent applications for which they have been considered, and show their advantages and
aws.

Classical data processing. On classical time prediction tasks, arrays of 5 to 7 qubits
have been shown to perform as well as echo state networks of 100 nodes [42]. This
can be understood because 7 qubits translates to 2 7 = 128 basis state neurons in the
guantum reservoir. Large scale implementations of QRC have shown that its perfor-
mance scales better in size than its classical counterpart, and the improvement of their
performance with size has not yet been found to plateau [143]. However, scaling up
physical reservoir computers is di cult because of the innate di culty in connecting a

large amount of devices together [144]. For this reason, as of now quantum reservoirs

do not outperform state of the art classical recurrent neural networks in classical time
prediction tasks.

Quantum data processing. However, if the input is not a classical time series but
rather a quantum state, it was shown in Ref. [28] than QRC can be used to estimate
multiple properties from a single measurement or even perform tomography. This
approach hopes to reduce the number of observables to measure for the estimation
of quantum properties such as entanglement and polarization [28, 29, 30]. QRC could
also increase the delity of tomography compared to conventional approaches such as
optimal lIters [27].

More generally, if the quantum reservoir is utilized to process quantum data, then
near-term applications become more feasible. A di erent advantage than a purely
computational one can be achieved: by directly feeding data to a quantum reservoir



from a quantum sensor without a digitization process, it is possible to use fewer data
samples compared to classical post-processing methods [145].

For quantum data processing applications, quantum reservoirs composed only of
qubits run into the problem of needing to couple many quantum devices for good per-
formance, resulting in complex fabrication processes and large system size. Ideally,
QRC implementations in quantum sensing should be lightweight and tinto a quantum
sensing setup. An attractive addition to these reservoirs would be gquantum systems
with larger individual Hilbert spaces: bosonic modes are a good candidate to this end.



Chapter 4

Quantum reservoir computing with
bosonic modes

Thanks to their larger Hilbert space, bosonic modes hold the promise of increasing the
performance of quantum reservoir computers with a lower number of coupled devices,
compared to qubits. In this chapter, | will rst explain in Section 4.1 the characteristics
of the Hilbert space in a bosonic mode. Because a bosonic mode has linear dynamics,
| will show in Section 4.2 how quantum reservoir computing frameworks with bosonic
modes proposed in the scienti c literature have introduced nonlinearity, using non-
guadratic Hamiltonians and the nonlinearity of some encoding schemes. In my PhD,
we have chosen to harness the nonlinearity introduced by measurements in the Fock
basis. In Section 4.3, we benchmark the performance of this bosonic quantum reservoir
on the sin/square waveform classi cation task and Mackey-Glass time series task.

4.1 Hilbert space of bosonic modes

Figure 4.1: lllustration of the energy levels in a single bosonic mode. Each Fock state
jni is an eigenstate containing n photons, with an energy n~!.

56



We remind the Hamiltonian of a bosonic mode is that of a quantum oscillator
1 =~1a Ya; (4.1)

where ! is the resonance frequency, and & is labeled either the ladder annihilation
operator, or eld operator. It has bosonic statistics, meaning that & veri es the com-
mutation relations

a& = [aa=0: (4.2)

The Hamiltonian of EqQ. (4.1) has a discrete eigenspectrum, whose eigenstates are called
Fock states jni. Each Fock state corresponds to a well-de ned integer number of bosons
n, with associated energy ~!n,

B jni = ~Injni: (4.3)

Bosonic eld operators verify the relations

8
< ajni

- &jni = pn+1jn+1i:

P

njn 1i
(4.4)

We observe that contrary to qubits, a single bosonic mode possesses an in nitely
large Hilbert space, i.e their basis is composed of an in nite number of states. This
makes them theoretically impossible to simulate by classical means. In practice, when
weakly driving a bosonic mode, we create coherent states
. der 02 X ko
ji =e =z p— ki (4.5)

o K

Q

de ned by their displacement . The probability amplitude of measuring jnhnj con-
verges to O for high n, ,
.. on
. - i 2
jhnjij 2=ell ”T =0 (4.6)
So we observe that for low displacement , only a limited amount of Fock states is sig-
ni cantly populated. The vanishing of their Fock state occupation probability for high
photon number is observed in Fig. 4.2, where these probabilities are shown for two
di erent coherent states ] = 0:9i and ] = 2:0i. Respectively, they have negligible oc-
cupation probabilities for n > 4 and n > 11. This means that the dynamics of these
single-mode coherent states can be accurately modeled in a Hilbert space of nite di-

mension 12.

The dimension of the Hilbert space of M coupled bosonic modes, whose individual
dynamics could be captured withacuto n  ,is (ny +1)™. As Hilbert space size plays a
major role in the processing power of QRC, bosonic mode reservoirs have the potential



Figure 4.2: Histogram of Fock state jni occupation probability amplitudes in single
mode coherent states ] = 0:9i (blue bars) or ] = 2:0i (orange bars).

to be exponentially more powerful than their qubit counterparts, whose Hilbert space
sizeis 2M .

Bosonic modes can be experimentally implemented in di erent physical media,
such as optomechanics [57], optical ring resonators [58] and circuit quantum electro-
dynamics (cQED) [59], in which photons are the bosons of interest. In this thesis we will
consider electromagnetic modes of superconducting resonators [60], but the results
are applicable to any hardware realizing bosonic modes.

4.2 Introducing nonlinearity in bosonic quantum reser-
VOoIrs

Despite their large Hilbert space, a major obstacle to using bosonic modes for QRC
is the linearity of their dynamics [80]. For instance with a single mode as de ned in
Eq. (4.1), writing the Heisenberg equation of motion of its eld operator in the Heisen-
berg representation

def

[ [
at) exp —Ht aexp -Ht 4.7)
reveals a rst order linear di erential equation

da, i
0= aW; R
= i1a(t):

(4.8)



Figure 4.3: Di erent methods to introducing nonlinearity in bosonic mode reservoirs.
(a) Example of a non-quadratic Hamiltonian (b) Wigner quasi-probability distribution of
encoding states in phase space of position and momentum operators p and q. Dark
yellow lines indicate the contours of the distribution. A coherent state of displacement

2 C can be used to encode an input into its amplitude j j or phase arg( ). Similarly,
an input may be encoded in squeezed states using the squeezing parameter r or the
phase of squeezing '. (c) Occupation probability P, of di erent Fock states jni in a
coherent state j i, as a function of its complex amplitude .

In general, if a system of bosonic modes has a quadratic Hamiltonian, i.e it is at most
a second order polynomial of the eld operators & and & Y then its dynamics will be
linear [80].

To work around this issue, three main approaches have stood out to apply bosonic
modes in quantum reservoir computing: introducing non-quadratic terms through Kerr
e ect[64, 27, 56], encoding inputs in a nonlinear manner [66] and measurement-induced
nonlinearity [146, 67]. They are illustrated in Fig. 4.3.

In this section, we explain how these methods introduce nonlinearity in the quan-
tum reservoirs, and their advantages as well as disadvantages. Measurement-induced
nonlinearity will be explained in the next section, as it is our chosen method to intro-
ducing nonlinearity.

Non-quadratic Hamiltonians In Refs. [64, 27, 56], Kerr nonlinearities are leveraged
to add non-quadratic terms in the Hamiltonian. Single-mode Kerr nonlinearities take



the form
X 2 2
|qkerr =~ k(aky) (ak) , (4-9)
k=1
where  is the Kerr nonlinearity in each mode k. To illustrate why the dynamics are
now nonlinear, we write the evolution equation of the eld operator in the Heisenberg
picture

. h i
da,. i .

a(t) = = a(t), |qkerr (4.10)
=24 Y(Hha2():

This di erential equation is indeed nonlinear.

In the semi-classical regime where eld operators &(t) can be considered as scalar
values a(t), the use of bosonic modes has been proposed in Ref. [27] for quantum
information tasks. While in this regime there are no advantages of processing capac-
ity over classical reservoirs, the lack of measurement back-action and the determinis-
tic measurement outcomes (as opposed to the probabilistic quantum measurements
described in Section 2.2.1.3) means that reservoir outputs can be correctly estimated
with less measurements than in the fully quantum case. Indeed their reservoir outputs
are not expectation values of quantum operators, but rather deterministic evaluations
of the classical quadratures Re(a(t)) and Im(a(t)). In their article, Angelatos et al [27]
directly coupled the target quantum system with their bosonic reservoir in order to
process its data, instead of amplifying the signal and processing it with classical post-
processing techniques, which has the drawback of introducing additional ampli cation
noise. They demonstrate that for the joint dispersive measurement of two qubits, the
delity of their 5-mode semi-classical Kerr oscillator reservoir matches that of the con-
ventional optimized readout system using a matched lIter, while needinga 10 times
smaller training set.

Instead, operating Kerr nonlinear bosonic modes in the quantum regime as pro-
posed in Refs. [64, 56, 147, 55, 148, 87, 140] could allow for a improved performance of
reservoir computing with quantum oscillators over classical equivalents. For instance
Govia et al show in Ref. [64] that a single quantum nonlinear oscillator reservoir has
better performance on average than its classical equivalent on the sine wave phase es-
timation task, for small training set sizes (< 10 3). Also on a single quantum nonlinear
oscillator, Motamedi et al nd in Ref. [87] that high quantumness (quanti ed by Lee-
Jeong's measure [149]) provides a broader set of outcomes (depending on the random
reservoir hyper-parameters), in which a better performance than the classical equiva-
lent is achieved. However, they highlight that quantumness alone does not guarantee
good performance.



As expected, studies in the classical or quantum regime both observe that Kerr non-
linearity plays a key role for reservoir performance. In optics, large nonlinearities can
be challenging to implement experimentally [150, 151], and high photon numbers are
required to observe nonlinear interactions. But in superconducting circuits, large Kerr
nonlinearities can be engineered using a Josephson Ring [61].

Input encoding An alternative approach is to obtain the nonlinearity through the
drive which encodes the data. Whereas for qubit reservoirs we have described a setting
where the input is encoded in the initial state, here we describe a setting where a drive
applied at the resonance frequency of the bosonic mode encodes the input data. The
application of such a drive results in the Hamiltonian

QMW:Fp a av; (4.11)

where is the coupling strength to the input device, and the complex drive amplitude,
corresponding to the displacement of the coherent state in the input device .

As demonstrated in Ref. [66], encoding the data in the phase of the drive arg(),
instead of its amplitude jj, is su cient to process nonlinear data using a reservoir
of coupled bosonic modes with quadratic Hamiltonians. They also explore encoding
into the single-mode squeezing parameters of the input device state, and observe that
this increases the performance with respect to encoding into the drive displacements.
Other forms of encoding have also been proposed to introduce nonlinearity, such as
guantum teleportation [152].

The downside of this approach is that it is not applicable to quantum input data.

4.3 Quantum reservoir computing with coupled bosonic
modes measured in the Fock basis

The approach we have chosen during my PhD to introduce nonlinearity in the bosonic
reservoir is through quantum non-Gaussian measurements. | focused on measuring
Fock state occupations jnhnj, because of their availability in superconducting circuits
through dispersive coupling to a qubit. This measurement nonlinearity is apparent
when showing in Fig. 4.3c the Poissonian distribution obtained when measuring jnhnj
in a single mode coherent state j i

.. 2
ihnjij 2= el ”T (4.12)



In order to prove whether Fock basis measurements introduce su cient nonlinearity
to solve nonlinear tasks, we consider in this section a minimal system of two coher-
ently coupled bosonic modes, in the reservoir computing framework. This system is
illustrated in Fig. 4.4.

Although | have considered projective measurements of Fock state occupations,
other measurement schemes have di erent advantages or disadvantages. For instance
Ref. [67] implements measurements of the parity operator exp i&Ya in experiment.
They extract the measurement result, and the bosonic mode state is projected into su-
perpositions of either even or odd Fock states, to introduce nonlinearity. The reservoir
outputis then obtained by dispersively coupling a qubit to the bosonic mode, applying a
sequence of unitary gates to it, then projectively measuring it. Both the Fock state mea-
surement that we perform and the parity measurement are quantum non demolition
measurements. However, the parity measurement preserves the mode in a superpo-
sition of states which might lead to some quantum advantage. The downside might be
that parity measurements are harder to interpret than Fock state measurements.

4.3.1 Dynamical description of the two-mode quantum reservoir
with coherent coupling

Figure 4.4: Sketch of energy levels of two bosonic modes, with respective resonance
frequencies! ; and! ,. We choose to apply to each mode resonant drives of amplitude

1.2 in order to create coherent states (gray circles). The modes can be coupled para-
metrically by introducing a nonlinear element, such as the Josephson junction in super-
conducting circuits [61, 62]. A coherent coupling can be engineered with a three-wave
mixing interaction, in which a pump tone applied at the di erence of the resonance
frequencies creates photon conversion at a rate g (green arrow).

Coherent coupling between the two modes, labeled by their respective eld opera-
tors &, and &,, is modeled by the Hamiltonian

K =gaa, +g &8 (4.13)



where g is the photon conversion rate between the two modes. We note that this is

a rotating frame Hamiltonian, so the harmonic oscillator term ! 18,78; +! ,8,78, is not
present. As we will explain in the next chapter, such a coupling can be engineered

by applying a three-wave mixing pump tone at the di erence of the mode resonance
frequencies. The two coupled modes are illustrated in Fig. 4.4.

To simulate driving by an input source without the system acting back onto it, we
use the cascaded formalism [153]. The system Hamiltonian now features an additional
drive term

S p__
H=ga 8 +g9 a8 +i- Kok & k& (4.14)
k=1
where 2 C is the complex drive amplitude applied to mode k. This drive term cre-
ates coherent states in the bosonic modes, allowing the population of higher level Fock

states.

The density matrix of the system “then evolves according to the Lindblad master
equation

. i N
—= -~ + DG (4.15)

where the jump operator
& =Pq (4.16)

models single photon dissipation at a rate j-

4.3.2 Execution of the forward pass in the quantum reservoir

In this section, we describe how the input data of a time series is injected into the
bosonic reservoir, and how we extract information from the reservoir dynamics. An-
ticipating our benchmarking of the reservoir performance on the sin/square waveform
classi cation task (see Section 3.2 for details on the task) in the next section, we will use

a sine waveform xO)  =1[0;0:7071;1;0:7071;0; 0:7071; 1; 0:7071] as an example
input sequence for the remainder of this section.

Let X = xO  be atime series, where inputs x 0 2 R are 1-dimensional. The
bosonic system starts in the vacuum state, and its evolution follows the Lindblad master
equation Eq. (4.15). We decide to use the complex drive amplitudes 1, 2 toencode the
input data, as it is a simple rst test. This encoding scheme is inspired by the work of
Fujii and Nakajima on qubit reservoirs [42].

In all of the simulations shown in the remainder of this chapter, we set the physical



parameters to be 8
% g =235
5 1 =(17=20) (4.17)
2 = (21:20) ;

where = 20MHz is a scaling parameter, close to the value of the dissipation rates.

4.3.2.1 Drive encoding

Let =( 1; »)' be the vector containing the complex drive amplitudes. We choose to
encode inputs x ) into the drive amplitudes j j, i.e set

xO)= o xO + o (4.18)

where the linear encoding weights ¢ 2 C?andthe biases s 2 C? are reservoir hyper-
parameters. The operator " " denotes the scalar multiplication. This encoding method
has also been considered in Refs. [27, 66]. The inputs are sequentially encoded with
time intervals t = 0:8 1 meaning x O is encoded at time t . For instance in
Fig. 4.5a, a sine waveform as de ned in Section 3.2 is encoded intg the drives, with
encoding parameters o =(;) T and pas = 0:1 o, where =130  =20.

(a) (b)

Figure 4.5: (a) Encoding scheme for a one-dimensional sine input sequence xO =
[0;0:7071;1;0:7071;0; 0:7071; 1; 0:7071] into the drive amplitude 2 C 2. At time
intervals t=0:8 1, both drives are updated with the same next input , according to

x V)= o xO + .. Here the encoding parameters are 0=() Tand s =
0:1 o, where = 130 =20. For visual clarity, Im( 1) and Im( ;) are not plotted since
their values are zero. (b) Same encoding scheme, but after renormalizing the inputs to
remain in the interval [0; 1].

In order to precisely control the range of values taken by the drive amplitudes, we
renormalize the inputs before their encoding into the drive amplitudes, so that their val-



ues are always contained between 0 and 1. This is realized by determining the dataset
minimum and maximal values min(X); max(X), and applying the transformation
0 xO min(X)

- max(X) min(X) : (4.19)

As shown in Fig. 4.5b, this renormalization enables the encoded drive absolute values
j j to remain in the intervals

8h i
<hj( bias )kJ; J( o)kji ifj( bias)k] > J( o)

ju2 o b | (4.20)
JC o)ilsJC bias)id (o) > J( bias)kl:
4.3.2.2 Fock state measurement
After encoding the input x O attime t, and letting the dynamics evolve during a
time taccording to Eq. (4.15), attime ( +1) twe obtain the reservoir outputs f 0
by measuring the occupations in a set of joint Fock states fjrig  , where
iR Einq jn oi; (4.21)
and
AZ (N 1Ny (4.22)

is the vector containing the number of photons n in each mode k. The measurement
probability P (1) of the Fock state jRi is the expectation value of the projector jfi hfj,
and can be computed from the Schrodinger representation density matrix “with

P (R) £ Tr(yni hj): (4.23)
To each reservoir output f lE) we attribute a Fock state probability P (1). In order to learn
a bias term in the reservoir output matrix, we append a scalar 1 value to the full reser-
voir output f O . From F the matrix whose rows are the reservoir outputs f O, we calcu-
late the output weight matrix W using Moore-Penrose matrix inversion as described in
Eq. (3.3).

4.3.2.3 Reservoir dynamics during the forward pass

In order to observe the e ect of the input encoding onto the reservoir, it is useful to

not only probe the dynamics of Fock state occupation probabilities P (1) under the drive

encoding as described in Section 4.3.2.1, but also that of the mean photon number N.
In Fig. 4.6, we present the dynamics of joint Fock state probabilities P (0; 0); P (0; 1)



@ (b)

Figure 4.6: Dynamics in the 2-mode bosonic reservoir of (a) two Fock state probabil-
ity amplitudes P (0;0); P(0; 1) and (b) the mean photon numbers N 1; N, under drive

encoding of a sine waveform  x0) oo = [0;0:7071;1;0:7071;0; 0:7071; 1; 0:7071]

renormalized to take values in [0; 1] as illustrated in Fig. 4.5b, where new data points are
encoded at t time intervals. The physical parameters are speci ed in Eq. (4.17). The
measured Fock state probabilities after encoded input values x 0 = 0:7071 are high-
lighted by red circles. We observe that depending on the previous input, the measured
probability can be di erent.

and photon number N resulting from the encoding of a sine waveform into the drive
amplitudes following the procedure described in Fig. 4.5b. We observe in Fig. 4.6a that

for the same x () = 0:7071 input value, the Fock state probabilities will have di erent
responses (highlighted by the red circles), depending on the previous inputs X (%)
This illustrates the memory property of the bosonic modes.

Then studying the evolution of N shows that the chosen encoding parameters 0=
() Tand s = 0:1 o, where = 130 =20, generally tend to increase the photon
number for higher value inputs, but do not make it go above 10, meaning we are indeed
still in the quantum regime. We can thus conclude that the physical parameters we
have chosen in Eqg. (4.17) and the drive encoding parameters chosen in Fig. 4.5 are
good hyper-parameters for the reservaoir.



4.3.3 Reservoir performance benchmark on the sin/square wave-
form classi cation task

4.3.3.1 Classi cation of the sin/square dataset

(@)

(b)

Figure 4.7: Reservoir performance on the sin/square waveform classi cation task, for
(a) 4 or (b) 9 measured Fock probability amplitudes. The input data (green dots) is a
time series of points belonging to a sine or square discretized in 8 points. The target
label is 1 if the point belongs to a sine, or O if it belongs to a square. The prediction
(purple dots) is separated by a threshold (black dashed line), for which the prediction
is O if the output is below the threshold, or 1 if it is above.

In order to evaluate the capacity of the 2-mode bosonic reservoir, we address the
sin/square classi cation task, a standard benchmark already introduced in Section 3.2.
As the input data points cannot be linearly separated, this task is chosen to probe the
nonlinearity introduced by the Fock state basis measurements. Moreover, memory is
required as points equal to 1 can both belong to a sine or a square. The forward pass
is executed as described in Section 4.3.2, with data points sent at t = 0:8 1 time
intervals.

We separate the dataset into a training and testing set, each containing 200 ran-
dom sine or square waveforms with 8 points. Therefore, the reservoir is trained on
Nsamples = 8 200 points. We investigate the performance of the quantum reservoir as
a function of the number of measured Fock states. First, we measure the states jO; Oi



to j1; 1i, yielding 4 output neurons. The one-dimensional reservoir prediction is shown
in Fig. 4.7a, and a threshold that separates it into 1 or O labels. We set the threshold
by selecting a threshold between 0 and 1 which yields the best classi cation accuracy.
The reservoir prediction matches the target with 99:93 % accuracy. To improve even
further the performance, we measure the states jO; Oi to j2; 2i, increasing the number
of output neurons to 9. We see the reservoir prediction points are further away from
the separating threshold, illustrating the better separation of data thanks to the larger
number of neurons. The test accuracy is now 100 %.

4.3.3.2 Comparison of the bosonic reservoir with a static classical reservoir

Figure 4.8: Performance comparison of the quantum, and classical reservoirs. Test
accuracy on the sin/square waveform classi cation tasks as a function of the number of
reservoir neurons, for a classical reservoir (ESN), and for the bosonic QRC. The classical
reservoir accuracy is averaged over 100 random initializations. For the bosonic QRC, the
number of measured joint Fock states corresponds to the number of reservoir neurons.

By comparing its performance with that of a classical reservoir on the same task,
we will assess whether the quantum reservoir displays any advantages compared to
classical models. For the classical reservoir we use the echo state network described
in Section 3.2 that applies a nonlinear ReLU function, for which we have already estab-
lished that 17 neurons are needed to solve the task with 100 % accuracy. In Fig. 4.8 we
show the classi cation accuracy on the test dataset of the 2-mode bosonic reservoir,
with 4, 9, 16 and 25 neurons. These numbers of neurons correspond to the measured
joint Fock states 3

% 4 neurons  1j0;0i;jO;1i;j1;0i;j1; 1i

9neurons 1j0;0i;:::;j2;2i
(4.24)



for the reservoir output. We saw in Section 4.3.3.1 that an accuracy of > 99 % is ob-
tained with the bosonic QRC when measuring only 4 neurons, thus outperforming the
classical reservoir.

To better understand where this advantage comes from, we also learned this task
using the bosonic QRC in its classical limit, by setting a large dephasing rate. First, we
brie y explain the in uence of dephasing on the reservoir dynamics, to understand the
dynamics of our QRC in its classical limit.

4.3.4 Classical limit of the quantum reservoir: dephasing

() (b)

Figure 4.9: Density matrix of the 2-mode bosonic reservoir, after encoding an input

x = 1 into the complex drives for a time t 5 0:8 1| The encoding parameters are
o=1[;]and pias = 0:1 o, where =130 =20. In (a), there is no dephasing, whereas
in (b) the dephasing rateis + = 5. The colorbar indicates the absolute value of the

density matrix element jhn; mj /yn; mij. The Hilbert space is shown up to the joint Fock
state j2; 2i.

Quantum coherences give rise to o -diagonal elements in the density matrix of the
system. Indeed for instance, the single-mode pure state

ji= jOi+ jli (4.25)
translates to the density matrix

A=jih ]

oo L - (4.26)
=jj “joh0oj+jj “j1hlj+ jOh1j + j1h0j;



where the last two terms are its o -diagonal components. We observe that the super-
position of states is at the origin of quantum coherences. If the density matrix of a state
has no o -diagonal components, then the probabilistic outcome resulting from mea-
suring an observable is caused by incomplete knowledge of the state, and not by the
guantum superposition.

To take the classical limit and attenuate the quantum coherences, we add a dephas-
ing term in the Lindblad master equation in Eq. (4.15). It is modeled by jump operators

é-;k = &b (4.27)

where . is the dephasing rate, set to be equal in the two modes.

We show the e ect of this dephasing rate on the quantum coherences in Fig. 4.9,
where we plot the density matrix of the 2-mode bosonic reservoir after encoding an
input X = 1 into the complex drives for atime t = 0:8 1 according to Eq. (4.18). We
see in Fig. 4.9a that without dephasing, o -diagonal terms jO; 1i;jO; 2i;j1; Oi have non-
zero values. When applying a dephasing - =5, we see in Fig. 4.9b that o -diagonal
terms are suppressed, as expected.

€Y (b)

Figure 4.10: Dynamics comparison of the 2-mode quantum bosonic reservoir (blue and
orange lines) and its classical limit (red and green lines) with dephasing rate - =5,
A sine input sequence is encoded into the drive amplitude according to (X O)y= 4
xO + Lis. The encoding parameters are o = ;) T and s = 0:1 o, where (a)

=130 =20or(b) = 1—20 =20. The coupling parameters are as de ned in Eq. (4.17).

Next, we observe the e ect of dephasing on the dynamics of the mean photon num-
ber N in Fig. 4.10a, where a sine waveform is encoded into the drives, as described in
Section 4.3.2.1. We see that for - = 5, the oscillations due to photon conversion g
are suppressed, and the number of photons becomes 3 times higher on average.

For the comparison to be fair between the bosonic reservoir and its classical limit,



we want the mean photon number N to be equal on average for both of them. So in

Fig. 4.10b we show that halving the amplitudes of the drive encoding parameters allows

us to recover approximately the same average N as without dephasing. The dynamics

of this system are simulated with a Hilbert space cuto n n = 11, high enough to take
into account all of the basis states which have a non-negligible occupation. With these
parameters, we now benchmark the performance of the QRC classical limitin Fig. 4.11.

Figure 4.11: Performance comparison of the quantum, quantum in the classical limit,
and static classical reservoirs on the sin/square waveform classi cation task. Test accu-
racy as a function of the number of reservoir neurons, for a classical reservoir (ESN), and

for the bosonic QRC (including the classical limit obtained at dephasing + =5). The
static reservoir accuracy is averaged over 100 random initializations. For the bosonic
QRC, the number of measured joint Fock states corresponds to the number of reservoir
neurons.

Our observation shows that for 4 neurons, the quantum reservoir performs better
than in the classical limit, indicating that quantum coherences play a role in learning.
Moreover, we observe that the bosonic reservoir in the classical limit slightly outper-
forms the classical static reservoir by achieving 100 % accuracy with 9 neurons, while
the ESN achieves only 93:33 % accuracy. This can be attributed to the fact that unmea-
sured basis states still participate in the transformation of input data. From an exper-
imental perspective, this aspect is interesting because despite the fact that quantum
measurements need to be repeated multiple times to reconstruct the Fock state prob-
ability amplitudes (see Section 2.2.1.3), a much smaller number of states need to be
measured in comparison to the classical case.

4.3.5 In uence of shot noise on performance

In Sections 4.3.3.2 and 4.3.4 the Fock state probabilities P (R) are estimated exactly in
simulations, with no shot noise due to a nite number of measurements. To investi-
gate the experimental feasibility of the QRC, we study the number of measurements



Nshots that are needed to obtain su ciently precise Fock state occupation probabilities
in order to perform learning with the same accuracy as with the exact values.

4.3.5.1 Simulating a large number of measurements with the central limit the-
orem

When simulating shot noise from measuring a Fock state occupation jai hfj, a more
e cient method is preferred to what is described in Fig. 2.10, where N shots COpies of a
state are required to estimate its expectation value. We note that jai hfj is a projector,
so the calculations of Section 2.2.1.3 are applicable.

Using the Central Limit theorem [154] when N 4. IS large, the estimator of the Fock
state probability Z de ned in Eq. (2.21) approximates a normal law with its same mean
and variance

E(Z)=p
p(L p) . (4.28)
@)=E@Z ) E@) *= "
shots

where p £ P (R) is the Fock state probability to estimate. With N ¢,o,s measurements,
using the linear stability property of the normal law, we can approximate a value of the
probability density S
p 1 p

Z(X)=p+
( ) p Nshots

N (X); (4.29)
with N a probability density following the normal law N (0; 1), of mean 0 and standard
deviation 1. | chose this method to simulate shot noise caused by the nite number of
measurements.

4.3.5.2 Performance comparison

For three di erent values of the number of measurement samples N shots » We show the
accuracy of the bosonic QRC on the sin/square task in Fig. 4.12. For the drives that we
apply in our simulations, lower energy levels in each mode have higher probabilities

to be occupied, which means that their measurements induce smaller errors. We nd

that for the states containing either 0 or 1 photons in each modes, corresponding to

the quantum reservoir with 4 neurons in the Figure 4.12, with 10 ° shots we obtain su -
ciently precise probability estimations to achieve the same accuracy on the sin/square
classi cation task as with the exact probability amplitude values. For the states contain-

ing 2, 3 or 4 photons in either one of both modes, corresponding to quantum reservoirs

with 9, 16 and 25 neurons in the Figure 4.12, we need 10 7 shots. Finally, in the case
where Fock occupation probabilities are measured with 10 © shots, we observe that the



Figure 4.12: Impact of the nite number of measurements on the QRC performance
solving the sin/square waveform classi cation task. Test accuracy is plotted as a
function of the number of neurons, with a nite number of measurement samples
Ngnots = 108, Ngnots = 107, and Ngnois = 10°. Performance with ideal measurements
of the Fock states is shown as a reference.

reservoir does not achieve 100 % accuracy even with 25 neurons. We conclude that to
solve the benchmark task with 100 % accuracy using 4 neurons we need 10 ° shots, and
if we increase the number of neurons we can lower the number of shots to 10 &

To optimize the number of shots used for classi cation, adaptive measurement
schemes can be considered. A possible method would be to use less measurement
samples for highly occupied states, than for scarcely occupied ones.

4.3.6 Reservoir performance benchmark on Mackey-Glass time se-
ries

The second benchmark that we address is the prediction of Mackey-Glass chaotic time
series. Compared to the sin/square task, predicting time series data assesses the mem-
ory of the reservoir. This task will serve as a second benchmark of the bosonic QRC per-
formance, which we will compare with the performance of a classical spintronic reser-
voir composed of 4 skyrmions simulated using a software neural network [155], and a
simulation of a quantum reservoir composed of 3 atoms inside an optical cavity [114]
as references. To make full use of the reservoir's dynamical complexity, we sample the
Fock state occupations at several distinct times for each input data point.
The input data is obtained by solving the rst order di erential the equation

dx(t) = x(t m)
dt — 1+x0t )

X(); (4.30)

where ; and |, are dynamical parameters. Chaotic regime is achieved for parame-



ters =0:2, =0:1and |, =17 [155]. The dataset is composed of discrete values of
the solution to Eq. (4.30), as illustrated in Fig. 4.13a. The task consists in predicting a
point with a certain delay in the future. For example, a target dataset associated with
the inputs in Fig. 4.13a for a delay = 20 is shown in Fig. 4.13b.

€Y (b)

Figure 4.13: (a) Mackey-Glass chaotic time-series data. The data points are taken at the
discrete values of time. (b) For each input point, the target is the point with a certain
delay in the future, here illustrated for a delay = 20.

We train the reservoir for di erent delays ranging from 1 to 100. Each point is sent
for t=1 ! .Inall of the simulations we measure 16 Fock basis states, from jO; Oi to
j3; 3i, and we sample the reservoir 3 times for each input, corresponding to a measure-
ment every t=3. With this procedure, we obtain 48 reservoir features. In comparison,
the spintronic reservoir measures 50 features, and the three-atom quantum reservoir
measures 37 features. The size of both the training and test dataset is of 1000 points,
and we use the normalized root mean square error (NRMSE)

p___
. def MSE(Y;Y) .
NRMSE(:Y) = ax(y) min(y)

(4.31)

where Y is the target dataset, and Y is the reservoir prediction. The results are shown
in Fig. 4.14. We plot the logarithmic NRMSE on the test dataset as a function of the
delay for the three di erent reservoir computers, from delay = 0 up to delay = 80. For
the quantum reservoir from Ref. [114], the performances have only been computed for
delays with values in [0; 2; 20; 80].

In all of the reservoir performances, we observe a logarithmic increase of the error
as a function of the delay. This is expected, as points further in the future are harder
to predict because the reservoir memory is lost. For large delays, the error saturates
because the reservoir learns the range in which the points are situated. In particular,
the error is lower around the regions of the minima and the maxima of the time series,
where the data is concentrated. These extrema occur periodically, which is re ected in



Figure 4.14: Logarithmic normalized root mean square error for the Mackey-Glass task
as a function of the number of points in future that the reservoir attempts to predict
for (blue dots) a classical reservoir composed of 4 skyrmions with 50 measured fea-
tures [155], (orange dots) a quantum reservoir composed of 3 atoms inside an optical
cavity with 37 measured features [114] and (green dots) the bosonic quantum reservoir
with 2 coupled modes and 48 measured features.

the oscillation of the error as a function of delay.

When examining the performances of the three reservoir computers in contrast
with each other, we observe that the bosonic QRC performs better than the other
two with a comparable number of neurons. This result shows that the bosonic QRC
can achieve competitive performance compared to other physical reservoir comput-
ers, with a similar number of measured features.

4.4 Discussion

We have shown in this chapter that bosonic modes can be successfully implemented in
the quantum reservoir computing framework in order to solve non-trivial tasks such as
the sin/square waveform classi cation and Mackey-Glass time series prediction. Solv-
ing such a benchmark task proves the measurement outcome statistics of the bosonic
modes in the Fock basis are su ciently nonlinear to process nonlinear datasets. The
chosen encoding scheme in input drive amplitudes, as well as the system dynamics,
are linear. Thus, Fock basis measurements were the only source of nonlinearity in our
work. We remind however, that other sources of nonlinearities can be considered, as
we have discussed in Section 4.2.

The comparison of the bosonic QRC with the echo state network in Section 4.3.3.2
has shown the quantum reservoir can outmatch classical reservoirs, when using the
same number of neurons. To understand the origin of this advantage, we have sim-
ulated the reservoir in its classical limit by adding a strong dephasing term in Sec-



tion 4.3.4. We have found that in this limit, the reservoir performance decreases and
becomes more similar to that of the ESN. This result shows that quantum coherences
play an important role in reservoir performance. Inspired by Fujii and Nakajima [42],

and their concept of hidden neurons, we interpret this is as an increase of the num-

ber of accessible states for computation in the Hilbert space. While 4 joint Fock states
are measured to solve the task, states not measured also participate in the reservoir
dynamics.

Compared to classical reservoir computing, we therefore expect QRC to scale bet-
ter with the number of devices, which simpli es experimental implementation. Less
physical observables will need to monitored, than in classical reservoir computing im-
plementations on physical systems.

However, the stochastic nature of quantum measurements makes them require
more measurements per observables, compared to classical systems. As we saw in Sec-
tion 4.3.5, around 10 ’ measurement samples are needed to solve the benchmark task
with 100 % test accuracy, and this doesn't take into account the measurement noise,
only the quantum noise. In order to decrease this number, we would need our mea-
sured Foc5 state probabilities P (1) to be larger, as their relative standard deviation
%. Decreasing the number of measured observables for classi ca-
tion is also an objective to reduce the number of measurement samples required, and
to simplify experimental setups. Finally, the fact that in reservoir computing only a
single layer of linear weights is learned results in a limited expressivity of the learning
model.

scales as

To improve on the shortcomings of the quantum bosonic reservoir, in the second
part of my thesis | have introduced parametric coupling between the bosonic modes,
in order to obtain tunable parameters in the physical system, and | have attempted to
train them as parameters in a neural network.



Chapter 5

Training the parametric interactions
In an analog bosonic quantum neural
network

In order to improve the learning performance of the bosonic system, we choose to
move away from the reservoir computing paradigm and train the physical parameters.
To increase the number of available physical parameters, we describe in Section 5.1
how three-wave mixing can be leveraged to tune photon conversion and two-mode
squeezing rates, and drive detunings for an arbitrary number of bosonic modes.

In the framework we will detail in Section 5.5, we propose to treat the amplitudes,
phases, and frequency detunings of the driving and parametric mixing processes as
trainable parameters, and use some of them for data encoding. Inspired by chip-in-
the-loop training [83], we propose to use a model of the circuit in which gradients are
accessible to train the actual physical system through gradient descent.

We could simulate the quantum model in the Schrodinger picture with the Lind-
blad master equation and use libraries implementing back-propagation into di eren-
tial equation solvers [74, 75], but the computation time of this method scales exponen-
tially with the number of modes and occupied basis states. Because gradient descent
training requires executing many forward passes, we need a more e cient method to
simulating the quantum system.

Many methods to e ciently simulate quantum systems exist such as truncated cu-
mulants [55, 76], the positive-P representation [77] or tensor networks [78, 79], but
they require approximations. We choose to restrict ourselves to using Gaussian modes,
which can be simulated e ciently [80]. While Gaussian modes do not explore all the
degrees of freedom in the Hilbert space, all of the conclusions of this work will also be
applicable to more complex non-Gaussian states.

To compute Fock state occupation probabilities, we use the Gaussian boson sam-

77



pling formula for which an e cient algorithm has been devised in Ref. [81]. During
the second and third years of my PhD, | developed a Python library enabling econom-
ical fully di erentiable simulations of dynamics and Fock measurements on Gaussian
states with the PyTorch package.

5.1 Coupling bosonic modes together

In this section we show how three wave mixing with a pump tone can be applied on two
bosonic modes denoted by their respective eld operators 4, B, to convert bosons and
perform two-mode squeezing. These results will then be generalized to an arbitrary
number of modes.

The end goal of the pump tones that we will introduce in the next two subsections,
is to produce the Hamiltonian

ﬁ = a+ Ob+g@Eb +a) +gs@b +ah); (5.1)

where ,; pare the drive detunings from the bosonic mode frequencies, g is the photon
conversion rate, and g ° is the two-mode squeezing rate.

5.1.1 Three wave mixing

We introduce a pump tone applied to two bosonic modes denoted by their respective

eld operators 4; B, to convert cavity photons and perform two-mode squeezing. The
pump tone is itself modeled by a bosonic mode with the eld operator g, of frequency

I'b. We show in this section that appropriately choosing the frequency ! p enables tun-
able coupling between the bosonic modes. This type of interaction can be obtained in
circuit quantum electrodynamics (cQED) using parametric couplers based on Joseph-
son junctions [156], or in optics using non-linear crystals [157]. In the laboratory frame,

the Hamiltonian of two modes &and b, of resonance frequencies! ,and! , coupled by
a three-wave mixing interaction is

Q:! A8+ HH+ Nidy (5.2)

+(p+p N@a+anbd+),
where is the three wave mixing coupling strength. Now we use the operator

Rt)y=exp it !.2a+! Sb+1 pp



to apply the rotating frame transformation

drR

(Mg Ci~ ——ORY®) + RE) HRY(®);

S (5.3)

where the R subscript denotes rotating frame operators. To apply this transformation
on the Hamiltonian Eq. (5.2), we rst verify by recurrence that

8
S@a)ra =a@¥a 1) "

8n2N; (5.4)
S (@a)reY =aY@a+ 1"

P n .
Using the de nition of an operator exponentiale & & J.1:0 L?T we derive from Eq. (5.4)
8
Sexpit! 28 a4 =aexp(it! J)exp it! &% 55
- exp it 278 & =aYexp(+it! J)exp it! &4 : '

From Equation (5.5) we calculate & and & Y in the rotating frame R
8
S@r £ RaRY=aexp(itl ) 5.6
D @) ¥ RAYRY = aYexp(+it! ,): '

As these relations hold for any bosonic eld operator, they also apply to b and p. We

note that & Y& is unchanged by the rotating frame. By replacing the expression Eq. (5.6)
in the Eq. (5.3) we nd

_dR

G =i RY@®) +! &a+! Hb

(5.7)

The rst line cancels out, and we develop the second one which yields 8 terms

(IQ) R=~ =pa Bét(! a! v! p) 4 pyaﬁé‘t(! al bt p)
+ paﬁ/eit(! atl p! p) 4 pYaﬁ/eit(! a+! p+! p)
' ' (5.8)
+ If)ayf)ét(! a! v! p) 4 pyayﬁét(! al b+ p)
+pay@/eit(! a*t! p! p) 4 pyay@/eit(! atl b+ p).

Finally, by setting! ,=! 5 ! p, we use the rotating wave approximation (RWA) to cancel

out the fast oscillating terms, and we obtain the photon conversion interaction Hamil-
tonian

(Mg =~ pab+pad : (5.9)



If we instead set! , =1 5+! , we achieve two-mode squeezing, described by the Hamil-

tonian
(Mg =~ pab+pat : (5.10)
This RWA is only valid if
Y oatelta ! o (5.11)
We can apply these two couplings simultaneously with two di erent pump tones p ©
and Bgs), at respective frequencies! ) =! 5 ! pand! gy =! 5 +! p Inthe classical

limit where these pump tones are coherent states with large displacement values, they
can be considered as scalar: f ) ' p g 2 Candfs) ! p (gs) 2 C. We nally get the
Hamiltonian

(M r=~ = g(ab’ +ad) + g3@ab + ab); (5.12)

whereg £ p (g) IS the photon conversionrateandg ° “p (¢%) the two-mode squeezing
rate.

5.1.2 Introducing drive detuning

Detuning the frequencies of the pump tones adds another controllable parameter to
in uence and complexify the dynamics. The more complex the dynamics of the quan-
tum system, the more complex functions and time series the learning model will be

able to t. We apply three wave mixing with two pump tones f (@) and Pgs). We set the
pump tone frequencies to

8

<1

! la !l pt2
© a b © (5.13)

ey Flal vt2 (e

where 2 ) and 2 (gsy are respectively the photon conversion pump detuning and the
two-mode squeezing pump detuning. In this case, the rotating frame

. Y.
R)=exp it !.8%+! HD+! Pg P +! ©@Pe)Pes
combined with the RWA allows us to model a time-independent Hamiltonian

Mr=~= @ @) &8+ g () DD

(5.14)
+~ g rpgab v~ . ab+ gt

if the RWA requirements are met

@ @ ' alwilla !l i (5.15)



The detunings ,; bto each bosonic mode can be chosen as free parameters using the
relation 8
S@ =(a p=2
@ =(at p=2

(5.16)

Finally, considering the pumpsf (q); Bgs) in their classical limit allows us to recover Eq. (5.1).
We note that if the detunings are higher than the dissipation rates, the dynamical

regime changes, which we want to avoid [61]. Therefore, for all of the simulations in

this chapter, we always set the detuning absolute values to be lower than ve times the

average dissipation rate.

5.1.3 M coupled bosonic modes

The calculations of Section 5.1.2 can be generalized to M coupled bosonic modes &
verifying the commutation relation

8

<1 ifj=k

g8 = M= ;
-0 ifj6=k

(5.17)

where
modes pairwise, with photon conversionatarateg  and two-mode squeezing at a rate

oy for modes k and I. In the rotating frame, the Hamiltonian of this system writes

is the Kronecker symbol. Three wave mixing allows us to couple the bosonic

F]Sys X X .
= kakyak + Okl akya| + 0y akya|y +h.c (5.18)

k=1 k;l=1
k<l

where  is the drive detuning of mode k from its resonance frequency. The notation
h.c denotes the hermitian conjugate of an expression.

5.2 Driving the bosonic modes with the input-output
formalism in the Heisenberg representation

In order to populate the Fock states of the modes, we drive them with nearly resonant
drives in the input-output formalism. We will model the evolutions of the operators

&, (t) in the Heisenberg picture when the system interacts with a bath of modes, using
the quantum Langevin equation. The demonstrations of this section are inspired from



Ref. [158].

Figure 5.1: lllustration of 2 bosonic modes & 1;8&, coupled to their respective bath of
modes Bi(! 1);B(! »). The system and bath are described by their corresponding Hamil-
tonians Iqsys, Mg, and their coupling is modeled by the interaction Hamiltonian Fine.

We suppose a setting illustrated in Fig. 5.1, where each mode in our quantum system
is considered to be interacting with a di erent heat bath Kk, in the form

lq = Iqsys"' |qB"’ |qint

X 21

Hp =~ o dh B OB ) (5.19)
w2y

R = i~ ) dhe k() BLC e ¢ B v
k=1

where Iqsys and Hg are respectively the system and bath Hamiltonian, and B are eld
operators for the bath k of modes. They verify the commutation relation

h i
BewBed =¢ vt D (5.20)

where (1) is the Dirac delta function [159]. The operator ¢ acts on system mode k.
The bosonic modes are coupled with strengths k(! ) to the bath modes through the
interaction Hamiltonian K., which is assumed to be linear in ﬁ<(! k) and Bﬁ(! k). This is
a general formulation, so the speci ¢ Hamiltonian of our bosonic modes Iqsys will not
a ect the following calculations.

We move from the Schrodinger picture where quantum states depend on time to
the Heisenberg picture, where quantum states are static and the operators depend
on time. The Heisenberg picture operators O(t) are related to the Schrédinger picture
operators o) through the transformation

O(t) = exp éﬁt O exp izliit : (5.21)



Evaluating expectation values of the operators in the Heisenberg picture with respect
to the initial quantum state £t = 0) yields the same result as its expectation value in
the Schrddinger picture:

D E
O =Tr =0 O¢t) =Tr %) O : (5.22)
As the operators now depend on time, they evolve according to the Heisenberg equa-
tions of motion h .
do i :
s Aw); A ; (5.23)

where the Hamiltonian is unchanged by the Heisenberg picture.

We develop the equations of motion in the Heisenberg picture for the bath of eld
operators ﬁ<(! k) and an arbitrary system operator o) using Eg. (5.23), and nd

dﬂél =it B )F Kl (5.24)
. h i w2y h i h i
% = I: O;ﬁsys + ) d! Kk k(! k) ﬁi(' k) O,OK O’CK B&(l k) . (5-25)
k=1

Solving Eq. (5.24) gives
Z t
B=e® Mo )+ «() e ¢ I 9dt (5.26)
0

where fio(! ) is the initial value of (! ) att = 0. Substituting Eq. (5.26) into Eq. (5.25)
returns the expression

@ ih,
E: = O,lqsys
W 21 _ h i h i
+ die k() €0 6 O el Khio(! W)
k= 1
xﬂlzl Z, , h i h i
+ die( W ()2 dt® @ Iy &6 O;@ e (Y
k=t 1! 0

(5.27)

For visual clarity, we omitted the time argument of operators depending on t, but kept

it explicitly for those depending ont © So far up to Eq. (5.27), the equations are exact.
To simplify the integrals in the third line, we introduce the rst Markov approximation,
which states that the coupling constants are independent of frequency

k(t k) = P k=2 ; (5.28)



where  is the coupling rate of the mode Kk to its input. So the integrals in ! k will give
Dirac deltas: Z,

dle ™t 9=2 (tt 9 (5.29)
1

verifying 7
t

69 (t t 9= 260 (5.30
0

when Eq. (5.29) is obtained as the limit of an integral over a function going smoothly to
zero at 1, which happens in our case. We also de ne the input eld operators as

Z
1 ! .
Ban(®= po=  dhe’ Dol ); (5.31)
1
which satisfy the commutation relation

Using Egs. (5.28) to (5.32), we derive the quantum Langevin equation governing the
time evolution of the operators

dd  ih,
©. Ton,
w h i
6:¢ 2o+ (5.33)
k=1
N h i
?kcz + p_kak;iny(t) O’OK :
k=1

We want to model the dynamics of the eld operators in the presence of single-photon
dissipation. Single-photon dissipation is modeled by setting¢ ; ! a ;. By applying the
quantum Langevin equation Eq. (5.33) to the eld operators&  ; that describe the single
photon loss, we nd

- h [
day | _
= lachye e P (5.34)
We note that the P " k&in term models nearly resonant driving, and the -8 term

models single-photon loss. For anisolated system, only the rstterm of Eq. (5.34) would
remain.

In this work, the inputmodes & ., will always be coherent states of amplitude h& .y =

k. We note that this driving formulation is equivalent to the cascaded formalism intro-



duced in Section 4.3.1, with complex drive amplitudes k-

5.3 Modeling the quantum state with its Gaussian mo-
ments

The coupling Hamiltonian Eq. (5.18) is quadratic in the eld operators, and we only
model single photon loss, signifying the state of this system will always be Gaussian,
if it starts in a Gaussian state [160]. In this section, we will rst introduce the tools to
de ne what a Gaussian state is, and how they can be e ciently simulated in polynomial
time.

5.3.1 Gaussian states

A Gaussian state is de ned by its Gaussian distribution in the phase space. To express
the two moments of this distribution in systems of M bosonic modes, we rstintroduce
the quadrature operators

e 1 o 1
R £ p_z(ak +8a,”); o £ i‘p_é(ak a ) (5.35)
Let R & R iR P Pu )T be the column vector containing the quadratures of
the modes, we can de ne the rst and second moments of the quadratures as
D E

RE R (5.36a)

R def 1 D y y E R/ R

K= 5 RkR} + R/Ry k(1) (5.36b)
We label R 2 C2M1! the quadrature displacement vector and R 2 CM2M  the

guadrature covariance matrix.
The quantum quasi-probability distribution of a M mode mixed state “in the phase
space can be represented using the Wigner function [161]

Z

X+ =q "~ X }q erdg'q; (5.37)

W(x;p) = W - > >

where x and p denote M-dimensional real vectors. We denote jx kI an eigenstate of the

position quadrature operator® ¢ withthe eigenvalue X ,andjxi =jxX qijX i X nl.
The Wigner function can be reformulated as W (r), for r = (X 1 XM P Pv ),

such that W(r) = W(X;p). For Gaussian states, the Wigner function is a Gaussian



(@) (b)

Figure 5.2: Wigner function distribution of two di erent single mode Gaussian states
in the phase space. (a) Vacuum state. (b) Gaussian state with R = (0:66;0:26)" and
r_ 035 0:34
~0:34 1.03°

distribution de ned by the quadrature displacement vector and covariance matrix

1 R T rR1 R

1
W(r) = )" p mexp > r r : (5.38)
A notable Gaussian state is the vacuum joi  £'j0i , ::: j0i ,,, with moments
8
R e VR
32 " =00 1
1
s k- @t O (5.39)
Ov &

1\ and Oy denote the unitary and zero matrices of size M M. The Wigner function of

a single mode in a vacuum state is shown in Fig. 5.2a. The Wigner function distribution
0:35 0:34 .

R is
0:34 1:03

of a single mode Gaussian state with R = (0:66;0:26)" and =

depicted in the phase space in Fig. 5.2b, to illustrate its Gaussian shape.

For the remainder of this manuscript, it will be more convenient to represent Gaus-
sian states using their eld operator displacement and covariance matrix, instead of
those of the eld quadratures. Let A %< a;:::::4y:47;::::44” | be the column vec-
tor containing the eld operators of M bosonic modes. The displacement vector and



covariance matrix are

D E
I\ (5.40a)
def 1D y y E
Kl — é Ak/&| + A| Ak K | - (5.40b)

The eld operator moments can be derived from the quadrature moments

= R (5.41a)
= RY. (5.41b)

where is the change of frame matrix
I I

R U L I R (5.42)
2 1u i1 wm 2 11 y |11y

Moving to the Heisenberg picture allows to de ne the eld operator moments with
respect to time

D E
® £ A (5.43a)

D E
(GO E S AOAO AOAD WO ) G43b)

For visual clarity, we will simplify the notation of (t;t  9to (t)ift=t ©

5.3.2 Evolution of the Gaussian moments

Since Gaussian states are fully described by their polynomially-sized displacement and
covariance matrix, it is more computationally e cient to compute their dynamics using

the Gaussian variables in the Heisenberg picture, rather than simulating the exponentially-
sized density matrix in the Schrddinger picture. In this section we will use the quantum
Langevin equation Eq. (5.34) to derive the time evolution equations for the displace-
ment and covariance matrix of a Gaussian mode.

We start by developing the unitary evolution term induced by the coupling Hamilto-
nian Iqsys using the commutation property [a; bc] = [a; b]c + b[a; c] and Eq. (5.17), which



ih i N
= ak;lqsys =1 j ak;ajyaj
j=1
DL
i g &&’4 +9; acay’ +oi aca’sy’ +gi [acay]
|;ij<=jl
. . X/I
=i 8y i k(O + Ok )& + (9 +95)87

j=1
(5.44)

For the quadratic system Hamiltonian Iqsys of Eq. (5.18), the Langevin equation becomes

déy . . X s s y k p— .
el KBy (94 + 9k )& + (9 + 914 - & k8uin - (5.45)
=1
Since & and &y, only evolve linearly with this equation, we notice that the system of
di erential equations de ned by Eq. (5.45) is closed, and thus they are exactly solvable.
We describe the evolution of a Gaussian state using the coupling matrix [80]

ger 1 G G
L & = Gy T (5.46)
where the matrix elements are
8
2 itk 0 ke
e € I =
G =~ _ga ifk<l; @ Z~ . (5.47)
3 o itk - g% otherwise.
© O

The vectorized Langevin equation for the entire system becomes

dA Ko P—n
=LA A KA (5.48)

where 8
<

LT (5.49)



The general solution to this rst-order linear di erential equation is
Z, p_
At)=F(@t) At=0) Fit )  KAL()d; (5.50)

0

where we have introduced the propagator matrix
F(t) £ exp(F%); (5.51)

with

FOLE L (5.52)

K .
>
Time evolution of the displacement

Using Eqg. (5.48) and the de nition of the eld operator displacement (t) from Eq. (5.43a),
we obtain

Z ¢ p
() =F(t) (t=0) Fit ) K n()d; (5.53)
0

tor of the input modes.

Time evolution of the covariance matrix

The calculation of (t) is lengthier. First we develop the di erent terms of Eq. (5.43b)

XM
i(t) ()= Fic Fj (1) «(t=0) 1(t=0)
l;(I'\;llztzt p
+ Fx( )F jl (t (5 KkKj in;k() in;| ( ()dd 0
ki=t 00
Z, (5.54)

XM p

Fi() «(t=0) Fp (t ) Ky i ()d
k:l=1 0
XM Z p__

Fi (1) 1 (t=0) Fat ) Ky ink()d
kil=1 0



D E yu D , E
AMA® = Fic OF i () Ax(t=0)A’(t=0)
k;l=1
XM Z,Z, P D y E
+ Ft )F 5t 9 KKy A () Ang’ (9 dd ©

ki=t 0 O
z, -
Fic(t) «(t=0) Fi (t ) Ki i ()d
k=1 0
Z t

p
Fi ® 1+ (t=0) Fult ) Kig inx()d:
kil=1 0
(5.55)
We observe that the last two terms in Eq. (5.54) and Eq. (5.55) will cancel out. So the
expression for the covariance matrix is

XM M p
ij (1) = Fx OF 3 () w(t=0)+ KkK| Fx@)F 5t 9 inw(; 9dd @
kil=1 kil=1 0 0
(5.56)

where , is the covariance matrix of the input modes. In the setting where input modes
are in coherent states without temporal correlations, their covariance matrix veri es

nttY=(tt 9 o (5.57)

In this regime, the Eq. (5.56) simpli es to

RV Mp Ly
i ()= Fi OF; (1) w(t=0)+ KKy Fi(t )F 35 (t ) owd
kil=1 kil=1 0
XM 1 XM Z t
= Fi Fji () w(=0)+ > Ke Fx( )F j (t )d:
kil=1 k=1 0
(5.58)
Finally, we get the expression
Z t
®O=F@{) (t=0)F Yt)+ o F( )KF Yt )d: (5.59)
0




5.3.3 Computation of the displacement and covariance matrix via
diagonalization

To simulate the bosonic modes when they are in Gaussian states, we can compute the
displacement (t) and covariance matrix (t). Their computation is possible by inte-
grating Egs. (5.53) and (5.59), but this method is time-consuming. Instead, diagonalizing
the propagator matrix F allows for their e cient computation, as we will detail below.

The input modes are set to be in coherent states of constant values in, and we
assume the propagator matrix generator F  °is diagonalizable as

=U 'FU =diag( 1;:::; om); (5.60)

where U is an invertible matrix, and « are eigenvalues of F ° The propagator matrix
can be diagonalized using the exponential of a diagonal matrix

F(t) = exp(F %) (560
=Uet U!:

The integral of (t) in Eq. (5.53) becomes
Z t

p —
=F =0 KU ®©) d U ! in
O=F® t=0)+ ) e (5.62)

p
=F(@) (t=0)+ KUI,UY

1

where | | = e! 1 ,v . To compute the covariance matrix, we introduce the ma-

trices P and | , such that

P=U'KU") (5.63)
(1) = (P)y =P ‘_++ j_)t) L (5.64)
it
Finally, we nd
O =F@® (t=0F@®) Y+ UI,U: (5.65)

Simulating the evolution of Gaussian states using Egs. (5.62) and (5.65) in the Heisen-
berg picture is much more e cient than solving the Lindblad master equation of their
density matrices in the Schrédinger representation, because their size scales exponen-
tially with the number of modes. In the calculations considered above, the most re-
source intensive operation is matrix diagonalization, which is of time complexity O(M %)
using the QR algorithm [162]. In my simulations, this was my method for computing the
displacement and covariance matrix.



5.4 E ects of coupling parameters

Before training the physical parameters for learning, it is important to understand their
e ects on the system dynamics. Moreover, if the mean number of photons in the mode
k D E
N ETr a8 = Aau A (5.66)

becomes very high, the system will exit the quantum regime because of thermal pro-
cesses, which we want to avoid. In this section we study the dynamical behaviors in
two modes induced by constant drives applied to each mode with detunings 1; 2, with
modes coherently coupled at arate g 1, and two-mode squeezing rate g 3,. To this end,
we will use the formulas Egs. (5.62) and (5.65) derived in Section 5.3.3.

To simplify the calculations of this section, we set equal dissipation rates and drive

amplitudes 8
< =
8k; (5.67)
kT,
and the system always starts in vacuum. The mean photon number N = fN 1; N 2g will

be computed from the Gaussian moments using the relation
. 1
Ne=j W’+ > (5.68)

which can be recovered using the de nition of the covariance matrix. In particular, if
the covariance matrix is that of vacuum, then the diagonalization of F %in Section 5.3.3
yields

Ne@®=j @i’

R ant 1 - (5.69)
= Ugem Umy ——— &

I;m m
Else, the expression is harder to compute

XM 1 e mt e m0t+e( m+ mot
N =jj ? U+m:m OUn}O”OUk;mU . .

1%mCl:m

& (5.70)
m mo

5.4.1 E ect of the drive detuning on the mode dynamics

In this section, we look into the e ect of the drive detuning on a single mode. The
system Hamiltonian is
Rys = &8 (5.71)



and the coupling matrix is !
: 0
L= : 5.72
0 (5.72)

Because LY = LandK = 1 ,, we have F(t)F(t) Y = e ' . From the expressions of
(t) and (1) in Egs. (5.59) and (5.62), we deduce
e

=" (5.73)

Z,

H= o e' + e®) d
0 (5.74)

N
=

Nl

= 0:
Calculating the expression of the mean photon number

!
, l+et' 2cos(te =z

Ny= ] . : (5.75)
3 +t 7

reveals that the detuning induces oscillations at frequency =2, on a timescale !
1
after which the system reaches an asymptotic photon number of || 2 5 2y 2 :

as shown in Fig. 5.3a.

() (b)

Figure 5.3: Meaﬁ photon number N as a function of time. (a) Single mode driven at am-
plitude =100 =2, applied with detuning =2 3 1. (b) B'VE:oherently coupled
modesatarateg, =2 3 !, driven at amplitude = 100 =2 with no Be@g.
We observe N 1(t) = N ,(t). In both gures, the drive amplitude is = 100 =4 ,i.e
both modes have the same number of photons at all times.



5.4.2 Coherent photon conversion

In general for M-coupled modes, if the dissipation rates are equal (le K = 1 om ) and
there is no two-mode squeezing (meaning L ¥ = L), then
LY=L
JF P =exp L Slaw t (5.76)
F Y[ =F * (t)exp( t);

and the covariance matrix remains that of vacuum:

Z t
O=F® oF'®+ o Ft )F Yt )
0
Z t
= JFF*®Me' + Ft )F (¢t )e © d
Z, 0 (5.77)
= o e' + e® d
0
= 0:
In the case of two driven modes coupled only through coherent photon conversion g 12,
the coupling Hamiltonian reads
Heys = 01281782 + 912 182" (5.78)

As stated previously the covariance matrix remains that of the vacuum, and calculating
the mean photon number returns an expression analogous to the single-mode detun-
ing case of Eq. (5.75)

I

> 1l+e'! 2cos(git)e 2z

5 ‘¥ (912)?

Ng=1jj (5.79)

We observe from this expression that photon conversion also creates oscillations even
in the absence of drive detuning, at a frequency g 1,=2 , as shown in Fig. 5.3.

We note that since the covariance matrix remains diagonal, there is no correlation
between the modes if only photon conversion is turned on. To avoid this, unequal
dissipation rates are required, or two-mode squeezing must be turned on.



5.4.3 Two-mode squeezing

If only two-mode squeezing is enabled, the coupling Hamiltonian becomes
|qsys = gizalyaZy + giz alaZ: (580)

For easier calculations, we set g 3, 2 R™. The coupling matrix then reads

0 o1
O 0 0 g%

1 S
L= % 0 0 ign O E; (5.81)
0 igj, O 0
igs, 0 O 0

which is hermitian. Because the system starts in the vacuumand K = 1 oM, the integral
expression of (t) can be simpli ed to
Z t
)= @ + e?tt) g (5.82)
0

The diagonalization of F yields

=diag(9 1,:912 9 12; 9 12) 5 (5.83)
0 . o1
I 0 10
1Bo ioi §
U=p= 5.84
iE’_2%0 1 0 (584)
1 0 10
ut =u: (5.85)
We de ne two scalar values s 1;S,
2 ( ) N
< — 298 t
St = gy re T 1ty (5.86)
R A S el
to develop the integrals in Eq. (5.82):
()=  oUdiag(ss;s1; Sz S2)U
31+232 0 0 i S 12+Sz
0 Sits2 jSis2 0 . (5.87)
- 0 0 islg 2 51252 0 )

islg 2 0 0 S1t+S2



We set the drive amplitudes to be zero, so the displacement vector (t) remains zero.
Therefore the mean photon number in the mode K is
S1+S, 1

Nyo= = (5.88)

In the expressions of s ; and s, in Eq. (5.86), we observe that if 29 3, > , N diverges
asymptotically due to in nitely increasing squeezing, whereas it converges otherwise.
This behavior is illustrated in Fig. 5.4.

(a) (b)

Figure 5.4: Mean photon number N in two modes as a function of time, with (a) g =
0:05 and (b) g3, = 0:6 . We observe that it converges in the rst case and diverges in
the second.

5.4.4 E ectofsimultaneous photon conversion and two-mode squeez-
ing
If the two-mode squeezing and photon conversion pump tones are not in phase with

the input drive signal, their coupling rates g, and g, take complex values. In this case
the propagator matrix generator is

0 | 1
0 19 12 0 ig 3,
. -
Fo= %'9 2 0 g O § Lo (5.89)
0 g3, 0 ig12 2

igs, 0 012 0



Its diagonalization =U ! FQU yields

=diag( +; «; 5 ) (5.90)
O..s.z. .2 s g 2 .2 1
(9327 19 127) 9 12 (95" J9 127) 9 12
U = Oi2 + [ Q12 | : (5.91)
0 iz 0 0>
gi + 0 g 0
where we de ne
— o .
= 5 (5.92)
with 8
<i Yo 19 5 ifigwd> o
o: ' p 12 12 (5.93)

992 19 12  ifj9%.) > ]9 1o):
If g12 = 9%,, Flis not diagonalizable. By symmetry, the mean photon numbers in modes
land 2 areequal: N ;1 =N , = N. The full expression of Eq. (5.70) is too heavy to com-
pute as there are 4 4 = 256 terms, but depending on the ratio of the photon conversion
and two-mode squeezing rates, we can infer di erent behaviors of N(t):
8 g ssi2 2 :

ifjg1 >jg12jand 2 jg3,)" jg 12> ) gN(0) diverges when t ! 1

o 9 2 . 2 < N(t) doesn't oscillate,

ifjg%,) > jgjand 2 jg5,0° jg 12" < )
and converges whent!1

(5.94)

N@ oscillates at frequency
if 9320 < jg 121 ) 2 jgwi® ig $i*. and

converges whent! 1:

These three di erent behaviors are shown in Fig. 5.5 in the blue, orange, and green
lines respectively.

This observation of divergences is important because we want the mean number
of photons to be kept below 100, in order to stay in the quantum regime. So when
implementing the learning models, we will always set the photon conversion rates to
be higher than the two-mode squeezing rates.



Figure 5.5: Mean photon number N ; = él\l > = N for 2 modes as a function of time
f%rjgizi < jg 12 (green), jg5,j > jg 12 and 2 jg5,0” jg 12° < (orange), jg $i > jg 12 and
2 jgizj2 jg 12j° > (blue). The photon conversion rate is xedatg 1, = 10, and the
drive amplitudes are setto = 200 =4 .

5.5 Analog bosonic guantum neural network

5.5.1 Description of the model

We consider a M-mode system, whose evolution of eld operator momentsf (t); (t)g

is described in Section 5.3.2. All physical parameters can be represented as vectors:
stores the nearly resonant drive amplitudes, the detunings, g the photon conversion
rates, g° the two-mode squeezing rates and the single-photon dissipation rates.

As shown in Fig. 5.6, we train two layers of weights, on top of the physical parame-
ters. The rst layer is composed of the encoding parameters 0, bias INto the complex
drive amplitudes , or another physical parameter of our choice. The encoding relation
for an d x-dimensional input X is

enc(X) = o X + bias » (5-95)

where ¢ is the denc-dimensional parameter to encode X into, 0, bias 2 CY% and
is the element-wise vector product. Ifd 4 6= d.c, then we augment the dimension of x
by repeating its values.

Due to challenging experimental implementation of the joint Fock state measure-
ments that we proposed in our QRC work, for the trained network that requires mea-
surements for each training epoch, we consider the local Fock state amplitudes as out-



Figure 5.6: Schematic of an analog quantum neural network. The input data vector

X (green squares) is encoded into a parameter encX) = o X+ bias, and the fea-
ture vector f(x) (purple squares) is obtained by measuring a set of local probabilities

fP «(n)g,., of a mode k to contain n photons. The prediction  y (red squares) is obtained
by multiplying the feature vector by a trained weight matrix W 0, With bias W jas -

put features. Their probabilities are given by the Gaussian boson sampling formula

exp 1 K kl; K
2 a2 Thaf(A ) (5.96)

Pc(nj; )= P
" det( ko) iy Ni!

where
k:Q = Ok + 1f:2

VWA A 00

01

T =@ A (5.97)
10

A =T 1, s

and 2 C?2and | 2 C?2? are the displacement vector and covariance matrix of
the mode Kk, obtained by keeping only the kth and k + Mth rows and columns in the
Gaussian variables [163]. A |, is formed from A by substituting its diagonal with { kl;Q
then repeating the 1stand 2nd rows and columns n times, and lhaf(;) is the loop hafnian
function [164]. The measured local Fock states constitute the feature vector f(x). The

nal layer is composed of the output weights W 0, With bias W ias
y=fx) W o+W ps: (5.98)

Analytical gradients are obtained through automatic di erentiation and the parame-
ters are optimized with the Adam Optimization algorithm [111] in PyTorch, based on



a code adapted from [81] which performs e cient computations of the loop hafnian
function.

One drawback of using Gaussian states is that we cannot simulate non-linear (i.e
non-quadratic) terms in the system Hamiltonian, as they create non-Gaussian states.
This restricts the number of pump tones we would want to introduce in order to add
more trainable parametric couplings: the only allowed ones will be coherent photon
conversion and two-mode squeezing. For the remainder of the manuscript, we denote

the set of trained parameters in the M-mode system. The physical parameters we
choose to train are

kx the complex drive amplitude applied to mode k
« the frequency detuning of mode k
" gk the photon conversion rate between mode k and |
" g the two-mode squeezing rate between mode k and .

Counting the number of trainable parameters thus yields

8
EZC'\’I 12M

2R M I'M
Egzc% IMM 1)
“ge2Cc™— IMM 1),

(5.99)

addingupto2M (M 1)+3M. We observe that this number is quadratic in the number
of modes M. With such a low number of trainable parameters, we were unsure before
starting this work whether training would result in signi cant performance improve-
ments over quantum reservoir computing with the bosonic modes.

In this chapter, we set the scaling parameterto =2 2MHz because in exper-
imental superconducting resonators, dissipation rates can be lowered to around this
value [165].

Renormalization of physical parameters. In optimization algorithms, it is prefer-
able for all learned parameters to be of the same order of magnitude. To achieve this,

we apply a rescaling of physical parameters using a renormalization factor R £ 10 MHz



in all simulations:

g(Hz)! g¢g=R
g°(Hz)! g °=R
(Hz)! =R
Py = PR

8

t(s) ! t R
% (Hz)! =R
§ (5.100)

5.5.2 Choice of an analog model

(@) (b)

Figure 5.7: Two di erent circuit approaches to parametrically control bosonic modes.
Each blue line corresponds to a singular mode. (a) Analog computing, in which there is

a single set of parameters parameterizing the Lindbladian evolution described by the
superoperator L( ). (b) Gate-based computing with three gates in this example, where
sequential Lindbladian evolutions described by superoperators L x each have their own
set of parameters . The total set of parameters is then =f kOka[1:3] -

The goal in this chapter is to establish whether there is an advantage in learning
with bosonic modes compared to QRC, even with a quadratic number of trained pa-
rameters. The model we described in Section 5.5.1 is analog, meaning we do not use
multiple gate-based operations with high predictability and precision, as are considered
in parametric quantum circuits. Instead of applying sequential Lindbladian evolutions
L each with a di erent set of parameters k,» We apply a single one and harness the
complex behaviors in the dynamics for which we do not have an analytical mathemat-
ical expression. Indeed, F °cannot be analytically diagonalized in the general case for
M 3 modes, as its characteristic polynomial is of degree 2M, and there is no universal
solution to nding the roots of 5th and higher degree polynomials. The two di erent
circuit approaches to parametrically learning bosonic modes are illustrated in Fig. 5.7.
Our choice of analog computation stems from its relative simplicity: to highlight advan-
tages of learning in bosonic modes, we do not require the use of multiple parametric
gate operations.



5.5.3 Possible issues with the back-propagation

The calculation of the eld operator displacement (t) and covariance matrix (t) in

Egs. (5.62) and (5.65) relies on the matrix U containing the eigenvectors of the prop-
agator generator matrix F °de ned in Eq. (5.61). However, as stated in the PyTorch
documentation [166], gradients involving eigenvectors of a matrix A are only well de-
ned if A has distinct eigenvalues. Gradients become unstable when eigenvalues are
nearly degenerate.

A simple example with M = 2 modes, identical dissipation rates 1= »= and
zero detunings ;1 = , = OHz illustrates this issue. The eigenvalues ( ; +)of F%in
this case are each two-fold degenerate:

8 q
< : -

4 i9i° i si° 5 ifigi>ig s
= = :

(5.101)
josi® jgi 2 5 ifjgsi > g

In this scenario, gradient computation will fail due to the degeneracy. To avoid such
issues, the initial set of physical parameters f; ;g;g  S; g is chosen such that F ®has
non-degenerate eigenvalues. The procedure we have arbitrarily chosen, is to set the
initial dissipation, photon conversion, and two-mode squeezing rates to be linearly in-

creasing with their index k, i.e for the parameter vector 2f;qg;g °g
k 1
k= ——0:2 ,4,4+09 avgs (5.102)
L1
where L is the length , and avg IS the average value of over all its components K-

This linear relation is chosen sothat 1 =0:9 sgand | =11 4.

5.6 Sin/square waveform classi cation

We rst benchmark the bosonic quantum neural network on the sin/square waveforms
classi cation task, in order to compare its performance to that of the bosonic QRC,
which was benchmarked on this task in Section 4.3.3.2. To provide a comparison to
QRC, we use two coupled modes, and encode the renormalized inputdatax ) 2 [0; 1]
into the complex drive amplitudes according to Eq. (5.95). The input data points are

2

sent one by one, each for a duration t = .

The loss function applied for this task is the mean-square error

N
1 meles
MSE(Y;Y)= ——— (Y Y )% (2.10 revisited)
2Nsamples k=1



where N sampies iS the number of data points used for training, Y=W o FX)+W  pias
is the matrix whose rows are the network prediction, and Y is the target dataset.

Parameter Initial value Learning rate Hyper-parameter Value
w o é 881 number of modes 2
bias 5 2MHz non;e number of training epochs 500
. regularization loss strength 0.02
(1 0:1) none N 3
OHz o1 N :“f 5
- g
g (ig 030) =4 0611 number of batches 5
g° 9 0 '1 dataset size 200
_ 1 ' loss function MSE
t 0:4 none

Table 5.1: Initial parameter values, their learning rates, and hyper-parameter values for
the sin/square waveform classi cation task.

Regularization loss To prevent the training from pushing the parameters to values
that cause photon numbers to diverge, we introduce a regularization term to the total
loss function

ef

lossy £ N MSE(N v Ny); (5.103)

where N .4 is the average of the photon number expectation values N over the time
interval t, for the x = 0 and x = 1 valued input. The target average photon number

N is set to 2 photons in each mode to ensure that the occupation probabilities of
measured Fock states are non-negligible while at the same time not over constraining

the learning range. The parameter  \ is a prefactor that controls the in uence ofloss
on the overall learning process. The total optimized loss function is then

loss = MSE(Y;Y) +loss \ :

The initial parameter values, their learning rates, and the hyper-parameter values are
listed in the Table 5.1.

Quantum reservoir [146] Bosonic QNN
number of measured states 4 1
number of measurement shots 10° 10°

Table 5.2: Number of observables and measurement shots required to reach 100 %
accuracy on the sin/square classi cation task for the quantum reservoir and for the
bosonic QNN.



Results The results are summarized in Table 5.2. We compare the performance of
the 2-mode bosonic QNN to quantum reservoir computing (see Section 4.3.3.2), and
show that training the drive parameters reduces the number of observables that need
to be measured down to just one, i.e the probability of having 0 photons in the rst
mode P ,(0), compared to 4 observables for the quantum reservoir. This provides a
twofold reduction in the number of measurements to perform:

(1) The total number of observables to measure is reduced.

(2) As P«(0) > P(n > 0), fewer measurement shots are needed to determine it with
Su cient precision.

Consequently, the bosonic QNN achieves 100 % accuracy with 1000 measurement shots
(Figure 5.8), in contrast to 10 ° shots required for QRC.

Figure 5.8: Accuracy on the sin/square classi cation task as a function of the number
of training epochs for two di erent numbers of measurement shots used to determine
the probability P 1(0).

We note that sin/square waveform classi cation is a simple task, hence why mea-
suring a single Fock state in a two-mode system is su cient for classi cation. However
for more complex tasks, the number of modes and measured observables will need to
be higher, to increase the model expressivity.

5.7 Encoding schemes

By considering that the chosen input encoding method in uences the nonlinear trans-
formation that the quantum system applies to the input data [66], we nd that it is a
useful property of our bosonic QNN to leverage. We investigate the optimal encoding
scheme in this section, which would minimize the amount of measured observables



required for classi cation. Since the sin/square task is already solved with a minimal
amount of resources in Section 5.6, we introduce the spirals classi cation task illus-
trated in Fig. 5.9.

5.7.1 Spirals classi cation task

Figure 5.9: The spirals task consists in the classi cation of points belonging to one of
the two spirals, red or blue in the gure. The inputs are data points fx 1; X2g and the
labels are y = O for the blue spiral and y = 1 for the red one.

This task uses a two-class spirals dataset generated from points in polar coordinates

according to 8

< () U@©G3)

. _ 2()+ (5.104)
() = o5
where U (a; b) denotes the uniform distribution on the interval [a; b]. Points with a pos-
itive (negative) sign in r( ) are labeled as class 1 (class 0), and the task consists in cor-
rectly guessing these labels. The non-linearity of the task is apparent in that it is impos-
sible to draw a straight line to separate the two spirals, and is known to require more
nonlinearity than the sin/square classi cation. The input data is symmetric with respect
to the origin in the 2-dimensional input plane. To incorporate this symmetry into the
model, we augment each input point X = (X 1;X5)T t0 (X 1;X2; X 1; X 2)T. Sowe have a
four dimensional input, and we need 4 input parameters.

In order to have enough complex drive parameters to encode the inputs into, we
address the spirals classi cation task using M = 4 coupled modes. We compare the
performance when the data is encoded into either the amplitude or phase of the com-
plex drive amplitudes , the photon conversion rates g, or two-mode squeezing rates

g°.



5.7.2 Input encoding

We want to encode the augmented d , = 4-dimensional input vector X into the ampli-
tude or the phase of an d ¢,.-dimensional parameter  .,.. The amplitude encoding has
already been used when solving the sin/square classi cation task with the QRC and
bosonic QNN, and follows

enc(X) = o X+ bias s (5-105)

where o] pias 2 C% and is the element-wise vector product. Instead, encoding into
the phase modi es this relation into

enc(X): o € ') + bias

(5.106)
(x) = o X+ bias 1

where o] pias 2 C%* and o] pas 2 R%c. We initialize the phase parameters as
( ok = and( pias)k =O0forallk 2[1;d encl.

However, when encoding the input data into the phase of two-mode squeezing or
photon conversion, we nd that photon numbers N tend to diverge after around 10
to 200 learning epochs, even when we apply the regularization loss loss n supposed
to prevent high N. In response, we have conducted a study of the e ects of phase
di erence between the drives of the photon conversion and two-mode squeezing in-
teractions, in order to nd the origin of these divergences and suppress them.

5.7.3 Divergence of the mean photon number N

We have already established in Section 5.4.4 for 2 modes that if two-mode squeezing
rates gy, 2 C have higher amplitude than photon conversion rates g 2 C, then N
diverges in time. In this section we study the dynamical behavior of N ina (M > 2)-
mode system with complex-valued coupling rates, in order to look for abrupt increases
and asymptotic divergences. In all of the cases studied in this section, we set

8
2« = =2 2MHz

8k2[1;|\/|]§ « =0Hz (5.107)
k= =M 100 P =4

and the initial state is vacuum.



5.7.3.1 3modes,g2C;g°=0

Let the photon conversion rates all have equal absolute values, but di erent phases,
i.e

ga =ge' i fork;12f1;2;3g; (5.108)
with g 2 R *. The two-mode squeezing tones are turned o . Then
0 0 1
Gio O3
G= E@glz 0 gzgg
Gz O3 0 (5.109)
1 G| O
L= — *
I~ 03 G

To compute the eigenvalues of F %=L 516, we compute those of G. Its determinant
is

det(l; G)= 3+p +qQ; (5.110)
with 8
< — 2
=3
_ P J (5.111)
- q = 2g 3cos(9;

where we have introduced the phase di erence term
°= %+ % (5.112)

This term will be important to study destructive and constructive interference phenom-
ena. We solve the cubic equation in Eq. (5.110) with Cardano's formula. The discrimi-
nant is

= (4p 3*+2709% =108g°sin?( 9: (5.113)

We will consider two cases for this discriminant: =0, or 6= 0.

0

= 0 case. In this case, where 0 (mod ), there are 3 real eigenvalues of G,

one simple and a double: 38
<
=2
L= (5.114)
1 = 2 = g
The diagonalization of F °=U U ! thus yields
= diag(2ig; ig; ig; 2ig; ig; ig) 5 1e; (5.115)



and 0 1
1 2 1 0 O 0
1 1 1/0 O 0
1 1 0|0 O 0
0O O o1 2 1
0 O o1 1 1
0 O 0|1 1 0

By symmetry, the mean photon number is the same in all modes: N 1 =N =Na
Using Eq. (5.69) we get
!
2 1+e! 2cos(2gt)e 2!
2
5 *+(20)2

We note that this behavior is the same as in the two-mode case described in Sec-
tion 5.4.2, but by substituting g ! 2g. We interpret this as a constructive interference
between di erent photon conversion processes. Here, no divergence behavior is ob-
served.

Ni(t)=jj (5.117)

Figure 5.10: Mean photon number in the rst mode N 1 as a function of time for 3
coupled modes, for two values of the conversion rate between the rst two modes

3,=0and §, = 3-. The conversion rate with the third mode are set to L= %=
0. The conversion rates amplitudes are jg ] = g = 50 and there is no two-mode
squeezing.

6=0case. Inthiscasewhere %6 0 (mod ), there are 3 real degenerate eigenval-
ues of G 8

. <
k 2]0;1;2
k+1 = 20 COS J—c]+2k [ ] ;

3773 10 ogp.g (5.118)



The full formula of N ¢ is too big to calculate, but we observe that if | 9 %

(mod 3), the eigenvalue ¢ becomes zero. Hence the term associated with this eigen-
value does not oscillate, and its values evolve as if there had been no photon conver-
sion, i.e itis divided by and notby aterm ¢ 2+ 5 2, leading to much higher N (t).
This behavior is illustrated in Fig. 5.10 for %= 37 We interpret this as a destructive in-
terference between di erent photon conversion processes, leading to a mean photon

number N  that has similar dynamics to the g = O case.

5.7.3.2 3modes, gy 2C;gp 2C

In this section we consider both nite conversion and two-mode squeezing interac-
tions. Computing the eigenvalues of F  %in order to calculate the mean photon number
in Eq. (5.70) in this case is not possible as we would have to factor its 6th-degree charac-
teristic polynomial, so we resort to numerical simulations. Depending on the values of
the photon conversion rates and two-mode squeezing rates, we have found di erent
dynamical regimes, which we illustrate in Fig. 5.11. In all of the studies conducted, all
the photon conversion rates have identical amplitudes (jg  «j = 9), as well as the two-
mode squeezing rates (jg ] = 9°). We setg > g¢°.

As described in the following sections, we observe that depending on the ratio of
di erent coupling rates, certain combinations of their phases lead to photon number
divergences. A divergence is identi ed by studying N(t) after a time evolution t =

0:4 1. If its smallest value for a certain coupling rate phase combination f akgy IS
exponentially smaller than its highest value for another combination f b:kJ,. then the
photon number diverges in time when the coupling rate phases approach f bik Oy -

Destructive interferences of photon conversion rates result in the divergence of

the photon number N. Figure 5.11a shows the mean photon number N as a func-

tion of two photon conversion rate phases 3, and $;. We observe that for certain
phase values, the number of photons diverges. We interpret this as a consequence
of the destructive interference between multiple photon conversion processes, result-

ing in the creation of photons through two-mode squeezing processes, and the lack of

e ective photon conversion to dampen them.

Constructive interferences of two-mode squeezing rates result in the divergence

of the photon number N if jgj <jBjo< 2jg5j. Figure 5.11b shows N as a function of two
two-mode squeezing rates %, and 9, for g < 2gS. We observe that for certain phase
values, the number of photons diverges. We interpret this as a consequence of con-
structive interference of the two-mode squeezing processes, resulting in an e ective



two-mode squeezing 2g ° that is higher than the photon conversion rate. In conse-
guence, the number of photons diverges.

(@)

(b)

(©)

Figure 5.11: (a) The mean photon number N (t) in 3 modes as a function of photon
conversion rate phases $,and J;attimet =04 !, 6 when 3; = 0. The photon
conversion rates all have the same absolute value jg j = g = 50 and the two-mode
squeezing rates are jg ;) = g° = 10 . (b)(c) The mean photon number N (t) in 3 modes
as a function of the two-mode squeezing rate phases %52 and 853 attimet =04 !
, when 253 =0.In(b)jgwj =9 =195 andjg j =9g° =10, andin(c) g = 20:5 and
g°=10.

Absence of the photon number N divergence for the photon conversion rate
J9j > 2jg®j. Figure 5.11c shows N as a function of two two-mode squeezing rates 12



and %; for g > 2g°. We observe that the photon number does not diverge, although it

is higher for phase values that cause the case g < 2g ° to diverge. We interpret this as
constructive interferences in two-mode squeezing tones not having high enough cou-
pling rates to surpass photon conversion rates, which dampens photon creation.

5.7.4 Clamping of the coupling parameters

Taking into account the behavior of the photon numbers N k (t) with respect to the pho-
ton conversion and two-mode squeezing rates observed in Section 5.7.3, we propose
a set of heuristic guidelines for choosing the coupling rates to avoid exponential diver-
gences in the photon numbers of the bosonic modes. We stress that these guidelines
are not rigorously proven methods for preventing such divergences, but rather practi-

cal intuitions that have been e ective in the training of the coupling parameters.

Algorithm 1 General guidelines for clamping

1: Clamping is applied element-wise to each component of the coupling rates.

2. Photon conversion rates are restricted to real, positive values. Complex values may
result in destructive interference during photon conversion. In contrast, two-mode
squeezing rates can be complex-valued.

3: The amplitude of the highest two-mode squeezing rate should never be higher than
the amplitude of the lowest photon conversion rate.

4: If the input is encoded in the phase of the two-mode squeezing rates of M modes,
then the highest two-mode squeezing amplitude should never be higher than the
lowest photon conversion rate amplitude divided by M 1.

5: if the input X is encoded in one of the coupling rates according to Eq. (5.105) (am-

plitude encoding) or Eq. (5.106) (phase encoding) then

6: If the encoded variable  ¢.c(X) requires clamping after a gradient descent up-

date, the biasterm 55 is adjusted to enforce the clamping constraints, while

0

remains xed. If this is insu cient to satisfy the clamping conditions, o is also
clamped.
7 The values (and s are never clamped, even when phase encoding is used.

8: After clamping, the explored values of  ¢,c(X) should deviate as little as possible
from their original (pre-clamping) values.

From these guidelines, we propose an algorithm to clamp the photon conversion
rates g and the two-mode squeezingratesg  S. We de ne the clamping bounds!| 9. :19

min; max
R* forg, and | ﬁfm 19 2R* forgs,andp clamp(p;P min; Pmax) denotes the element-

wise operationdenedasp ; min(max(p i;Pmin); Pmax) for each element p ; of the real
vector p. In practice, we nd that these clamping rules e ectively prevent divergences

2



in the number of photons across all the learning tasks considered in this chapter.

Algorithm 2 Clamping rules

M(M 1) . . . .
Require: g 2(R *)~ Z . To prevent destructive interference in the photon conversion

rates
Require: g *2C e . The squeezing rates are allowed to be complex.
1. Clamping is applied element-wise to each component of the coupling rates.
2: 19 OHz
3: 12 500 MHz
4: if the input x is encoded in arg(g °) then . We require that max(jg 3j) < W
5: I,ﬁ’fax arbitrary constant value
6 19 1 9, M 1)
7: else . We require that max(jg °j) < min(Q)
8 |r?1 . max(g S);min(g)
o | gjax maX(gS);min(g)

10: if X is encoded in then

11: g clamp(@;l 9. i10ax)

122 jg%j clamp(g  j; O; Ifax)

13: else if the input x 2 [0; 1] is encoded in jgj with g(X) = 0 X+  pias then

14: g clamp(g;0;1 2

15 o clamp(  0;0;1% | %) 02(R*)"7

16: bias  ClAMP( pias; 0; 13,,) bias 2 (R™) e

17: else if X is encoded inarg(g S)withgsS(x)= o e ' o bas) + 1 then

180 g clamp(g;l 2. ;lhax)

19: j o clamp(i  of; 0;1%ax)

20 basi ClamP( bias); O 1%k o)

21: elseif xisencodedinjg °jwithgs(X)= o X+  pias then

22: g clamp(g;l 2. il0ax)

23 ] of clamp(i  of; 0;1%)

24 ] basi ClaMP(  biasi; 0; %ax)

25: if there exists any x 2 [0; 1] suchthatg °(x) 2 [O; | %Sax] then

26: vias iS modi ed such thatjg  S(X)j 2 [0; | ] for all x 2 [0; 1]

27: . The updated values of g*(x) should deviate as little as possible from their orig-
inal (pre-clamping) values. The detailed clamping procedure is implemented
in the source code, speci cally in:

| | tests/clamping_demonstrations/abs_encoded_cplx_theta_clamp.ipynb /

As aresult of the clamping rules de ned in Algorithm 2, the photon conversion rates



are constrained to real values. Counting the number of trainable parameters now yields

8
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adding up to %M(M 1) + 3M. The number of parameters still scales quadratically
with the number of modes.

5.7.5 Results on the spirals classi cation task

As seen in Section 5.7.4, we have constrained the photon conversion rates g to be real,
so we address the spirals classi cation task with ve di erent encoding schemes: en-
coding into (1) the amplitudes of the complex drives, (2) their phases, (3) the amplitudes
of the two-mode squeezing rates, (4) the phases of the two-mode squeezing rates, and
(5) the amplitudes of the photon conversion rates.

Figure 5.12: Impact of the encoding variable on the performance on the spirals classi -
cation task. The accuracy for di erent encoding schemes is shown as a function of the
number of measured probabilities. Since the accuracies obtained when encoding in g
vary greatly with the initial physical parameters fg;g  °; ; g, we average them over 5
random initial sets of parameters.

We use the Binary Cross Entropy (BCE) with logits loss for this task. It consists of

—L to the prediction v,

two steps: applying the element-wise sigmoid function X ! Trex



followed by the BCE computation:

BCEf;y) =ylog(y)+(1 y)log(l y); (5.120)

where y denotes the target label. In Figure 5.12 we plot the accuracy of the di erent
encoding schemes as a function of the number of measured Fock state probabilities
P« (n). The set of local Fock state probabilities corresponding to each number are
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We nd that encoding into either the amplitude or phase of the two-mode squeez-
ing rates allows to achieve 100 % performance with just a single measured probability,
P1(0). In contrast, encoding into the drive phase requires 4 measured probabilities to
reach 100 % accuracy, encoding into the drive amplitudes requires 12 measured prob-
abilities, and encoding into the exchange coupling rate amplitude plateaus at 85 % ac-
curacy. The initial parameters and hyper-parameters for these simulations are listed in
Table 5.3.

Parameter Initial value Learning rate

Hyper-parameter Value
Wo 1 0.1 yperp
number of modes 4
Wbias 0 0.1 .
number of training epochs 500
2 2MHz none o
) regularization loss strength  y  0.02
(2 0:1) none N 3
(05,01 04 thr
400 =4 01
50 5 01 number of batches 5
gs (10 1) 0'1 dataset size 500
g ( 1) ' loss function BCE with logits
t 0:8 none

Table 5.3: Initial parameter values, their learning rates, and hyper-parameter values for
the spirals classi cation task.

To understand why encoding into the two-mode squeezing rates performs better
than the photon conversion rates or complex drive amplitudes, we study their in uence
on the covariance matrix (t).



5.7.6 In uence of the two-mode squeezing and photon conversion
rates on the covariance matrix

Figure 5.13: Variance matrix of the eld operator covariance matrix absolute value j j

for two modes after t = 0:8 1 of time evolution, with equal dissipation rates in each
modes 1= ,= =2 2MHz. Left: Varying the photon conversion rate g from

45 to 55 with xed two-mode squeezingrate g  ° = 10 . Right: Varying the two-mode
squeezing rate g ° from 5 to 15 with xed g =50 .

We have established in Section 5.4.2 that starting from the vacuum state, if there is
no two-mode squeezing and the dissipation rates of all the modes are equal, the covari-
ance matrix remains constant: 8t; (t) = o. Moreover, the complex drive amplitudes
have no in uence on the covariance matrix in general.

In this section, we analyze in the 2-mode case the variance of the covariance matrix
as a function of the photon conversion rate g and the two-mode squeezing rate g S. As
shown in Fig. 5.13, every term of the covariance matrix exhibits lower variance when g
is varied compared towhen g S isvaried. Therefore encoding into the two-mode squeez-
ing rates allows for more information to be processed through the covariance matrix,
compared to encoding into the photon conversion rates or complex drive amplitudes.

5.7.7 Comparison with the quantum reservoir and a classical model

In order to pin down the advantage brought by the training of the quantum system
parameters, we compare the resources in terms of the number of trained parameters,
and the number of outputs that need to be measured in order to reach 100 % accuracy
on the spirals task for the quantum reservoir and bosonic QNN. The results are sum-
marized in Table 5.4. We observe that the bosonic QNN needs a signi cantly smaller
number of observables to measure compared to quantum reservoir computing. Fur-
thermore, as a classical software point of comparison, to reach equivalent accuracy, a



Quantum Reservoir | Bosonic QNN
number of modes M 4 4
number of measured states 36 1
parameters 37 38

Table 5.4: Number of neurons and parameters needed to reach 100 % accuracy on the
spirals classi cation task using quantum reservoir and bosonic QNN.

classical MLP needs 2 hidden layers with 6 neurons each, resulting in 79 parameters
(see Fig. 5.14). We observe that the bosonic QNN requires less parameters than the
software MLP, proving its competitiveness in expressivity compared to classical learn-
ing models.

Figure 5.14: Test accuracy of a 2-layer MLP on the spirals classi cation task as a function
of the number of neurons per hidden layer, as a classical software point of comparison
to the bosonic QNN. The test accuracies are averaged over 5 di erent random initial-
izations of the MLP weights, and the error bars correspond to the standard deviation.

5.8 Handwritten digits classi cation

Training the physical parameters increases the expressivity of the quantum neural net-
work and allows it to solve tasks that are out of reach for quantum reservoir computing
on the same hardware. We demonstrate this by solving the handwritten digits recog-
nition task, from the DIGITS dataset, already described in Section 2.1.4. The dataset is
imported from the scikit-learn Python library [167].

We use 6 modes, pairwise coupled through 15 two-mode squeezing processes whose
amplitudes are used for data encoding. 64 pixel images cannot be processed in a
single time step, so we use an encoding scheme inspired by the data re-uploading
method [168]. After removing the 4 white corner pixels, we divide each input image
in four 15-pixel batches, that we apply over 4 time intervals tT = 127’
Fig. 5.15.

as shown in



Figure 5.15: Encoding scheme for handwritten digits classi cation. To create a attened
image vector of size 60, we crop the 4 white corners of the original image. Using 6
modes, we encode 15 pixels into the amplitudes of the 15 two-mode squeezing rates at

times O, tT, % and %. During each data re-uploading instance, a new set of parameters

fg;9°; ; gis applied. At time t, the Fock state probabilities are measured, yielding
the feature vector F(X).

The cost function used in this task is the Cross Entropy, as implemented in PyTorch [169].
Predictions y are rst passed through the softmax function

exply;) .
: (5.122)
L. explyi)

where dy is the dimension of the prediction. The cross-entropy loss

My
CEl:y) = Yk 109(Y«) (5.123)
k=1

between the prediction logits  yx and target labels y  is then computed.

Figure 5.16: Comparison of the bosonic QNN performance to that of quantum reservoir
computing on the DIGITS dataset classi cation task, with 6 modes. The classi cation ac-
curacy on the test dataset is plotted as a function of the learning epoch. 12 probabilities
are measured for the bosonic QNN, while 36 are measured for the quantum reservoir,
whose accuracies reaches at best 62:8 %.



Parameter Initial value Learning rate

Wo 1 001 Hyper-parameter Value
number of modes 6
W pias 0 0.01 o
number of training epochs 1000
2 2MHz none .
) regularization loss strength  y  0.12
(2 0:1) none N 3
OHz, 0.01 the
—_— N 2
600 =4 0.01
50 5 0.01 number of batches 5
gs (10 1) 0'01 dataset size 1500
g ( 1) ' loss function Cross Entropy
t 0:8 none

Table 5.5: Initial parameter values, their learning rates, and hyper-parameter values for
the DIGITS classi cation task.

Using this method, we achieve in Fig. 5.16 over 97 % accuracy on the DIGITS classi-
cation task, by measuring probability amplitudes P ¢(n) for k 2 f1;2;3;4gand n 2
fO; 1; 29, resulting in a feature vector F(X) with 12 components, and training a to-
tal of 502 physical parameters and output weights. The initial parameter and hyper-
parameter values are listed in Table 5.5.

In comparison, a reservoir computing algorithm with 6 modes and random initial
parameters can achieve at best 62:8 % test accuracy when measuring 36 probability am-
plitudes fP (M) nop1.61k201:6) - FOT this bosonic QRC benchmark, we trained the reservoir
with 5 di erent sets of initial random parameters, and selected the best performance.

Experimentally, measuring this many Fock state occupations would be very chal-
lenging. We conclude that learning the physical parameters allows the bosonic QNN to
solve tasks for which a bosonic QRC is not expressive enough.

5.9 Discussion

We have demonstrated that the bosonic quantum neural network can be success-
fully trained by optimizing the complex parameters of the three-wave mixing interac-
tions and nearly resonant drives. Training not only enhances the expressivity of the
network, enabling it to solve more complex tasks such as handwritten digits classi ca-
tion, but also drastically reduces the number of observables that need to be measured.

For instance, in the sin/square and spirals classi cation tasks, the number of vari-
ables is reduced to a single one, compared to 4 and 36, respectively in quantum reser-
voir computing. This makes the experimental implementation of inference signi cantly
more practical after training. Importantly, we show that trained networks can address
tasks that are beyond the capabilities of a quantum reservoir of the same size. Given the
experimental challenges of scaling up the quantum systems, the ability to solve harder



tasks without increasing the system size represents a key advantage of the proposed
approach. Furthermore, we have shown that encoding into the two-mode squeezing
drive is advantageous compared to encoding in drives of photon conversion, which
indicates that quantum coherences have a signi cant participation in learning.



Chapter 6
Conclusion

In this thesis, we have studied learning with bosonic modes in two di erent frame-
works: quantum reservoir computing, and analog quantum neural networks. In Chap-
ter 3, we explained that bosonic modes have linear dynamics, which poses an obstacle
to their application in the processing of nonlinear data. The source of nonlinearity we
have chosen to exploit is the measurement of non-Gaussian observables, namely Fock
basis states.

Using the quantum reservoir computing framework, we have benchmarked the
performance of a two-mode system with Fock basis measurements on the sin/square
waveform classi cation task, and found that a signi cantly smaller number of features,

4 instead of 17, need to be measured on the quantum system compared to a classical
one. To explore the source of this advantage, we have simulated the quantum reservoir
in its classical limit by introducing a signi cant dephasing rate compared to the dissi-
pation rates during its dynamical evolution, which suppresses quantum coherences. In
the classical limit, the bosonic reservoir performance is degraded, 9 features need to
be measured in order to solve the task. From these tests, we could conclude that quan-
tum coherences play an important role in quantum reservoir computing, increasing
the number of accessible states for computation in the Hilbert space. Additionally, we
have studied the in uence of shot noise stemming from the nite sampling of quan-
tum observables on the reservoir performance. We observed that with 4 measured
features, 10° measurements are required to recover 100 % classi cation accuracy on
the sin/square task. To reduce this number, adaptive measurement schemes could be
considered, such as requiring less measurement samples for highly occupied states.
However, this motivates the consideration of learning frameworks in which less ob-
servables need to be measured, and we hoped training the physical parameters would
ful Il this need.

To improve on the performances of reservoir computing, we proposed in Chapter 5
to train physical coupling parameters between the modes. In order to obtain tunable
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parameters, we have introduced parametric coupling between the modes using three-
wave mixing interactions. This allowed us to tune photon conversion and two-mode
squeezing rates in the system. For the sake of computing e ciency, we have limited
ourselves to Gaussian modes whose dynamics can be computed with O(M %) time com-
plexity using the Heisenberg picture and Gaussian boson sampling, instead of the ex-
ponential time complexity arising in Schrédinger picture simulations. This enables us

to e ciently simulate a bosonic quantum neural network with the PyTorch package to
leverage its automatic di erentiation functionality, and train the physical parameters

with gradient descent.

Our benchmarking of the two-mode bosonic neural network on the sin/square wave-
form classi cation shows that, despite the quadratic number of parameters, learning
allows to reduce the number of measured observables from 4 to 1, in order to solve
the task. Moreover, only 10 3 measurements are required to keep the same learning
performance. This advantage comes from the fact that in the bosonic quantum neural
network we measured a single Fock state with high occupation probability, whereas in
reservoir computing we needed to measure 4 states with lower occupation probabili-
ties overall. These results show that learning the coupling parameters greatly reduces
the resources required for data processing, after the initial training phase.

In the Section 5.7, we have investigated the performance of di erent input encoding
schemes. Because the sin/square task was solved with a single measured observable
and 2 coupled modes, we addressed a more complex task, that is spirals classi cation.
In order to have enough complex drive amplitudes to encode the input on, we increased
the number of coupled modes to 4.

We considered encoding into either the amplitude or phase of the complex drive
amplitudes, the photon conversion rates, or the two-mode squeezing rates. When
encoding into coupling parameters, the divergence of the photon number for certain
parameter combinations motivated an examination of the constructive or destructive
interference occurring when applying complex coupling rates. From the observed phe-
nomena, we devised clamping rules which kept the number of photons from diverging
during the training phase. After learning on the spirals task with application of the
clamping rules, we observed that encoding into the two-mode squeezing rate ampli-
tude or phase yielded the best performance, solving the spirals task with a single mea-
sured Fock state. This advantage can be attributed to its higher in uence on the co-
variance matrix, compared to the photon conversion rate. The bosonic neural network
required the optimization of 38 parameters, while the smallest number of parameters
a 2-layer MLP requires to solve the same task is 79, illustrating the competitiveness of
the bosonic neural network.

Finally, in Section 5.8 we have addressed a more complex tasks, of handwritten dig-
its classi cation using both the trained bosonic quantum neural network and quantum



reservoir computing of equivalent sizes. We have observed an improvement of per-
formance with the trained network achieving 97 % accuracy when measuring 12 Fock
states, compared to the quantum reservoir achieving at best 62:8 % accuracy when
measuring 36 di erent Fock states. From these tests, we can conclude that training
increases the expressivity, and allows the trained network to solve tasks which are too
complex for the quantum reservoir.

However, the back-propagation training is not scalable, as it requires to classically
simulate the system to determine the gradients. When training an experimental bosonic
QNN, the choice of the optimization method will be key to determining the resources
required for their training. For larger quantum neural networks, physics-compatible
training methods will be crucial, and research is very active in this eld. For instance,
equilibrium propagation [84, 86] computes gradients of energy-based models from the
activities of neurons that can be measured on the physical system. It has been extended
to quantum models such as the Ising model and coupled bosonic modes by consider-
ing the expectation value of the Hamiltonian as the energy function to minimize [170].
Another promising physics-compatible training method is the forward-forward algo-
rithm [85], which replaces the forward and backward passes of back-propagation by
two forward passes, one with positive and the other with negative data.

In my PhD work, we have used Gaussian states for the bosonic QNN because they
are simulable in polynomial time with a classical computer, but physics-compatible
training methods would remove the constraint on needing a model of the experiment.
With non-Gaussian states, we could then increase the number of trainable parameters
by incorporating higher-order mixing processes, such as four-wave mixing, and explore
more complex quantum states.

Finally, bosonic neural networks may be inherently less susceptible to barren plateaus
than parameterized quantum circuits. This is expected due to the more structured way
in which information is encoded, avoiding fully random unitary evolutions, and the use
of parametric couplings that introduce trainable interactions without excessive scram-
bling, thereby preserving useful gradient information. Nevertheless, further research
is needed to fully understand their scalability, robustness to decoherence, and the po-
tential emergence of barren plateaus in larger architectures.



Chapter 7

Résume en francais

7.1 Introduction

Le cerveau est trés e cace en traitement d'information et en résolution de diverse
taches. En plus de la pensée logique, il gere plusieurs sortes de données sensorielles,
et peut résoudre des taches sans étre explicitement programmeé pour. Désirant de
répliqguer et méme surpasser le pouvoir calculatoire du cerveau, les scienti ques ont
développé des modeles d'apprentissage inspirés de systemes neuronaux biologiques:
c'était la naissance de l'apprentissage automatique.

Une neurone biologique est un oscillateur non-linéaire, recevant des pics de sig-
naux électriques d'autres neurones a travers des synapses. Chaque pic recu contribue
a la charge de sa membrane, et a son propre potentiel électrique. Quand ce poten-
tiel dépasse une certaine limite, la neurone se décharge en émettant un pic de sig-
nal électrique elle-méme. Les synapses peuvent exciter ou atténuer le signal qu'elles
transmettent, et I'apprentissage est associé avec un renforcement ou une atténuation
de leur poids. De plus, étudier des cerveaux avec des électroencéphalogrammes et
des champs magnétiques a révélé que des phénomeénes tels que la synchronisation
d'oscillations de di érentes neurones dans le cerveau sont associés a l'apprentissage
de paternes [1, 2, 3, 4].

A nde alafois comprendre le traitement biologique de l'information et pour améliorer
les méthodes actuelles d'apprentissage automatique, des modeles dynamiques d'apprentissage
automatique sont en cours de recherche [5]. De plus, les premiers développements en
apprentissage automatique étaient basés sur des modeles inspirés par la physique, tels
gue les réseaux de Hop eld [6] et les machines de Boltzmann [7].

Cependant, le succes de l'apprentissage profond [8] sur plusieurs taches de recon-
naissance d'images ou de traitement de langage a mené vers l'adoption générale de
modéeles d'apprentissage automatiques simulés numériquement tels que les réseaux
de neurones arti cielles (ANN) [9] qui implémentent les neurones en tant que fonc-
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tions non-linéaires, et les synapses en tant que valeurs scalaires et statiques. Beaucoup
d'avancées algorithmiques ont contribué a cette transformation, telles que I'adoption
de couches neuronales profondes pour augmenter |'expressivité (c'est-a-dire la capac-
ité a approximer une fonction arbitraire) des modéles d'apprentissage, et I'algorithme
de rétropropagation du gradient [10], qui permet des calculs analytiques e caces de
gradients en simulation. Ces gradients calculés permettent I'entrainement de modéles
a travers des regles de descente de gradient.

Malgré leur in uence toujours grandissante sur la technologie, les réseaux de neu-
rones simulés montrent certaines limites. Contrairement aux cerveaux qui a la fois
sauvegardent la mémoire des synapses et traitent I'information, I'architecture von Neu-
mann d'ordinateurs conventionnels sépare leurs unités de mémoire et de calcul. En
conséquence, le transfert continuel d'information entre ces unités crée des surcodts
signi catifs en énergie et latence: ce phénomene est connu comme le goulet d'étranglement
de von Neumann [11]. Ce probléeme combiné avec I'utilisation des ANN pour traiter
des jeux de données toujours grandissant a mené vers un entrainement de plus en
plus gourmand en énergie des modéles d'apprentissage modernes [12], au point que
Amazon et Google investissent en ce moment dans des centrales nucléaires, dans cet
unique but. Dans un contraste marquant, le cerveau humain opere avec une e cac-
ité énergétique remarquable, en consumant uniqguement autour de 20 W. Ces consid-
érations ont motivé I'exploration de systémes neuromorphiques e caces en énergie
implémentant des ANN sur des support physiques dédiés: ce domaine est appelé le cal-
cul neuromorphique. Di érents supports physiques ont été étudiées dans ce but, tels
gue les matrices croisées de memristors en €lectronique [14], les modulateurs spatiaux
de lumiere en photonique [15], et les dispositifs spintroniques [16] pour en nommer
guelques-uns.

Nous illustrons comment les réseaux de neurones arti cielles sont entrainés avec
des passes en avant pour calculer les prédictions et une optimisation basé sur les gradi-
ents, sur I'exemple du perceptron multicouche (MLP) représenté en Fig. 7.1a. Les neu-
rones appliquant une fonction d'activation non-linéaire f sont groupés par couches, qui
sont intégralement connectées entre elles a travers des connections linéaires synap-
tiques. Dans une passe en avant, la premiére couche encode un vecteur d'entrée X,
puis passe a travers multiples couches cachées, et la derniére couche donne la pré-
diction du réseau Y, qui est utilisée pour calculer une fonction de colt C. La fonction
de colt quanti e la di érence entre la cible et la prédiction: le but d'un algorithme
d'apprentissage est de la minimiser, par rapport aux parameétres du modele.

Dans les réseaux de neurones arti cielles, les poids linéaires des connections synap-
tiques sont les parameétres du modele. La fonction de co(t C( ; x) dépend d'un ensem-
ble de parameétres du réseau et des entrées X. L'optimisation par descente de gradi-
ent est basée sur le fait que I'extréme d'une fonction a un gradient nul. Elle a prouvé
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Figure 7.1: (@) lllustration d'un perceptron multicouche (MLP) avec trois couches
cachées. Les entrées bidimensionnelles x (cercles verts) sont encodés dans les couches
cachées (cercles bleus) avec des connections synaptiques linéaires ( éches), jusqu'aux
prédictions bidimensionnelles y (cercles rouges). Chaque couche cachée contient
5 neurones, qui appliquent une fonction d'activation non-linéaire f. Les poids des
connections synaptiques constituent les parametres du modele. (b) Illustration de
l'algorithme de descente de gradient, pour I'optimisation d'une fonction de colt C()

par rapport & un parametre unidimensionnel . En commencant depuis © e
parametre est mis a jour de maniére itérative (croix rouges) avec la régle D) =
™ ¢y c( ™) ol estuntauxdapprentissage. L'algorithme converge vers le min-
imum de cette fonction, car plus il en approche, plus le gradient r C devient petit.

son e cacité pour entrainer des modéles larges d'apprentissage profond tel que GPT-
4 [17] ou ResNet [18]. Pour minimiser une fonction de colt C( ; X) par rapport a un
jeu de données X = fxg, un exemple d'algorithme de descente de gradient appelé de-
scente de gradient stochastique (SGD) met a jour de maniere itérative I'ensemble initial
des parametres  © avec la relation

= O e ix); (7.1)
ou est un taux d'apprentissage dé ni entre 0 et 1, et I'entrée X est choisie aléatoire-

ment dans le jeu de données. Cette régle de mise a jour est montrée en Fig. 7.1b avec
une fonction de colt dépendant d'un paramétre unidimensionnel (pour la clarté vi-
suelle), et aucune entrée. Les gradients r  C( ™ :x) sont calculés avec l'algorithme
de rétropropagation de gradient. C'est l'algorithme le plus commun en apprentissage
automatique, et il est expliqgué en Section 2.1.3.

D'un autre co6té, il semble que les dispositifs quantiques ont le potentiel de trans-
former le futur dans plusieurs domaines du calcul. L'idée d'utiliser des systémes quan-
tiques contrdlés précisément pour le calcul [19, 20] a pris forme durant la seconde révo-



lution quantique des années 1980, quand des expériences ont démontré des mesures
et manipulations sur des systemes quantiques individuels [21]. Bien que les premiéres
applications congues pour les ordinateurs quantiques se concentraient sur la simula-
tions de systémes physiques, les résultats emblématiques de Peter W. Shor et Lov K.
Grover ont démontré que les ordinateurs quantiques pouvaient aussi surpasser les or-
dinateurs classiques dans certaines taches algorithmiques, respectivement la factori-
sation en nombres premiers [22] et la recherche non-structurée [23]. Cette diversité
d'applications potentielles combinée avec la maitrise graduelle de la physique quan-
tique expérimentale des derniéres décennies a motivé un intérét grandissant pour la
construction d'ordinateurs quantiques utiles, a la fois dans les secteurs académiques
et industriels.

En conséquence, les chercheurs se sont demandés si combiner les dispositifs quan-
tiques et I'apprentissage automatique pourrait créer des résultats intéressants. Cette
these se place dans le contexte de l'apprentissage automatique quantique (QML), un
domaine de recherche qui s'est rapidement développé ces 10 dernieres années.

7.2 Apprentissage automatique quantique

La perspective de l'apprentissage automatique quantique repose dans l'accroissement
exponentiel de I'espace des états (espace de Hilbert) des systémes quantiques avec
le nombre de ses composants, tel que illustré Fig. 7.2 dans le cas d'un ensemble de
qubits. En contraste avec le calcul neuromorphique classique ou un unique composant
correspond a une neurone et le couplage entre deux composants correspond a une
synapse, dans le régime quantique, les états de base peuvent étre considérés comme
des neurones, et les probabilités de transition d'état peuvent étre considérées comme
des synapses. Ce changement de paradigme fournit un espace des caractéristiques
(qui est un environnement conceptuel ou chague dimension représente une caracteéris-
tique spéci que des données analysées ou utilisées dans les modéles d'apprentissage
automatique) qui est exponentiel par rapport a la taille des systemes physiques. De par
cette propriété, il y a une espoir qu'apprendre avec des systemes quantiques pourrait
produire des modeéles d'apprentissage avec une expressivité plus élevée.

De plus, de multiples études empiriques et théoriques ont montré que les modéles
d'apprentissage quantiques on tendance a avoir une meilleure capacité a généraliser
(c'est a dire la capacité a bien traiter des données nouvelles) que des modéeles clas-
siques [24, 25, 26]. Améliorer la capacité a généraliser est important pour des applica-
tions ou de larges jeux de données ables sont di ciles a obtenir.

Finalement, une perspective intéressante pour le calcul neuromorphique quantique
est d'apprendre sur des données quantiques. En e et, fournir des données quantiques



Figure 7.2: Schéma de la croissance exponentielle de I'espace de Hilbert. L'espace de
Hilbert est représenté par le cercle bleu clair, et les petits cercles multicolores corre-
spondent aux états collectifs de qubits. Des éches les reliant symbolisent les proba-
bilités de transition d'état. Le nombre d'états de base évolueen2 N, ou N estle nombre
de qubits.

a un réseau de neurones classique requiert des mesures a n d'obtenir une représen-
tation classique de I'état quantique. Avec les réseaux de neurones quantiques, cela
serait simpli é car directement traiter les données quantiques avec un dispositif neu-
romorphigue quantique pourrait étre moins gourmand en ressources [27, 28, 29, 30].
Cela est particulierement utile dans le contexte actuel d'une rapide évolution des tech-
nologies quantiques, ou une large quantité de données quantiques doit étre traitée
e cacement [31].

Deux approches principales ont émergé en apprentissage automatique quantique,
avec di érentes méthodes d'optimisation: dans les circuits quantiques paramétrés
(PQC) les paramétres physiques sont entrainés, tandis que dans le calcul par réservoir
guantigue (QRC) un systeme quantique non entrainé projette les données d'entrée vers
un espace dimensionnel plus grand, qui est ensuite classé par régression linéaire sur
un ordinateur classique.

7.2.1 Circuits guantiques parametres

Optimiser un dispositif physique pour une tache d'apprentissage automatique implique
I'exécution de passes en avant (ou le dispositif €met une prédiction en fonction d'une
entrée) dont les prédictions sont utilisées pour calculer la fonction de colt C(). La
fonction de colt est minimisée par rapport aux parametres du dispositif , qui cor-
respondent aux parameétres entrainables du modéle. Tandis que dans les réseaux
de neurones simulés classiques la premiére couche de neurones encode les entrées,



Figure 7.3: Diagramme comparant les avantages (vert) et désavantages (rouge) dans
deux approches di érentes a l'apprentissage automatique quantique. Les circuits
guantiques paramétrés implémentent |'apprentissage en entrainant des angles de ro-
tation de porte logiques, tandis que les réservoirs quantiques utilisent un systéme
guantique non entrainé pour projeter les données d'entrée vers un espace dimension-
nel plus grand, qui est ensuite classé par régression linéaire sur un ordinateur clas-
sique.

et les poids synaptiques sont les paramétres entrainés, dans les circuits quantiques,
les parametres des portes logiques unitaires sont utilisés a la fois pour encoder les
entrées et fournir des parametres entrainables. Une prédiction est obtenue a partir
d'observables mesurés, et une fonction de colt en est déduite. En utilisant un ordina-
teur conventionnel, des outils de I'optimisation classique tel que la descente de gradient
sont utilisés pour mettre a jour les parametres des portes logiques. Une telle optimisa-
tion hybride dans les circuits quantiques paramétres (PQC) [32] est illustrée en Fig. 7.4.

Dans les premieres implémentation des PQC, les gradients étaient estimés avec des
approximations variationnelles du premier ordre

C(+d) €O

¢ d

(7.2)

Cette méthode était imprécise et en conséquence rendait di cile la convergence des
algorithmes d'optimisation vers une solution. Pour résoudre ce probleme, des régles
de décalage de parametre ont été trouvées, permettant de calculer analytiguement des



Figure 7.4: Schéma de I'optimisation hybride d'un circuit quantique paramétré (PQC).
Chaque ligne bleue correspond a un qubit. Pour évaluer une fonction de colt C( ), des
portes logiques avec des parameétres transforment |'état du circuit, avec des opéra-
tions unitaires U (). Puis C() est calculé a partir des observables mesurées dans le
circuit (boites violettes). Les mises a jour de parameétres sont calculées en utilisant des
outils de I'optimisation classique sur un ordinateur classique conventionnel, qui sont
réinjectés dans les portes logiques pour la prochaine passe en avant.

gradients a travers deux passes en avant du PQC [33, 34]. Par exemple, le gradient par
rapport au parameétre d'une porte logique de rotation est [35]
rC():}C + - C = (7.3)
2 2 2
Les regles de décalage de parametre ont amélioré la précision des gradients estimés
dansles PQC, ce qui en conséquence a augmente leurs capacité a étre nement ajustés [36].
Cependant, le large espace de Hilbert promettant une haute expressivité des cir-
cuits quantiques parameétrés est aussi a la source de problemes dans leur optimisation.
En e et, lors de l'implémentation a grande échelle de PQC hautement expressifs, les
gradients mesurés avec les paramétres de décalage de gradient disparaissent expo-
nentiellement avec le nombre de dispositifs quantiques [37]. C'est le phénomene des
plateau stériles (BP), qui rend I'apprentissage des PQC impossible a grande échelle en
ce moment. Il y a une recherche trés active pour chercher des architectures de PQC qui
pourraient éviter les plateaux désertiques a grande échelle [38, 39, 40, 41].

7.2.2 Calcul par réservoir qguantique

Dans ce contexte, le calcul par réservoir quantique a été proposé par Ref. [42] pour
I'apprentissage avec des systéme quantiques. Il est directement inspiré du calcul par
réservoir (RC), une architecture développée pour aborder les di cultés d'entrainement



des réseaux de neurones classiques lors du traitement de taches dépendantes du temps [43,
44]. Le calcul par réservoir est appliqué dans un scénario d'apprentissage supervise,

ou le jeu de données en entrée X est associé a un jeu de données cible Y. Le but de
I'apprentissage est d'obtenir une prédiction Y aussi proche que possible de la cible.
En substance, un ensemble de neurones avec des connections synaptiques aléatoires

et non entrainées (appelé le 'réservoir') est utilisé pour projeter X sur un espace des
caractéristiques linéairement séparable durant la passe en avant, qui est ensuite classé
avec une régression linéaire.

Curieusement, le réservoir peut étre remplacé par un systéeme physique, dans lequel
les entrées sont encodés a travers des signaux et les sorties sont obtenues en mesurant
certains observables. Le calcul par réservoir a d'abord été implémenté sur des sys-
temes physiques classiques, allant de I'électronique [45, 46, 47, 48], I'optique [49, 50],
a la spintronique [51, 52]. Dans le domaine du calcul neuromorphique avec des sys-
temes physiques, c'est particulierement intéressant car I'algorithme de rétropropaga-
tion du gradient n'est pas compatible avec I'apprentissage dans le cerveau ou les dis-
positifs physiques. En e et la rétropropagation du gradient requiert la sauvegarde en
mémoire de la sortie de chague couche de neurones, plutot que juste la derniére. Dans
une architecture de calcul par réservoir, les seuls parameétres appris sont sauvegardés
dans un ordinateur classique, les rendant entrainable par n'importe quelle méthode
d'optimisation classique.

Dans le QRC le réservoir physique est dans le régime quantique, et ses hyperparametres
sont xés et aléatoires. Par exemple si le réservoir est un ensemble de spins, alors ses
hyperparameétres sont les forces de couplage entre paires de spins. Durant une passe
en avant, nous laissons sa dynamique évoluer librement pendant une durée donnée, et
mesurer certains observables fournit les caractéristiques de sortie du réservoir F(X).

La prédiction Y = WF(X) est alors apprise en utilisant une régression linéaire, ot W
est la matrice des poids de sortie. Cet algorithme est illustré en Fig. 7.5.

Impartir I'optimisation vers une régression linéaire en simulation apres le réservoir
guantique permet d'éviter l'apprentissage des parametres du systeme quantique, et
donc évite les phénomenes de plateaux stériles. Cependant un réservoir est essen-
tiellement un réseau a une seule couche. Comme l'expressivité des réseaux de neu-
rones augmente avec son nombre de couches [53], I'expressivité des réservoirs quan-
tiques est donc limité comparé aux circuits quantiques paramétrés [54].

Donc, les propositions et implémentations actuelles de QRC n'ont pas comme but de
résoudre les mémes taches que celles pour lesquelles les PQC ont été congu. A savoir,
leurs propositions principales pour des utilisations pratiques sont pour améliorer la
détection quantique et la tomographie [28, 27, 55, 56].



Figure 7.5: Schéma de l'algorithme de calcul par réservoir quantique. Le jeu de don-
nées en entrée X est encodé dans la dynamique du systéme quantique. Le systeme
maintenant appelé réservoir évolue librement, jusqu'a ce que des observables soient
mesurés pour obtenir un vecteur de caractéristiques physiques F(X). Des connec-
tions récurrentes entre les neurones du réservoir (les états de base | ki du systéme
guantique) symbolisent la propriété de mémoire du réservoir, provenant de sa dy-
namique. La multiplication du vecteur de caractéristiques F(X) par une matrice W
donne la prédiction Y. W est appris a travers une régression linéaire, tandis que les
hyperparamétres du réservoir sont xés et aléatoires.

7.3 Calcul par réservoir quantique avec les occupation
d'états de Fock d'états bosoniques

Tandis qu'une partie de lacommunauté se concentre sur l'apprentissage avec des qubits
et leurs portes logigues, dans mon travail de doctorat je me suis concentré sur les
modes bosoniques. Un mode bosonique est un oscillateur harmonique quantique avec
des statistiques bosoniques. Son Hamiltonien est

1 =1a va; (7.4)

ou ! est sa fréquence de résonance, et & est I'opérateur de champ. Les états pro-
pres de ces oscillateurs quantiques sont les états de Fock notés jni, ou n correspond a
un nombre de photons. Nos motivations pour utiliser des modes bosoniques dans le
calcul neuromorphique provient de leur plus grand nombre d'états de base par com-
posant physique: tandis que les qubits sont des systemes a deux niveaux, les modes
bosoniques ont un nombre in ni de niveaux d'énergie. En pratique, nous utiliserons
environ 10 niveaux d'énergie par mode.

Des modes bosoniques peuvent étre expérimentalementimplémentés sur di érents



supports physiques, tels que des systémes opto-mécaniques [57], des résonateurs op-
tiques en anneau [58], et les circuits quantiques électro-dynamiques (cQED) [59]. Dans
ce manuscrit nous allons considérer les modes électromagnétiques de résonateurs
supraconducteurs [60], mais les résultats sont applicables a n'importe quel support
physique implémentant des modes bosoniques.

Figure 7.6: Schéma des niveaux d'énergies de deux modes bosoniques, avec des
fréquences de résonance respectives ! 1 et! ,. Nous choisissons d'appliquer a chaque
mode des signaux proche de la résonance avec des amplitudes complexes 12 et des
désaccords de fréquence 1., a n de créer des états cohérents (cercles gris). Les modes
peuvent étre couplé paramétriquement en introduisant un élément non-linéaire, tel
gu'une jonction Josephson pour les circuits supraconducteurs [61, 62]. Nous consid-
érons une mélange a trois ondes qui fournit deux couplages di érents en fonction de

la frequence de pompe: de la conversion cohérente de photons et de la compression a
deux modes, représentés respectivement par les éches vertes et jaunes. Un signal de
pompe appliqué a la di érence de leurs fréquences crée de la conversion de photons

a un taux g ( éche verte), tandis que I'appliquer & la somme de leurs fréquences crée
une compression a deux modes auntaux g ° (eche jaune).

Nous voulons implémenter un couplage accordable entre di érents modes, a n de
contréler leur réponse dynamique et potentiellement les entrainer en tant que parametres
d'un modele d'apprentissage. Dans ce but, les modes doivent d'abord étre liés par
un élément non-linéaire: dans le cas du cQED ceci peut étre réalisé avec une jonc-
tion Josephson, mais en optique des cristaux non-linéaires peuvent aussi remplir ce
réle [63]. Nous choisissons dans ce manuscrit d'utiliser des signaux proche de la réso-
nance a n d'injecter des photons dans chaque mode individuellement, et des signaux
de pompe pour coupler di érents modes a des taux dépendant de I'amplitude et la
phase du signal de pompe. Figure 1.6 illustre le cas de deux modes couplés, ou appli-
guer des signaux aux fréquences des résonateurs ! | et ! , permet de créer des états
cohérents, et appliquer des pompes de mélange a trois ondes aux fréequences ! 1! Lou
I, +! 5 crée respectivement de la conversion de photon et de la compression a deux
modes. La combinaison de ces phénomeénes aboutit a des dynamiques accordables,
gue nous exploitons pour le calcul neuromorphique.

Cependant, les dynamiques de ces oscillateurs sont linéaires. Cela pose un obsta-



cle a leur fonction de modeéle d'apprentissage, qui nécessitent de la non-linéarité pour
séparer des données. Pour résoudre ce probléeme, des travaux précédant mon doc-
torat ont proposeé d'introduire de I'e et Kerr [64, 65], ou d'encoder les entrées dans les
phases de pompes paramétriques [66]. Dans mon travail de thése, nous nous sommes
intéressés a la non-linéarité de la mesure. Nous avons considéré des mesures dans
la base de Fock, ce qui nous permet d'extraire un grand nombre de caractéristiques.
C'est particulierement intéressant pour le calcul par réservoir ou tout I'apprentissage
est localisé sur la couche linéaire appliqué a ces caractéristiques. D'autres mesures
non-linéaires peuvent étre considéreés, tel que la mesure de parité [67], qui a I'avantage
de laisser le systeme dans une superposition d'états, mais fournit des mesures moins
facile a interpréter. La premiére partie de mon doctorat fut dédiée a la question de si

la mesure d'occupations d'états de Fock dans des modes bosoniques menerait vers des
avancées pour les systemes neuromorphiques quantiques. L'architecture d'apprentissage
automatique quantigue que j'ai choisi futle QRC, a cause de sa simplicité d'implémentation.

Dans la Section 4.3, j'ai montré que la non-linéarité de la mesure d'états de Fock
est su sant pour résoudre des taches références nécessitant de la non-linéarité tel
gue la classi cation de signaux sinus et carrés. En outre, en comparent la performance
de réservoirs classiques sur la méme tache, nous avons montré que pour la méme
puissance de calcul, un nombre plus petit de dispositifs physiques est requis dans le
réservoir quantique, et un nombre plus petit de quantités physiques doit étre mesuré.
Finalement, nous observons que perdre la cohérence quantique baisse la performance
du réservoir, ce qui suggere son réle clé dans I'exploration complete de I'espace des
caracteristiques.

Cependant, I'approche du QRC a ses limites. Premierement, beaucoup d'observables
doivent tout de méme étre mesurés pour avoir assez de caractéristiques de sortie sur
lesquelles apprendre. Cela pose un obstacle a un implémentation expérimentale, dans
laquelle mesurer méme un unique observable est long a cause de la nature stochas-
tique des mesures quantiques. Deuxiemement, apprendre une unique couche linéaire
donne une expressivité limitée au réservoir; des contraintes similaires ont aussi été
identi ées dans le calcul par réservoir classique [68]. Bien que dans le cas asymp-
totique, le théoréme d'approximation universel [69] garantit qu'une profondeur ou
largeur de couches de neurones su samment large permet a un réseau de neurones
d'approximer n'importe quelle fonction cible, il a été observé que la profondeur joue
en général un réle plus conséquent que la largeur [70, 71]. A titre d'illustration, nous re-
marquons que les modéles d'apprentissage modernes tels que GPT-4 utilisent environ
cent couches de neurones [72].



7.4 Reéseau de neurones quantiques analogue avec des
modes bosoniques Gaussiens

Dans ce contexte, j'ai passé la seconde partie de mon doctorat a développer un modéle
numérique pour apprendre les parametres du systeme quantique a travers la rétro-
propagation du gradient et la descente de gradient. Avant de commencer ce travail, la
guestion que nous cherchions a résoudre était de savoir si entrainer les amplitudes,
phases et désaccords de fréquence des couplages paramétriques serait su sant pour
apprendre des taches, et améliorer la performance du QRC.

Comme la descente de gradient implique I'exécution de multiples passes en avant,
cette méthode de simulation pour le systeme physique devrait étre rapide a grande
échelle. Cela peut étre di cile pour les modes bosoniques d'intérét, car I'espace de
Hilbert exponentiellement grand des systemes quantiques rend leur simulation clas-
sique complexe. L'état d'un systéme quantique ouvert interagissant faiblement avec
un environnement Markovien [73] est modélisé par une matrice densité /' obéissant a
I'équation maitresse de Lindblad

dn X

dt

%[zék’(t) E ) CC CC]

LA a1+
K (7.5)

L(;

ou K est I'Hamiltonien hermitien, et Ck sont des opérateurs de transition décrivant
di érents phénomeénes de couplage avec I'environnement. L est un super-opérateur
décrivant la dynamique.

Bien qu'il existe des librairies telles que Dynamiqgs [74] et torchdiffeq [75] implé-
mentant la rétropropagation de gradient sur des solveurs d'équations di érentielles,
le temps de calcul de cette méthode augmente exponentiellement avec le nombre de
modes et d'états de base occupés. C'est parce que la matrice densité de M modes a une
taille croissant exponentiellement avec n  , ou ny est la limite de I'espace de Hilbert.

En conséquence, pas plus que 2-3 modes peuvent étre simulés e cacement sans
des techniques d'approximation telles que les cumulants tronqués [55, 76] ou la représen-
tation positive-P [77], qui sont toutes les deux peu ables pour des temps d'évolution
longs. Un de nos buts sera de traiter des jeux de données temporelles, donc le systéeme
guantique subira des évolutions dynamiques longues a n de se remémorer des en-
trées précédentes. Nous n'avons donc pas appliqués ces techniques d'approximation.
Nous n'avons pas non plus appliqué des méthodes de réseaux de tenseurs [78, 79], car
dans le contexte de ma thése, nous nous sommes intéressés dans des états Gaussiens
qui peuvent étre simulé e cacement pour un large nombre de modes.

Un état gaussien a une distribution gaussienne dans lI'espace des phases, comme
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Figure 7.7: Deux représentations di érentes d'un uniqgue mode Gaussien comprime,
avec un parametre de compression r = 0:3(1 + i) (a) Représentation en matrice de
densité. Les matrices densité sont a valeurs complexes, mais nous montrons leurs
valeurs absolues jhkj “jlij par soucis de simplicité. L'espace de Hilbert est coupé a I'état
de Fock j4i, car les états supérieurs ont une amplitude de probabilité négligeable. (b)
Fonction de Wigner dans I'espace des phases. Nous observons que sa distribution est
gaussienne, ce qui veut dire dans ce cas que |'état est complétement caractérisé par
son déplacement R 2 C? et sa matrice de covariance R 2 C??2 .

montré en Fig. 1.7. Cette distribution peut étre compléetement caractérisée par le vecteur

de déplacement R 2 C?M et la matrice de covariance R 2 C?M2M | Cela veut dire
gu'un nombre polynomial de variables dé nit I'état, rendant sa simulation possible clas-
siguement. En nous inspirant du travail de Ref. [80] pour e cacement simuler la dy-
namigue de modes gaussiens, et de Ref. [81] pour analytiguement calculer les occu-
pations d'états de Fock dans des distributions gaussiennes, j'ai développé une librairie
Python permettant la simulation numérique e cace de la dynamique et des mesures

en base de Fock de modes Gaussiens, avec la librairie PyTorch.

Un désavantage de cette méthode est que I'on ne peut pas simuler des termes non-
linéaires dans I'Hamiltonien du systéme, comme ils créent des états non-Gaussiens.
Cela restreint le nombre de signaux de pompe que nous voudrions introduire an
d'ajouter des couplages accordables: les seuls que nous pourront permettre seront
la conversion cohérente de photon et la compression a deux modes. Donc le but
de cette seconde partie de doctorat fut d'établir si il y a un avantage en terme de
nombre d'observables mesurés et d'expressivité quand I'on apprend avec des modes
bosonigues comparé au QRC, méme avec un nombre quadratique de parametres en-
trainés .

Dans ce but nous utilisons un modéle analogue, donc nous n'utilisons pas une multi-
tude de portes logiques. Plutot qu'appliquer un séquence d'évolutions Lindbladiennes



L« chacunes avec un ensemble di érent de parameétres k, Nous en appliqguons une
unigue et exploitons la complexité de la dynamique. Les deux di érentes approches
sont illustrées en Fig. 7.8. Notre choix d'un algorithme analogue provient de sa sim-
plicité relative: pour mettre en avant les avantages de I'apprentissage avec des modes
bosoniques, nous n'avons pas besoin d'utiliser plusieurs portes logiques paramétrées.

(a) (b)

Figure 7.8: Deux diérentes approches en termes de circuits pour contrbler
paramétriguement des modes bosoniques. Chaque ligne bleue correspond a un
unique mode. (a) Calcul analogue, dans lequel tous les parametres de I'évolution
Lindbladienne décrits par le super-opérateur L sont xes. (b) Calcul basé sur des portes
logiques avec trois portes dans cet exemple, ou une séquence d'évolutions Lindbladi-
ennes décrits par les super-opérateurs L ¢ ont chacun leur ensemble de parametres K-
L'ensemble total des paramétres estdonc = f kOkop1:3] -

Nous expliquons les avantages d'apprendre les parametres physiques dans le Chapitre 5.
Nous observons que l'apprentissage résout e ectivement les limites du QRC, en le fait
gue moins d'observables doivent étre mesurés pour résoudre des taches, et l'expressivité
plus haute permet au réseau de neurones quantiques de traiter des taches bien plus
dures que précédemment possible telle que la classi cation de chi res DIGITS [82]. En
outre, une étude du choix de paramétre d'encodage est présentée, ou nhous montrons
gu'encoder dans les taux de compression a deux modes augmente la performance sur
des taches hautement non-linéaires.

Ces résultats démontrent que apprendre avec des modes bosoniques est une per-
spective prometteuse en calcul neuromorphique quantique. Grace a leur large espace
de Hilbert et aux couplages paramétriques, leur dynamique complexe peut étre ex-
ploitée pour approximer des données non-triviales, et agir en tant que mémoire. Dans
des recherches futures, utiliser les qubits en conjonction avec des modes bosoniques
pourrait étre utile pour créer des états non-Gaussien complexes a travers des pro-
tocoles de mesure. Aller d'algorithmes analogues vers des algorithmes basé sur des
portes logiques permettra également d'élargir la diversité des taches pouvant étre ré-
solues.

Dans ces travaux nous avons entrainé une simulation numérique de modes bosoniques
couplés avec la rétropropagation du gradient, mais dans le cas d'une implémentation
sur un support physique cet algorithme n'est pas accessible. Le calcul de gradients



avec des regles de décalage de parametres n'est pas une option non plus, comme au-
cun d'entre eux n'a été établi pour les modes bosoniques avec des mesures d'états
de Fock. Nous pourrions considérer un apprentissage hors-ligne, dans lequel tout
I'apprentissage est fait dans une simulation numérique du systeme physique. Les paramétres
appris de cette facon peuvent étre injecté dans le systéme physique pour l'inférence.
Deux problémes principaux surviennent dans cette approche: (i) augmenter I'échelle
est complexe car simuler un grand systéme quantique est di cile, et (ii) des déviations
inévitables de la simulation a I'expérience baissent son e cacité. Le deuxieme prob-
leme peut étre atténué en utilisant une algorithme d'apprentissage hybride développé
par Ref. [83], ou les passes en avant sont e ectuées dans le systeme physique (méme
durant I'entrainement), mais sa simulation est utilisée pour calculer les gradients. Cette
méthode est plus précise que 'apprentissage hors-ligne.

Quoi gqu'il en soit, calculer des gradients avec la rétropropagation de gradients n'est
pas possible a grand échelle, comme cela requiert une simulation classique du systeme,
si les états du systéme sont non-Gaussiens. Pour entrainer un réseau de neurones
bosoniques en expérience, il sera donc crucial d'explorer des méthodes d'entrainement
compatible avec la physique, sur lesquelles la recherche est trés active actuellement [84,
85, 86]. Explorer des modes non-gaussiens pour l'apprentissage automatique quan-
tique permettra a la dynamique d'étre plus complexe a simuler, ce qui pourrait se
traduire par un avantage par rapport aux modeéles d'apprentissage classiques [87].
Ajouter des non-linéarités d'ordre supérieur a deux pourra aussi fournir d'avantage
de parametres a entrainer.

Finalement, une recherche plus approfondie sur la susceptibilité aux plateaux déser-
tiques des réseaux de neurones bosoniques devrait &tre poursuivie. A cause de la
maniére structurée avec laguelle I'espace de Hilbert est exploré durant leur dynamique,

il est possible que l'information sur le gradient ne soit pas perdue lorsque la taille du
systeme augmente.



Appendix A

Dispersive measurement of Fock
states with a qubit in experiment

Experimentally, Fock state occupations in the bosonic modes would be measured by
coupling a qubit to each mode, and using a dispersive readout. The dispersive coupling
of a bosonic mode & to a qubit is modeled by the Hamiltonian [140]

~I
R =~1avYa+ '7%2 ~a Yan,; (A.1)

where ! 4 is the bare qubit frequency, and is a dispersive shift that makes the qubit
resonance frequency depend on the number of photons in the mode. For instance, if
the bosonic mode state is the Fock state jni, then partially tracing the bosonic mode
system yields the qubit Hamiltonian

R, =Tr Hjnhnj
....! q
=~In+ 7/\2 ~n" (A.2)

=~In+ 7 ~n 7,

and we see the qubit resonance frequency is shifted by a factor ~ n. Furthermore, it
is possible to simultaneously measure multiple Fock states using frequency multiplex-
ing [171].
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